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PREFACE 


The subjects comprising the Properties of Matter form an ill- 
defined group and the authors have attempted to treat selected topics 
adequately rather than to cover a very wide field. It is felt that the 
advanced student, for whom this book is primarily intended, will 
already be familiar with the simple physical principles underlying 
Kinematics, Djmamics, Central Orbits and Gyroscopic Motion. These 
subjects have therefore been omitted, for their advanced study can 
be profitably pursued only from the mathematical standpoint. The 
aim throughout the present work has been to treat the matters con- 
sidered from a physical point of view, and particularly to avoid re- 
garding the material as exercises in applied mathematics. For example, 
the propagation of longitudinal and transverse waves is immediately 
associated here with the geophysical problems of Seismic Waves. 

The introduction of newer and more accurate methods for measur- 
ing various quantities such as the Newtonian Constant of Gravitation 
has necessitated only brief reference to older methods, but classical 
work such as that of Boys has been fully described. 

It is now impossible to draw a dividing line between General 
Physics and Physical Chemistry in some topics. A concise account 
of Debye and HiickeFs theory of strong electrolytes has therefore been 
given, and a whole chapter has been devoted to the new and impor- 
tant subject of Surface Films. 

The authors have tried as far as possible to indicate the original 
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sources of their material by references in the text and at the end of 
the chapters. They take this opportunity of apologizing to any writer 
whose work may inadvertently have been used without acknowledg- 


ment. 


F. 0. CHAMPION. 
N. DAVY. 
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GHAPTEE I 

Units and Dimensions 

1. Introduction. 

.The statement that a given body weighs 10 pounds implies that 
a given unit of weight, the pound, has been chosen, and that the ratio 
of the weight of the body to that of the unit is 10. In general, a cmi- 
ventional choice of certain units is made, and any physical entity may 
then be expressed by a number which states how many of these 
units the entity in question contains. The units chosen should be 
(1) well defined, (2) not subject to secular change, (3) easily compared 
with similar units, (4) easily reproduced. 

Physical laws consist in the relations which have been found to 
exist between the numbers which represent physical quantities. Hence 
although each type of physical quantity requires its own unit, these 
units are not necessarily independent; actually, many of the units 
may be expressed in terms of a certain few, called fund^amental units. 
The choice of the latter is initially quite arbitrary, but when once 
settled it is fundamental for subsequent work. Gauss called such a 
system of units an absolute system, but the term is imfortunate, since 
the system chosen is quite conventional. There are, in fact, several 
‘"absolute ” systems of units in use, depending on the fundamental 
units chosen and the physical laws used -in expressing the remaining 
derived units. Thus there is the British system with the foot, pound, 
and second ns the fundamental units, while that used for purely scientific 
work is almost mvariably the O.G.S. or .centimetre, gramme, and second 
system. 

2^ Fundamental ' 

Three of the fundamental units which ^ have been chosen are those 
of mass, length, and time, and many physical units may be expressed in 
terms of these three. If, however, physical entities other than those 
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wMcli have an iiQiaediate '' explanation ’’ in '' mechanical ’'’terms are 
under consideration, additional fundamental units are required. For 
example, in the science of heat the calorie is the fundamental unit of 
quantity of heat in the C.G.S. sptem; again, the unit degree Kelvin 
is adopted as the fundamental unit of temperature in the same system. 

The British unit of mass is the found avoirdupois, which is simply 
the mass of a piece of platinum preserved in the office of the Exchequer 
and marked ''P.S. 1844, 1 It bears no simple relation to the 

unit of volume in the same system and thus differs from the unit of mass 
in the French or metric system. This, the kilogramme, was initially 
made as close as possible to the weight of 1000 c.c. of water at its 
temperature of maximum density. Although subsequent work has 
shown that this relation is not quite accurate, the original kilogramme 
has been retained and is now simply taken as the weight of a piece of 
platinum preserved at the Bureau of Metric Standards. 

The unit of length, like the unit of mass, is quite arbitrary in tlie 
British system, the yard being defined as the straight distance between 
the transverse lines in two gold plugs on the bronze bar at 62° E.(!) 
preserved in the Exchequer office. In the metric system, the standard 
of length is that of a bar, originally made to be as nearly as possible 
equal to one ten-millionth part of a quadrant of the earth passing 
through Paris. This relation was subsequently found to be inaccurate, 
and the metre is now simply taken as the distance between two marks 
on the platinum bar at 0° C. preserved at the International Bureau of 
Standards at St. Cloud, near Paris. 

Both systems have the same unit of time, the mean solar second, 
which is simply the mean solar day divided by 86,400. 

8. Derived Units. 

Consider now the expression for the area of a surface. The umt 
in which the area is expressed is the area of a square whose side is 
the unit of length. Similarly, the unit in which a volume is expressed 
is that of a cube whose side is the unit of length. Further, the unit 
in which a velocity is expressed is obtained by dividing the unit of 
length by the unit of time. Such units, which depend on powers of 
one or more of the fundamental units, are termed derived units. The 
unit of area is often represented symbolically by L^, that of volume 
by L^, and that of velocity by F == jC/T or and these expressions 
are called the dime/nsional formulcB of the quantities considered. Again, 
the dimensions of a physical quantity may be defined as the powers of 
the fundamental units in terms of which it may be expressed. Area 
and volume, therefore, have dimensions two and three m length 
respectively. 

The dimensional formula for mechanical energy is ^ == 

ML^T^K Since (m Newtonian mechanics, at least) the numerical 
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II 

measme of energy is product of tlie number representing 

tbe mass and tbe square of tbe number representing the velocity, 
dimensional formula are neither complete numerical laws nor even 
definitions. The dimensional formula merely states (1) the nature 
of the experiments (i.e. of length, mass, &c.) on the fundamental 
quantities which must be made in order to determine the given quantity, 
(2) the powers to which the primary quantities have to be raised. 
It is clear that (2) will be important in deciding on the accuracy of 
measurement required in any part of an experiment. 

4. Dimensional Analysis.^ 

The study of dimensional analysis will be introduced by the con- 
sideration of a simple example. The elementary formula for the time 
of oscillation of a simple pendulum in the earth’s gravitational field is 

^ == ’ * • * • ‘ * 

where I is the length of the pendulum and pf is the acceleration due to 
gravity. As this is purely a mechanical problem, the variables t, I and 
g may all be expressed in terms of the three primary quantities Jf, L 
and T, Writing down the dimensional formulae, we have t= Tyl=^ L 
and g == The 2rr is a so-called pure number; since it does not 

depend on a fundamental physical unit, it cannot be represented in 
dimensional analysis. It is interesting to note that rr may be obtained 
experimentally as the ratio of the circumference of a circle to its dia- 
meter, and since both are measured in the same imits, the units are 
eliminated. Now the L.H.S. of equation (1) clearly has the dimensions 
y, while the R.H.S. has dimensions (LjLT^^)^ = T, Hence the dimen- 
sions of both sides of the equation are the same. This property is true 
of all equations representing possible physical phenomena, and may 
be stated as follows: 

Lmr l,~Phgsical equations must be dimensionally homogeneous. 

Consider now the inverse problem. Suppose that the equation for 
the time of oscillation of a simple pendulum is not known, Ifrom the 
physical nature of the problem the time of oscillation might reasonably 
be expected to depend upon the following quantities: I, the length of 
the pendulum, m, the mass of the bob, and the acceleration due to 
gravity. Then 

. . . . . . , ( 2 ) 

^ The best method of presenting dimensional analysis and its relation to the principie 
of dynamicai similarity is stlii a subject of acute discussion, but the writer (l'\ C. (I) 
has attempted to present a set of rules which are consistent and which do not lead to 
error in any applications so far considered. 
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vYherc tlie nature of tlie function / lias to be found. Assume that tlie 
E.H.S. of (2) may be ' expressed as a power formuh. Tlien ■ 

. . - . . » V ('-0 


wliere is a possible dimensionless constant wHcb will not be repre- 
sented in tbe dimensional analysis. Writing (3) in its dimensional form, 


we baTS' 


T =: 


. (4) 


Tbe indices of the primary quantities on tbe two sides of (4) must 
oe equal if Law I is true. Hence 

(1) length: 0 == ^ + y> 

(2) mass: 0 = a, 

(3) time: 1 = — 2y. 


Substituting in (3), we have 



5. Dynamical Similarity. 

Consideration of equation (5) shows that the problem may be 
regarded in another way, namely, as involving not three variables 
ty I and g, but a single variable t{gll)^, which groups together a whole 
system of experiments of essentially the same type. In the foregoing 
analysis the time i might have been taken to represent the time re- 
quired for the pendulum to swing out to a given angle a; then t = h\/Tjg, 
where Jo is now constant only when a is constant. If at- different places 
where the accelerations due to gravity are g-^ and g^^ pendulums of 
lengths li and are allowed to oscillate, then both pendulums will 
pass through the same angular displacement at times and given 
by ki9ilh)^ = Systems which can be grouped together quite 

generaUy as passing through identical phases for equal values of a 
dimensionless grouping of corresponding quantities are said to possess 
dynamical similarity. Simple geowMrical similarity, however, is not 
necessarily a sufficient condition for dynamical similarity. For example, 
two compound pendulums would not be dynamically similar if the 
density of the material of which they were composed were not dis- 
tributed in both in identically the same way. 


6. Uses aM Limitations of Dimensional Analysis. 

Dimensional analysis affords a simple and rapid solution of physical 
problems, but this advantage is offset by the lack of information on 
the presence of pure numbers. It is true that the latter can be deter- 
mmed by experiment, subsequent to the analysis, but matters are 
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fiirtlier complicated by tbe presence of dimensional constants 
the gravitational constant. As an example of this difficiiltyj, suppose 
it is required to find the time of revolution of one body revolving round 
another under mutual gravitational forces. Then 


t m2, r), 


( 6 ) 


where r is the distance between the two bodies and are their 

masses. Now since the L.H.S. of (6) has the dimensions of T and the 
R.H.S. dimensions only of Jf and i, there appears to be no solution. 
Physical judgment suggests that a relevant variable may have been 
omitted from the R.H.S. of (6), and the gravitational constant G is 
introduced. If force is already considered to be defined by Newton’s 
second law of motion, 6^ is a dimensional constant given by Newton’s 

law of gravitational attraction, F == 6^ or G ^ Hence 


(6) becomes 


m2, Ti Q)^ hmim^ryG^, 


(7) 


Writing down the dimensional formula and equating the indices of 
the same primary quantities, we have 

(1) T 1 = -2S, 1 

(2) M 0=a+j3-8, I 

{$)L 0=y+3S. i 

Since there are four unknowns and only three equations, the final 
solution of (7) may be written in terms of one of the unknowns: 




G^m^ 


My 

\mi/ ‘ 


(8) 


Now is dimensionless and therefore its value cannot affect 

the dimensional homogeneity of (8). It may therefore be present as a 
function of any type and (8) may be written in the general form 




(9) 


The preceding problem involved one unknown function, and, in 
general, the number of unknowns that ultimately remain is equal to 
the difference between the number of variables and the number of 
primary quantities considered. In dimensional analysis, therefore, 
three main questions arise. 

(1) What dimensional constants are to be introduced? 

(2) How many variables are to be used, and which? 

(3) How many prhnary quantities are to be considered? 
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It may be stated at onceibat tlie, answering,. of .these questions is, 
/a matter for, physical intuition; that is, physical intuition, acting over 
long experience, decides frona known solutions of problems analogous 
to, the one requiring solution that certain variables are, lilmly to be 
relevant and others irrelevant. 

The main uses of dimensional analysis are as follows: 

(1) To test the coffectness of equations. 

After a long analysis it is useful to check the final equation for 
dimensional homogeneity by substitution of the dimensional formula 
on both sides of the equation. 

'2) To derive equations wiiliovd complete analysis. 

If the differential equation appropriate to any physical problem 
can be formulated and solved, a complete solution of the problem is 
possible. The solution contains, in general, the same number of physical 
variables and dimensional constants as the original differential equation. 
When the problem is complicated, the formulation of the differential 
equation is often impossible. Recourse is then made to dimensional 
methods, and if the relevant variables and dimensional constants 
can be guessed correctly, at least a partial analysis is possible. Fre- 
quently the intermediate case occurs: the differential equation can be 
formulated but not solved; the variables to be used in the dimensional 
analysis are then known. 

(3) To recapitulate important formulw. 

With a complicated formula, such as Poiseuille’s equation for the 
flow of a viscous liquid through a right circular cylinder, it may be 
easier to recover the equation from a knowledge of the dimensions of 
viscosity than to memorize it or deduce it from first principles. 

(4) To suggest relations between fundamental constants. 

This is a dubious use of dimensional analysis and will only be 
briefly considered. The existence of dimensionless grouping is often 
found to indicate a relation between the components of the group. 
If we consider the fundamental constants 

' the gravitational constant, 
e, the charge on the electron, 

- m, the mass of the electron, 
c, the velocity of light, 

^ A, Planck’s constant of action, 

we find that (hc/e^) is dimensionless, and {hcj^Tre^) is actually a factor 
which is constantly involved m the wave mechanical and quantum 
treatment of the interaction of atomic particles. Again, G has the 
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sa,Tnp. dimensions as {ejmf, and this may indicate an electromagnetic 
theory of gravity. The relation is not, however, likely to be simple, 
sinp. fi the ratio Oimjef is about 10“*®. In the preceding example. 
(^c/27re®) is equal to 137. 

7. Extension of Dimensional Analysis. 

Consider now the dimensional formula for x, the coefficient of 
thermal conduction. The constant x is defined by the differential 
equation 

djQ ,dd 

dt dx 

where A is the area of each of two planes situated a distance dx apart 
and maintained at a difference of temperature dd-, dQ is the amount 
of heat flowing across in time dt. If Q, B, M, L and T are taken as 
primary quantities, the dimensional formula for x is 
Inspection of this formula shows that for geometrically similar bodies 
of imiform conductivity and similar temperature distributions, the 
quantity of heat transferred across corresponding cross-sections is 
proportional to the time, the conductivity, the linear dimensions, and 
the Tnaxirmim temperature difference. 

This conclusion, however, does not follow if the number of primary 
quantities is reduced. For example, Q is often assigned the dimensions 
of mechanical energy from Joule’s law Q = B/J, where Q 

, is the quantity of heat which appears when a certain amount of me- 
chanical energy E disappears. Similarly & is often given the same 
dimensions, ML^T-^, from the equation of a perfect gas, pF = R6. 
Hie crucial point is whether J and R are dimensional or dimensionless 
constants. Now the problem of heat conduction is concerned neither 
with the “ equivalence ” of heat and mechanical energy, nor with 
the properties of perfect gases. It is therefore illegitimate to assign 
the dimensions of energy to either Q ox B in the case of heat condudtion. 

Consider, however, the dimensional formula for entropy. The 
concept of entropy was initially deduced from considerations of _(l) 
the properties of gases, (2) the relation between heat and mechanical 
energy. In this case, therefore, both Q and $ may be given the dimen- 
sions of mechanical energy. Since the change of entropy is given by 
dQ[6, entropy is seen to be dimensionless. If, on the other hand, 
quantity of heat were defined by the expression Ms9, where^ s is the 
specific heat (itself a ratio, since it may be defined as the ratio of the 
amount of heat required to raise a given mass of the material through 
a given temperature range, to that required to raise the same mass of 
a standard material (water) through the same temperature range), 
the dimensions of entropy would clearly be those of mass. Now the 
entropy of the universe is continually increasing; it is much more 
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probable tbat some pmrely dimensionless quantity ratiier tlan: tbe 
total mass is undergoing tlds change. Fnrtlier, the dimensionless for- 
mula: is in agreement ' with, statistical theory.^ The above results may 
be anmmed up in Law II: 

Laws that are not directly relevant to the problem under consideration 
must not be used to assign dimensions. 

The impKcations of Law II must be strictly followed out in assigning 
dimensions to k, the dielectric constant, and ja, the magnetic per- 
meability. If the problem is directly associated with Coulomb’s law 
F = qiqjKr^s where F is the force between two point changes and 
separated by a distance r in an enveloping medium of dielectric 
constant /c, electrostatic dimensions are appropriate. If the problem 
is directly connected with Ampere’s law, electromagnetic dimensions 
must be assigned. In the special case where k is the same for all the 
components involved in the problem, k may be regarded as being 
dimensionless, since it may he defined as the ratio of the capacities of 
6wo identical condensers, one of which is filled with the dielectric and 
the other empty. Similarly, if the problem is entirely electromagn’etic 
and fi is constant, the latter may be regarded as dimensionless. 

8. Examples of Dimensional Analysis. 

The preceding principles will now be illustrated by examples from 
different branches of physics; further examples for the reader will be 
found at the end of the book. 


(1) Mechanics. Motion of a body through a resisting medium. 

Suppose it is reqxiired to find how the resistance to bodies of similar shape but 
different size depends on the variables of the problem. Guessing the variables 
and writing down their dimensional formulae, we have 


(c&) Resisting force E 

{h) Velocity v 

(c) Linear dimensions d 

{d) Density of resisthag medium p 


(e) Viscosity of resisting medium it] 


MLT~\ 

LT-\ 

L, 


Let 

E= hfp^d'^rih 

then we have 

MLT-^ - 

hence 


(l)Jf 1:= P-f a, 

{2)L + 

(Z)T a. 

* In The Nature of the Physical IForld (Cambridge University Press, 1929), Eddington 
. defines increase of entropy as “ the increase of the random element in the universe ... a 
I measure of the continuous loss of organization of the universe This agrees with the 
dimensionless formula. 
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Let a remain nneHminated; , then 

R=h(^^Yt 

\ yi J p 


R-- 




(10) 


Now systems for which the dimensionless expression is constant possess 

dynamical similarity. For bodies of simOar shape with t] and p constant, the 
resisting force R is therefore the same if vd is constant. Hence the law of similar 
speeds, that for the same resistance to motion the velocity is inversely proportional 
to the linear dimensions, has been deduced. It is therefore advantageous to 
construct large airships rather than smaU ones, since the lifting power is approxi- 
mately proportional to the volume, that is, depends on L^. With very fast 
aeroplanes, the velocity of sound must be included as a further variable. 

(2) Heat. Comedian, 

Attention will here be confined to natural convection, the problem of forced 
convection being left as an example for the reader. It is required to find how A, 
the heat lost per unit area in unit time from geometrically similar bodies placed 
in a fiuid, depends on the variables concerned. If we take Q, 6 , L and T as the 
primary quantities, the variables 

(a) Temperature of the body 0 0, 

(5) Linear dimensions of the body I L, 

(c) Thermal conductivity of the fiuid x 

will certainly be required. To avoid having to consider the density of the fluid, 
we use the remaining variables in the following form: 

(d) Thermal capacity of the fluid pet unit volume c 

{e) Acceleration of gravity g LT~'\ 

(/) Temperature coefficient of density change of the fiuid a 

(g) Kinematic viscosity v 

The quantities (e) and (/) are grouped together in the form of the product ga. 
This is justified by the fact that the upward thrust on unit volume of the fiuid 
of density p — Ap, if the surrounding fluid has density p, is yAp, and since the 
mass of the fluid is p, the acceleration produced on the fluid will be proportional 

to gAg/p, which in turn is proportional to ^ ^ oiga, where a Is the temperature 

coefficient of density change of the fluid. The effect of change of density on the 
viscosity of the fluid is thereby neglected; in practice, the viscosity "is taken 
to be that of the fluid at a temperature which is the mean of that of the body 
and the main bulk of the fluid. Finally, the viscosity is used in the form of the 
kinematic viscosity v = 7 )/p, where 75 is the ordinary coefficient of viscosity 
defined in Chapter XII (p. 243). 

Writing the required relation as a power fomula in the usual way, wo have 

k = 6"x%Y($ra)«rv^ 
or 

(1) 6 1 = P + T? 
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Expressing tli© other trojmo'wns in terms of § and |x, we have 
a-l+S,.- 
p = 1 — 2a — pi, 

Y= 2a+ (A, 

s==3a- 1. 

Substituting these values in the expression for we obtain three interrelated 
dimensionless groups: 


or in general, 


6x \ 


/ \kJ * 


M 

0x 




( 11 ).;, 


Consider the application of these formulse to cylinders whose length is great 
compared with the diameter. Then h depends o^y on the diameter d, and d 
may be substituted for L Further, if ^ is the heat lost per unit length per second 
per degree temperature excess, we have 

yy tzM 

hence 




( 12 ) 


For cylinders surrounded by diatomic gases, (1) cv/x is nearly constant; 

(2) l/v® may be written for c^/x^ in the first function, since the two "expressions 
have the same dimensions; (3) g is constant, and for a constant temperature of 
the surrounding gas, a is the same for all gases; hence we have 

(-) 

Plotting the values of H/x as ordinates and the corresponding values of 0#/v2 
as ahscissse, we find that for the natural convective cooling of long cylinders all 
the points lie on a single curve.* The agreement between the results for steam- 
pipes and those for fine wires is very remarkable. 

(3) Light. The blue of the sky. 

The law governing the scattering of light by small obstacles was first deduced 
dimensionally by the late Lord Rayleigh. The variables which present themselves 


(a) Amplitude of the incident wave a 

(&) Volume of obstacles v 

(c) Distance of point considered from obstacle r 
{d) Wave-length of incident light X 

Then the amplitude of the scattered wave at r is 

avX^ 




4 

7A 

Zr, 

L, 


(14) 


since s is known to be proportional to a and v and inversely proportional to r. 
To make the equation dimensionally homogeneous, we must have a= —2. 
Since the scattered intensity is proportional to the square of the scattered ampli- 
tude, the amount of light scattered is inversely proportional to the fourth power 

♦ Cf. Roberts, Meat and Th&rmodymmics, p. 242 (Blackie & Son, Ltd., 1933). 
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of the wave-length. This Is almost sixteen ' times' as great fitr the violrl ji^ fnr 
the red end of the spectrum. Consequently ■ the blue present in white I it:!!}! hi 
scattered to a much greater extent than the red. 

(4) Sound. Tuning-forks of similar shape. 

For tuning-forks of similar shape and of isotropic material, the rcHfr^rintJ: h tree 
is due to- the elasticity of the prongs, and 'the' time of oscillation i will ih^peiii'i 
on the following quantities: 

(a) Binear dimensions of the fork I L, 

(&) Young’s modulus of the material q 

(c) Lonsity of the material p ML^K 


or, dimensionally, 

We have 

(1)^ 

{2)T 

(3)L 

5enoe 


0 = p + Y, 

1 = -2p, 

0 = a — p — Sy. 


. ... ... . . (isi 

(5) Electricity and magaetism. Elearomognelic mass of n ehargal sphere. 

The most likely variables wonld seem to be these: 

(а) Charge q 

(б) Radiiis of sphere a L. 


m— kq^aP. 

This^ equation is dimensionaUy inhomogeneous in ?; as a ftirtiter variable 
we try the constant c, which is the ratio of the units of charge in the <>ic«!t ro. 

^lodty^ hence systems respectively, .Its dimensions are tho« of o 

■ m.~ kq^cr^ 


or, dimensionally, 

We have 
(i}Jf 
i2}L 
(3\ T 




a/2=l,. 

0 = 3os/2 + A 4* T> 


Complete analysis gives & = 2/3. 


Rbfbbbnobs 

Lord Eayleigh, Gollected Papers. 
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CHAPTER 11 


The Acceleration Due to Gravity 

The force on a body situated at a point in the gravitational field 
of the earth can be written in the form mg, where m is the mass of the 
body and 5 ^ is a quantity known as the acceleration of gravity, or the 
acceleration of a body falling freely in vacuo, at that point. It is also 
the strength of the gravitational field at the point, for it is the force 
on unit mass. Owing to the spin of the earth, the direction and magni- 
tude of the vector will depend on the latitude (see Ex. l,Ch. II, p. 275). 
The quantity ^ is independent of the mass of the body concerned. 
The most accurate methods of measuring g now in use are based upon 
pendulum observations. It is convenient to summarize the develop- 
ment of the theory and practice of this work. 


2. Simple Pendulum with Friction. 

We take it for granted that the student knows how to obtain the 
expression = 27r{ljg)^ for the period of a simple pendulum. The 

0 assumptions involved are that the pendulum 

consists of a particle suspended from a rigid 
support by an inelastic string of negligible mass, 
and that it oscillates in vacuo with oscillations 
of infinitely small amplitude. When the viscous 
drag of the medium on the bob is not neglected, 
the equation of motion is altered. Let 0 be the 
angular displacement (fig. 1). Experiment proves 
that the viscous retarding force is proportional 
to the linear velocity of the bob W and to, the 
viscosity of the medium. The moment of this 
force about an axis through the point 0 , pe 3 > 
pendicular to the plane of the figure, may be 
written in the form IkO, where is a constant 
and I is the length of the string. The weight gives rise to a restoring 
moment mglsmd, which when 9 is small may be taken as mgW, 
Hence the equation of rotational motion about the axis through 0 is 

ml^d + M6 + mgW =0, (1) 

12 
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for ml^9 is tlie product of the moment of inertia and the angular 
acceleration. 

If we divide throughout by ml^ and write hjml — 2b and g/l ~ c^, 
the equation becomes 

+ ( 2 ) 

The general solution of this equation may be written in the form 
0 — Ae-** CQs((c^ — ( 3 ) 

It represents what are called damped (that is, decaying) oscillations, 
whose period is given by 



A graph connecting 6 and t reveals the decay of the oscillations. 
In fig. 2 , ^ is assumed to be equal to zero. On comparing T=2nj{gjl~ b^)i 
formula = 27 r/(y/Z)J, we see that r/T„ = 
Id/yiffP' ~ =7 (1 bHjg}-i. In the practical case of a pen- 

duluin vibrating in air 6 is small, and the expression on the right 
may be expanded to two terms by the binomial theorem, giving 
approximately. Writing To=2^illg)i and l/o = 

ro74w2, we have 

T/T^=l + b^Tom^. . . . . . ( 5 ) 


For ^ pendulum in air, this slightly exceeds unity, the second term 
representing the correction for viscous drag of the air on the bob. 
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3, Reaiuliiiii, with Finite Amplitude of Swing. 

If 6 is so large that it is not permissible to write sin B == 0, equation 
(1) must be replaced by 

mlW hl6 + mglmi.6^ 0 . . . . . ( 6 ) 

For the present purpose, which is simply to find the effect of a finite 
ampKtnde of swing, the viscous term U6 may be neglected, giving 

mPB + mgl sin 0 ~ 0. . . . . . (7) 

The solution of this equation is beyond the scope of the present book. 
The period of oscillation is found to be 

T^2^E{6){llg% . « . . • V (8) 

where K{d) is a function of 0, known as a complete elliptic integral of 
the first hind. It can be expanded in a series of sines of 0/2, giving 

T = MVgfil + (1/2)^ sin20/2 + (1 . 3/2 .if sin^ 0/2 + 

When 0 is fairly small, we may replace sin 0/2 by 0/2 in the second term 
and neglect subsequent terms; then 

r-27r(V#{l+ 02/16}= . (9) 

L Pendulum with a Large Bob. 

Consider the small oscillations of a pendulum composed of a heavy 
spherical bob of mass M and radius R cm., on an inextensible string of 
negligible mass (fig. 3). Assume that the bob moves so that the same 
radius PQ constantly lies along the straight line PO joining the centre 
of the bob P to 0, the point of support: that is, that the bob is simply 
oscillating about an axis through 0, perpendicular to the plane of the 
figure. The moment of inertia of a sphere about an axis parallel to a 
diameter, and I cm. from it, is 2MR^/5 + Ml% by the theorem of 
parallel axes. The equation of rotational motion for small oscillations 
(viscous forces being neglected) is 

{2MR^I5+Ml^)S+Mgl0^O. . . . (10) 

Hence the period of oscillation is 

2'i=27r{(2i2V5 + Z2)/^}» (11) 

A real pendulxm woiild scarcely swing in the assumed manner; 
its bob would oscillate about Q after the string had reached its extreme 
position on either side. The supporting fibre would have a definite 
mass and moment of inertia. These and other defects cause the rejec- 
tion of this apparatus as a means of measuring g accurately. 
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6. Compound Pendulnm. 

Accurate methods of measuring g are chiefly based on the measure- 
ment of the period of small oscillations of a compound pendulum, that 
^ rigid body, about a fixed horizontal axis, ■which is usually a 
metal knife-edge. Fig. 4 represents a rigid body, suspended so as to 
oscfllate about a horizontal ams through 0, perpendicular to the plane 
of the ngme. (7 represents its centre of gravity ■when in a displaced 
portion. If the moment of inertia of the body about an axis through 
0 is Mk , that about a parallel axis through 0 is MW MW, by the 


0 



S of rotational motion about the 
axis through 0, if we neglect viscous forces and write 9 for sin fl, is 

{MW + Ml^)S + Mgld = 0, . 

givmg a period ■ , . . . {i^) 

T= 2'Tr{{W+P)llgy, 


on V ^ and I has the form shown in fig. 6. To obtain 

ch a graph experunentally, a metal bar with numerous holes drilled 
m It IS swung from a fixed peg through any one o?Z holes. S 

balancing 'b fairly accurately by 

Daiancmg it on a horizontal knife-edge: I is the distance fT-erZ+T.^ 

g a few hundreds of swmgs with a stop-watch, or by some special 
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kboiir'Saviiig method. Experiment and graph 'botli, show .that there.: 
are two values of I, when the point of support is on the same side of 
the centre of gravity, for which the period of oscillation is the same, 
A.B and AG are two such lengths. Call them Iji and ^2 ^^sp^^tively. 
Corresponding to the point B we have 

T^2'rT{{k^+l^^)lkg}K (14) 

and corresponding to 0, 

T=27T{{lc^+li)jl^y (15) 

and 

gljr^j4:7T^ = 

Subtracting, we have 

J-27T{(Zi + y/p}i. ..... (16) 



On the other side of the centre of gravity there are two other points 
D and E, for which the period is the same (T). AD = AB = and 
AE = AG == l2- Also GD ^ BE == + h- Thus G and D are two 

points, unsymmetrically placed with respect to the centre of gravity, 
whose distance apart is equal to the length of the simple pendulum 
whose period of oscillation is the same as that of the body, when the 
latter is oscillating about axes through 0 or D respectively. When the 
axis passes through (7, G is caUed the centre of suspension and D the 
centre of oscillation or centre of percussion, IVhen the axis passes 
through D, the names are interchanged. 


HATER’S PENDULUM 
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6. Accurate Measurement of £■. Eater’s Pendulums. 

The best method of measuring g involves the application of equation 
(16). This was suggested by Prony (1800), by Bohnenberger (1811), 
and by Eater (1817). Eater was probably the &st to make pendulums 
of a form to which equation (16) could be applied with precision. 
One type of pendulum constructed by Eater consists of a metal bar 
carrying two fixed knife-edges. These are set facing one another, one 
on each side of the centre of gravity. They serve as axes about which 
the body can oscillate under the action of gravity. On the bar are also 
moimted two sliding masses, one of which is much larger than the 
other. By adj'usting the position of the larger mass it is easy to make 
the times of oscillation about the two knife-edges approximately equal. 
The sTnflll mass can then be adjusted until the difference of the two 
periods is less than any required limit, e.g. O-OOl sec. Such an adjust- 
ment is possible, though tedious. The distance between the two knife- 
edges is the li + l% of equation (16), and it can be measured very 
accurately. Hence, apart from various corrections, 

T^2^{{k + k)lg}i, 

and . 

Tie best way of measuring tie actual period T' must be sotigbt in 
a textbook of practical physics. A second type of Kater pendnlmn 
has one knife-edge fixed and one movable, and tie theory difiers 
somewhat from that of the first type. In each case, experiment results 
in the determination of a period T\ Tie corrections to be applied to 
T in order to obtain T and g may be siimmari^ed as follows: 
x/fl) The amplitudes of the actual oscillations are not infinitely small, 
as is assumed in calculating T. Suppose that during the timing of the 
oscillations the amplitude falls from di to 0^ radians. Then by cal- 
culations similar to those on p. 14, jP= r'(l •— BiBJlQ) T{1 a), 

say, where a <C 1. 

*"^(2) The upthrust of the air displaced by the pendiihim reduces the 
weight Mg in the last term of equation (12), p. IS.. This causes the 
measured period T' to exceed T. A rather long calculation gives the 
value^f the correction ^ to be applied for this, which is done by writing 

. 43 ) Du Buat*s correction. The pendulum drags air with it in its 
motion, and the increased efiective mass thus produced increases the 
moment of inertia and makes T greater than T. The correction y for 
this is applied by writing T == y). 

^^4) The viscous resistance of the air causes T to exceed T sightly, 
as on p. 13. The correction 3 for this is applied by writing T = T'il-S). 

fFl03) 3 
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(6) Any increase in temperature makes T greater tkan T. For tins'' 
we write T = r'(l — c), wkere e is the correcting term. 

(6) The supports of the pendulum always yield a little in practice. 
They exert a horizontal force on the pendulum, which makes T greater 
than T. For this reason' we put T = T'(l — a), where a <C iy 

(7) A correction on account of the fact that real knife-edges are 
cylindrical in shape may be avoided by makmg the radii of curvature 
of the two knife-edges equal. This was proved by Bessel. 

The combined effect of the six actual corrections may be repre- 
sented by 

T=T'\l — (a -f- ^ + y + S 4“ ^ + cr)}> • • (17) 
where a, y, 8, e and a are all very much less than unity. 

BesseVs Improvements. 

(1) The adjustment of the type of Kater pendulum described on p. 17, in 
order to make the two periods of oscHiation exactly equal or their difference 
very small, is a tedious business. Bessel showed that it was also unnecessary. 
If we call the two periods and respectively, it is sufficient to adjust uptil 

»5 X which is comparatively easy. This is proved as 

follows. By the theory of p. 16, the two periods are given by the equations 

== F + 

and 

By subtraction, 

(18) 

Inverting, we have 

Using partial fractions, we obtain 

47tV?= W+r2Wi + W+(yi"-2’s’*)/2(Zi-«. . . (19) 

In the expression on the right-hand side, the first term is very much greater 
than the second, when Tj and are nearly equal. It also contains + Zg? the 
distance between the knife-edges, which is accurately measurable. The second 
term has the small quantity in its numerator and the large quantity 

Zj •— Zg ^ its denominator, for Tj and Tg are nearly equal, but Z^ and Zg are 
quite different from one another. To evaluate Zj — Zg in the small second term 
it is sufficient to balance the pendulum horizontally on another knife-^ge not 
forming part of the bar, and thus to find the centre of gravity. The distances of 
this knife-edge from each of the others give Z^ and Zg respectively, and Zj — Zg, 
with sufficient accuracy, for the small term. 

(2) Bessel also proved that Du Buat’s correction factor y {see p. 17) is zero 
if the external form of the pendulum is symmetrical about its middle point. In 
this case the knife-edges of the pendulum are equidistant from the centre of 
its geometrical figure, though not from its centre of gravity. 

7. Measurement of ^ at Sea. 

It was formerly thou^t that the vibrations of ships prohibited the 
U£ie of pendulums on board. The earlier methods of measuring g at sea, 
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sucii as those of Hecker and Duffield,* depend upon the simnltaneons 
^ measiirement of ' the atmospheric pressure - 2 in' two ways. The height ' 
of the colninn of mercury in a barometer tube gives H in the equation 
P = where 5 ^ is the gravitational acceleration and p the density 
of mercury. A simultaneous measurement of the temperature at which 
water boils enables P to be obtained from tables of the temperatures 
and saturation pressures of water vapour. The point is that the second 
method of measuring P must not involve g. Alternatively, P can be 
measured by an aneroid barometer, or by causing a gas to exert a 
pressure equal and opposite to that of the atmosphere. Then g == P/ pH. 

This method gives values of g with a probable error (see p. 262) of about 
+0*01 cm./sec.^, which is relatively large compared with that obtained 
in pendulum experiments on land. The chief cause of this relatively 
large error is the so-called '‘bumping’’, that is, oscillations of the 
mercury in the barometer tube due to movements of the ship, \ • 

Venuig-Meinesz f has devised a method which is far more accurate; 
than that just described. He has shown that pendulum methods c^n . 
be use*d on board ship, especially if the ship is a submerged submarine!" ’ 
Pendulums are subject to four disturbances due to the motion of the 
vessel and caused by 

(1) Horizontal acceleration of the point of suspension. 

(2) Vertical acceleration. 

(3) " Rocking ”, that is, the angular movement of the support. 

(4) Slipping of the knife-edges on the agate planes on which they rest. 

By condnotiag experiments while the submarine is submerged, the total 
angular deviation due to the first, three causes is kept below 1 °, and the Imife- 
edges do not sKde on the agate planes. The horizontal acceleration has the greatest 
disturbing effect of the three. Its effect is completely eliminated by swinging 
two similarly made haff-second pendulums (that is, pendulums whose full period 
is on© second) together in the same vertical plane from the same support, but 
with different phases. If the pendulums are assumed to be isochronous (that is, 
having equal periods), the difference of the two angular displacements Oj and fig 
gives an angle 6 ^ — 63 which may be regarded as the angular displacement of a 
pendulum undisturbed by the horizontal acceleration of its support. For the 
equations of motion of the two pendulums may be written 

M(k^ + + Mgl&i + A = 0 

and . ' 

where A is a term representing the effect of the horizontal acceleration of the 
support, and is the same in the two cases. By subtraction, 

M(k^ + - B,) + Mgm^ ^ = 0, 

an equation from which any disturbing term is absent. The effect of the vertical 
accelerations of the point of support cannot be elimmated without eliminating 

* Buffield, Proc. Roy. Roc., Vol. 92, p. 505 (1916), 
t V^Jiiiig-Meinesz, Geographical JournaX, Yol. 71, p. 144 (1928), 
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g itself. It appears, however, that the measured value of p is affected by the 
mean value of the vertical acceleration during the whole time of observation, 
and as the vertical movement is alternately up and down, fluctuating about 
the value zero, the mean value of the vertical acceleration is smaH. The corre- 
sponding error in gr is made very small by making the duration of the observations 
very great. The third source of disturbance, rocking of the plane of oscillation, 
involves a small correction, which is easily computed from the recorded value 
of the rocking angle. 

In practice, contmnons photographic records are made, using three pendulums 
all swinging, together from the same support. By an optical arrangement the 
differences 0^ — Og, 63 — 63 are recorded on a strip of sensitized paper, along 
with time-marks from two very accurate chronometers. Thus two sets of values 
of gf are obtained. The pendulums are of brass, as invar pendulums are liable to 
magnetic disturbances arising from the ferromagnetic structure and machinery 
of the submarine. Corrections for temperature effects are applied, although the 
apparatus is thermally insulated. The whole system is suspended in gimbals, 
and is thus screened from external shocks and effects due to small angular 
movements of the vessel. It is claimed that the probable error reached in a 
series of measurements conducted in a Butch naval submarine proceeding in 
1926-7 from Holland to Java via Panama is ±0-0018 cm. per sec. per sec. 


8. Relative Measurement of 

When the values of g at various points in a country are to be 
compared with the value of g at some standard position, it is not usual 
^ to employ the same technique as when 
an absolute measurement is contem- 
plated. Suppose that the period of 
oscillation of one particular pendulum 
is measured, iSrst at the standard 
position (Tq), and then at any other 
place (Ti). At the standard position 
Tq = 27r{llgQ)^, where I is the length of 
the simple equivalent pendulum and g^ is 
the value of g at the standard position. 
At the other place Ti = 27T{llg^)^^ where 
gj^ is the new value of g. On dividing, 
squaring, and rearranging, we have 
which gives the value 
oi gi im terms of ^ this manner 
a gravity survey is extended throughout 
a country. Similar methods are in use in most countries; a brief 
account of the German method of experimenting is given here. 

Half-second pendulums of a type invented by von Stemeck are used, that is, 
pendulums whose equivalent length is about 25 cm. and whose complete period 
is about one second. These are now made of the nickel-steel alloy invar^ whose 
coefficient of linear expansion with temperature is extremely small. Figs. 6(a) 
and 6(5) show the general shape of two types of pendulum in common use; they 
differ only in the arrangement of the knife-edges. Four similar pendulums hang 
from the same massive support in four separate compartments of the apparatus. 


(a) /itx 




Fig. 6. — (From Handbuch der Experi- 
mentalphysik (Akademische Verlags- 
gesellschaft, Leipzig). ) 
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The casing is macie , of .m.u-m6tai or some similar alloy, to screen the pendulums, 
from magnetic fields. Oscillation experiments are conducted with three of tfciese* 
The fourth is a dummy ” carrying a thermometer whose readings are assumed 
to give the temperature of the three experimental pendulums. In the latest 
form of apparatus the vessel housing the pendulums is evacuated, in order to 
eliminate du Buat’s correction and other corrections. 

Each pendulum carries an agate knife-edge, which rests on an agate plane on 
the support. The knife-edge forms the axis of oscillation when the pendulum 
swings. All the pendulums, except the dummy, carry a small plane mirror 
on their knife-edges, the normal to the centre of the juirror bemg in the plane 
of oseiliation of the central line of the pendulum. The time of oscillation of each 
pendulum is determined by comparison with the time of oscillation of a standard 
clock or with signals from an accurate chronometer. For this purpose a method 
of coincidences is used. A small plane mirror is mounted on a fixed support so 
as to face the mirror on one of the experimental pendulums. It is parallel to 
that mirror when the pendulum is at rest. The standard clock or chronometer 
operates an electric relay, so that a horizontal electric spark is produced by break- 
ing a certain circuit, once for every complete oscillation of the pendulum of the 
standard clock. An optical image of this spark, formed by rays of light reflected 
from each plane mirror in turn, is seen in the focal plane of the eyepiece of a 
telescope. The standard and experimental pendulums are so arranged that this 
miag6 is seen in coiacidence with the horizontal crosswire when the pendulums 
are in phase ” and each is passiug through its rest-position. The mean interval 
between two coiucidences is measured, over a period of about two houi’s. Let 
, To, To sec. be the periods of one complete oscillation of the experimental and 
standard pendulums respectively, Tq is about 1*0 sec. and tq is about 2*0 sec. 
Let the mean interval between coincidences be I sec. In I sec. let the standard 
pendulum make n complete oscillations. Then = /. Let the experimental 
pendulum make N complete oscillations iu the same time. Then NTq = I. It 
is known that Tq is approximately equal to To/ 2, and we may write To = Xq/2 ± ol; 
then I = iV’(To/2 ± a) = jitq, where a is a small period of time. Hence 272 .To = 
^('^0 ± 2a) and {2n — iV')To = ±2Va. Dividing both sides by tq, we obtain 
2n-^ N ^ ±2iV^a/T0. Now 27?. — N must be an integer, since n and N are both 
integers. Hence the least value of 2n — N, other than zero, must be dzL and the 
shortest interval J between two successive coincidences is that which makes 
2?^ — - N = ±^1, Hence 2NocItq ^ 1. The equations nrQ = 1 = NTq can be written 
in the form wtq = / = i2n ± l)To, whence To — 1/(271 ± I) == I/i^I/'^a ± 1) == 
I'Vq/{2I± Tq), which gives To if Tq and I are known. 

Various precautions are necessary in carrying out the experiment. (1) An 
automatic setting device is required, to place the knife-edge of the pendulum on 
the same part of the agate planes every time. (2) The agate planes need frequent 
repolishing. (3) They must be set horizontally before every experiment. (4) The 
support must be stable and free from tremors. (5) The deposition of dust and 
water vapour on the pendulum must be prevented. In a certain case water vapour 
altered To by 3 X lO”® sec. 

The chief coCTeotions to the measured value of T© are: (I) Correction for tem- 
perature variation; results are reduced to some standard temperature. (2) 
Corrections for air resistance and increased moment of inertia due to carried air; 
in the older technique results are reduced to the standard pressure 76 cm. of 
mercury; in the new vacuum apparatus these efieots and corrections are elimi- 
nated.^ (3) Correction of To to sidereal seconds, (4) Correction to zero amplitude; 
the initial amplitude does not exceed 1°, In recent work the standard clock is 
kept at a base station, and wireless signals are sent to the place of observation. 
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9. f ariation of g witli fime. Metliod of Tomasciiek and SeliafferEieiit. 

■ TJie Bifilar Gravimeter of TomascEek and ScEafiernicEt affords, 
an accurate metEod of measuring minute temporal cEanges in tEe 
absolute value of g at a given place (figs. 7 and 8). 

To a torsion head T is attached a long vertical spiral spring, made of wire of 
a special alloy (Krupp’s Alloy W.T, 10) which is distinguished by the absence 

of “ creep ” in its elastic properties. 
A flat circular disc G is attached to 
the lower end of the spring. Below 
the disc another disc P is suspended 
by means of a short wire. To opposite 
ends of a diameter of G are attached 
supporting fibres, forming a kind of 
bifilar suspension, which carries part 
of the weight of the system. When 
the torsion head is twisted through 
an angle 0, the disc G rotates in the 
same direction through an angle <p 
and finally comes to rest. Then the 
moment of the displacing couple , due 
to the twisted spring is equal and 
opposite to the moment of the restor- 
ing couple due to the tension in the 
fibres of the bifilar suspension. The 
angles 0 and cp increase together. If 
the disc G remained at the same level 
during the twisting, the moment of 
the restoring couple would increase 
to a maximum when 9 was 90®, and 
would then diminish again as <p in- 
creased. The 90® position would be 
one of instability and the system 
would suddenly swing round through 
a large angle. In practice, on account 
of the raising of the disc and con- 
sequent alteration in the tension of 
the fibres, the position of instability 
is only reached when 9 = 145° approx. 
The spring is deliberately set so that 
this position is reached. Then when 
the value of g alters, the weights of the two discs alter and the system rotates 
through a small angle. This angle is measured by means of the usual device of 
a mirror, lamp, and scale, the mirror being mounted on the wire between the 
two discs. 

Figs. 8 (a) and (6) represent the disc G in equilibrium after a displacement 9. 
The moment of the restoring couple due to the tension T in the strings is twice 
the horizontal component of the tension in each, multiplied by the perpendicular 
distance z from the axis on to the line of action Z 7 of the horizontal component. 

■Hence',,"...,' ■ 

Moment of restoring couple = ^TxzfL . . . . (20) 

♦ Tomaschek and Schaflernioht, 4. Fhysik, VoL15, p. 787 (1932). 
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Sine© the diso is not moving vertically, we also have 

2TcosB = Mg, . . . . » . » . (21) 

where Jfgf is the weight of the discs, &c., less the weight supported by the spring. 
Now oosS — h/Z; and ■ 

Twice area of triangle OZr= 2a; = a& sin 9. . . . (22) 


Hence the moment of the restoring couple is Mgahsmt^ jh. The moment of the 
displacing couple is that due to torsion of the spring; it is equal to /(0 — 9), 
where / is the torsional constant of the spring. Equating the moments of the 
couples and rearranging, we get 

^ = ^/(0 — 9)/Jfa6sin9. ...... (23) 




When varies, the change in h is extremely small. Hence, in differentiating 
equation (23), ^ is treated as a constant, and we have 

== --^jr{sin 9 + (0 — 9) cos9}d9/J!fa6sin® 9. . . (24) 

This gives the change in g corresponding to a change in 9. The movements of 
the spot of light corresponding to ^9 and dg are registered photographically, A 
displacement of 2 mm. on the sensitized him corresponds to a variation dg = 

The extreme sensitiveness thus attained enables the changes in g due to move- 
ments of the sun and moon to be separated and measured. To obtain such 
results It is necessary to insulate the apparatus thermally and to prevent tem- 
perature changes of more than 0-001° C. The spring is specially treated before- 
hand so that its elastic constants do not change during an experiment. It is also 
necessary to work in a deep cellar (25 m.) to avoid disturbances due to traffic and 
machinery. Equation (24) can be written 

dg^Kd<^lM, . . ....... (25) 

where K is, in effect, a constant. Its percentage change due to the small change 
in 9 is extremely smaU. K is found, that is, the instrument is calibrated, by 
bringmg a parallel horizontal disc A under the lower disc P of the gravimeter, 
^ known electric potential difference F e.s,u. to the discs A and P* 
and measuring the deflection d9Q, As in an attracted disc electrometer, the 
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dowiiwai’d force on P is dynes, where S sq. cm. „is the. effective area of 

eacii'dlsc and rr cm. is, the distance between -4 and P, Writing 
, we see that the force dynes corresponds to a change ,in g of 

F^SySrfJf. Substituting in equation (25), we have V^SjST^x^M Edf QlII 

and K= V^SIBr^x^dcpQ. 


10. Changes of ^ with Direction, The Eotvos Torsion Balance, , ; 

It is possible to measure accurately, not only the absolute value of 
g at any point, but also the rate of change of g with distance in any 
horizontal direction, and some other important quantities connected 
with the earth’s gravitational field. These measurements are carried 
out with the Eotvos torsion balance, of which the theory will now be 
given. Take any point 0 on the earth’s surface as an origin of co- 
ordinates. Let axes Ox, Oy, Oz be drawn, Ox towards the geographical 
north, Oy towards the east, and Oz downwards in the direction of the 
force of gravity. Let be the force per unit mass placed at the origin, 
along Oz, The force on a particle of mass m grammes at the origin has 
components 0, 0, mgQ dynes. Assume that the earth’s gravitational 
field has a potential TJ at any point {x, y, z) and that at (a;, y, z) the 
component forces on unit mass are -\-dTJjdx, +dXJldy, and ^dJJIdz 
respectively, which can be written in the form dUjdx=: dUldy = g^, 
and dVldz = g^, At the origin dU/dx^ 0, dUjdy === 0, dUjdz^g^, 
The values of g^,, and at any point {x, y, z) very close to the 
origin may be calculated by Maclaurin’s theorem. Any function 

/ (^5 Vi (0, 0,0) + x^-jry^ + ^^ + smaller negligible terms, 

oXq oyQ oZq 


provided x, y, and z are small. The suffix 0 indicates that the values 
of the differential coefficients to be used are those at the origin. Hence 


J, = -5..+4= + !'8y. 


appros. 

OZq 


dm 


dm 




9*n' 


dxdya 


since = dVjdx, &c. 
Similarly, 

ffv = 

and 

9z ^ 


0a;9zo’ 


0 + »o-5r- + 2/5:72 + 2 


dydxo 


m 


dydZf^ 


„ , „dm , m , dm 


dzdy^ 


dz^^' 


(26) 

(27) 

(28) 


These are the forces per unit mass along Ox, Oy, Oz respectively, at the 
point X, y, z. Taking moments about the axis Oz, we see that the clock- 
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vnse moment of forces acting on unit mass at (x, z) is gj/c — 

(fig. 9 ). On a large body distributed over a certain space tlie clockwise 
moment is j(gyX — g^y)dm, where dm is the mass concentrated at any 
point {x, y, z) and the integral sign simply indicates the summation 
over all the elements of mass in the body. 



I 


I 


*1, mu con^on forma of the E6tv6s balance (fig. 10) involvea the above 
tneorj. liie principal part is a torsion head from which hangs a thin torsion wire, 
usually of a platinum-iridium alloy, about 30x10“® to 
40 X 10“® mm. in^ diameter and 25 to 60 cm. in length. ““ 

Tbis carries a horizontal rectangular beam of aluminium 
about 40 cm. long. One end of this beam carries a 
cyhndrical weight of platinum, gold, or silver of mass 
about 30 gm., with its axis horizontal. From the 
otlier end of the beam hangs a cylindrical weight of 
mass about 25 gm., supported by a platinum-iridium 
wire about 40 cm. long. This suspension system carries 
a small plane mirror just above the level of the beam. 

1 he system, regarded as a whole, forms a body acted 
on by a torque whose moment is given by the above 
expression. Let the origin 0 of co-ordinates be the 
md-pomt of the beam. The moment of the torque is 
integral is to be taken over 
fche whole^of the suspension system. If we substitute 


o 


h 


pjoi/cixi, juL we suDsritiute 

for and from equations (26) and (27), the moment becomes 


Fig. 10 


+ 


d^u 

Bydzi 




zxdm 


• (29) 
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axes of, co-ordinates are selected, namely, 05 along tlie geometrical axis of the 
beam, Ot] horizontal and perpendicular to 05, and so directed that when 05 
pomts to the north, Ori points to the east, and Oz vertically downwards as before. 
From fig* 11, 

ip = 5 cosa — “JQ sina, 

5 sina + 73 coscc. 


Then 


and 


J xydm == i sin2a J ( 5 ^ -- yf)dm + cos 2a J ^ridm, 

— y^)dm = cos 2a J ( 5 ^ — ‘lefjdm — 2 sin 2a J^ridm, 
J* zxdm = cosa J z%dm — sina 

cosa J* zy]dm. 


J yzdm ■ 


The suspension system is so constructed that its mass is symmetrically dis- 
tributed with respect to the axis 05 and also the vertical plane 50^: (fig. 12). 

Symmetry with respect to the axis 05 makes 
1573^^=0, for it means that for every 
element with co-ordinates (5, 73, z) therd" is 
another element with co-ordinates (5, --“73, z), 
so that the expression under the integral sign 
can be divid^ into pairs of terms of the 
form -}-573dm and — 573 dm, which together 
make zero. Again, the beam and the weight 
on it are sjunmetrical with respect to the 
axis 05; hence, as far as they are concerned, 
for every element with co-ordinates ( 5 , 73, «) 



A-KJS 




%r)dm 




Fig. 12 


there is another element with co-ordinates ( 5 , 73, —z). For the beam and weight 
on it, J^dm = 0, because the integral can Be split up into pairs of terms of the 
form -j-^zdm and —^zdm, which add up to zero. The lower weight and wire 
contribute an amount mU to the integral l^zdm, where m is their mass, h is 
the 2-co-ordinate of their centre of gravity, and I is its 5 -co-ordmate. Symmetry 
about the plane 5O2 implies that for every element with co-ordinates ( 5 , tj, z) 
there is another with co-ordinates ( 5 , —73, 2). Hence J732dm= 0 , for it can be 
divided into pairs of terms of the form ^rizdm and --rizdm, which add up to 
zero. In the remainiug integral -- 7f)dm, for most elements of 

mass. Hence 5^ — 73^ = 52 -f n\ very nearly, and as |( 5 ^ -f ’rfjdm = K, the 
moment of inertia of the suspension system about Oz, J( 5 ^ -- ri^)dm = JT, to a 
close approximation. On substituting the results just obtained in the expression 
( 29 ) for the moment of the gravitational forces, the moment becomes 


JZsin2a^ 


'dm dm\ , x. i j,?! 

~ ) + A cos2a -f mhll cosa — ~ - 

dz^dyo I dydz^ 


• sina 


dm 

"dxdz. 


( 30 ) 
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TMs moment tends to displace tlie torsion system. A restoring torque, wliose 
moment is c0a, is called into play in the suspending wire; c is the torsional 
constant and 0a is the angular displacement from the position when there are 
no torques acting. When the system is at rest, the displacing and restormg 
moments are equal. The usual mirror, lamp, and scale are used to measure de- 
flections. Let Ua be the scale reading corresponding to the displacement 0a, n 
that corresponding to zero displacement, and D the distance between mirror and 
scaie. Then na — 2D0a and c0a = c{%a, — n)l2D. The equality of displacing 
and restoring moments is represented by the equation 

n^—n= ^DK sm2a + ^KD ^^|cos2a 

+ {2Z)^^)(Cr„,cosa- .... . (31) 

where 

Uyy^emi8yo% U^^e^UIBxdyo. 

Uy,== d^U/dydz,, and B^Ujdxdz,, 

TMs can be written in the form 

na — P sm2oc + Q cos 2a -f A sina -j- ^ cos a, . , (32) 

where w, JP, Q, A and B are five unknowns and Ua and a are two experimentally 
measurable quantities. In general, to determine five, unknowns, five equations 
are required. This involves five separate readings of na for five separate values 
of the azimuth angle a. In practice, the procedure is simplified by taking readings 
in six azimuths, in which a = 0°, 60°, 120°, 180°, 240° and 300° respectively. 
Calculation gives n, P, Q, A and B. Then, at the origin, 


Uyy-^U^^^PcIDK, (33) 

U^=^Qel2I>E, ....... (34) 

= —Acl^jymM, • . • . . . (35) 

Uy^ = Bcl2IhnM, . , . . . . (36) 


These are the four quantities usually measured at any point. and Uy^ are, 
of course, the same a>B dg/dx^ md dgfdyQ, the rates of change of g in horizontal 
dii-ections near the origin. The other two quantities represent quantitative pro- 
perties of the gravitational field near the origin. = dgjdz^ is not measured 
by tMs apparatus. 

The quantity c is determined by applying a known displacing couple Q to 
the system and measuring the angle <p produced. Then c= Cfip, Km determined 
by an oscillation experiment; w, D, h and I are found by ordinary weighing and 
length-measuring methods. 

11. The Gravity Gradient and Horizontal Bireetive Tendency. " ^ 

In comeipon with gravitational surveys and the construction of 
maps indicatiug the results, it has been found convenient to introduce 
two other quantities connected with the earth’s gravitational field and 
with the expressions in equations (33), (3i), (35) and (36). These are 
called the gravity gradient and the horieofital directive tendency respec- 
tively. 

The term gravity gradient is an abbreviation for “ maximum gradient 
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of ^ in a horizontal direction near a point where g is dUjdz, the vertical 
gravitational intensity at the point. The gravity gradient is therefore 
equal to dg/ds, the rate of variation of ^ per unit of length measured 
in the direction of maximum rate of change of g; it is a vector quantity. 
Let dg/ds make an angle ^ with Ox, and let its components along Ox 
and Og be dg/dx and dgjdy. Then dgjdx^ {dg/ds) and dg/dy = 
Bm.^(dg/ds), Writing g = dUjdz, we have dg/dx = dW/dxdz = Uxz and 
dg/dy = d^U/dydz = Uy^, Denoting the gravity gradient dg/ds by G, 
we have 

and K • (37) 

Uyz= GBm.cf> J 


or 


G^{V,z^+ UJ)K ..... (38) 


Hence G can be calculated if we know ^^id which may be 
derived by experiments with the Eotvos torsion balance as on p. 27. 

The horizontal directive' tendency (H.D.T.) at any point is a 
directed quantity but not a true vector. It is given by 5^(1/% ~ 1 /ct^, 

where g has its usual meaning and %, are the maximum and 
mJrtiTnum radh of curvature of the gravitational equipotential or 
level surface at the point. Its direction is conventionally assumed to 
be that horizontal duection in which the vertical downward curvature 
of the level surface is least and the radius of curvature greatest. Let 
its direction make an angle 0 with Ox, It can be shown that R is 
related to the diSerential coefficients in equations (33), (34), (35) and 


(36), as follows: 

RBm2d^2U^y, (39) 

Rgos29:^U^^^-~ (40) 


Rankine has shown that equation (31) may be transformed by the 
aid of substitutions from equations (39) and (40) into the form 

(DKR/c) sin 2(6 — a) + (2DmMG/c) sin {</> — a). (41) 

This form brings out the separate importance 
of G and R, and indicates what features must 
be possessed by torsion balances suitable for 
the measurement of (? or J? separately.^^^^^^ H 
survey maps, G is represented in magnitude 
and direction by an. arrow drawn 
point P which possesses this vahie of 
represented in direction and magnitude by a 
straight line without any pointed or feathered end, drawn through 
P (fig. 13). Curves joining those points on a level surface, where g 

* Ger. Kr^mrnnmgsgrdase, 
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lias equal values, are called isogams. 0 is always directed along a 
normal to an isogam. The dimensions of both. and i2 are those of 
(time)”^, and they are usually expressed in the so-called Eotvos units. 
One E5tvos == 10~® sec."-^. With a well-made Eotvos balance, a 
deflection of one scale division corresponds to a change of about one 
Eotvos unit. Measurements of and other quantities are now 
employed commercially in the detection of heavy ores. The Kursk 
region of Eussia, in longitude 36° 52' E., offers an example of an 
extensive region in which both the gravitational and the magnetic 
fields of the earth show very marked anomalies. 


12, Alteration in Direction of the Force of Gravity with Time, The 
Horizontal Pendulum. 

A problem which has recently received much attention is that of 
findiug the change in direction, as time goes on, of the force of gravity 
at a poiut on the earth’s surface. 

This is equivalent to finding the 
change in direction of a plumb-line. 

The point of support of a plumb- 
line is attached firmly to the earth 
and moves with the earth’s surface, 
and a plumb-hne sets itself normal 
to a gravitational equipotential 
surface. Hence deformations of 
the earth’s surface and of the 
equipotential surface cause changes 
ia the direction of a plumb-line. 

As these changes amount at most to 0*1 second of angle, their direct 
determination with a plumb-lme is out of the question. 

Perhaps the commonest iastrument used to measure temporal 
changes in the direction of the force of gravity is the horizontal pendu- 
lum, said to have been devised in 1832 by Hengler. In principle this 
instrument (fig, 14) consists of a rod AB, supported in an inclined 
position by two light strings AQ and PR, attached to rigid supports 
at P and Q. The straight Ime PQ makes an angle <f> with the direction 
of the force of gravity. The rod AB takes up a position of equi- 
librium^ in a certain plane, which is parallel to the force of gravity, as 
shown in fig. 14. When .45 is slightly displaced laterally, for example, 
if 5 is drawn towards the observer and released, the pendulum 
describes slow small oscillations, whose period may be calculated as 
follows. 

The centre of gravity!? of the pendulum describes a circular arc GG' 
(fig. 15) as the pendulum oscillates. The centre of this circle is 0, 
the point where AB crosses PQ. The circle lies in a plane making an 
angle <f> with a plane normal to the force of gravity. Consider the 
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restorifig force on the pendulum when it has rotated through a small 
angle 6 in the inclined plane. At G there is a force acting in 
the dhection of gravity. This may be resolved into two components: 

(1) mg cos^ in a direction perpen- 
dicular to the inclined plane in 
which the pendulum rotates, and 

(2) mgsm^ in the inclined plane of 
rotation of the pendulum. The force 
mg sin ^ may be further resolved into 
two components, along and perpen- 
dicular to OG, The component 
mg perpendicular to OG, 
is important here, as it is the force 
which restores the pendulum to its 
initial position. Its moment about 
the inclined axis is mglmx<j>Bind, 
where OG == h When d is small this 
becomes mgl sin^S . 0. The equatiQn 
of motion of the pendulum about 
the inclined axis PQ is therefore 

-}- n^gl sin^ . 0 = 0, where m¥ 
is the moment of inertia and frictional or viscous forces are neglected. 
Hence the period of oscillation is 

T 27r{k^ I gl sin . . * (42) 


mg sin ^ 


In practice 9 is made very small, so that T is very ffreat. When 
T = Tgo" ~ Hence 

= {l/sin9)^ 
and 
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Oscillation experiments give iTgo® and T, whence sin 9 and 9 are calculated. 
Changes in 9 represent changes in the direction of gravity, taking place in the 
plane of equilibrium^^ YFBQ of the pendulum (fig. 14). Changes of the direction of 
gravity in a perpendicular plane may be considered as follows. Imagine the line 
PO in figs. 14 and 16 to rotate through a small angle about YQ» a, fixed Mne, 
while Q remains fixed (fig. 16). EP rotates through an angle dB» say, so that 
P goes to P'. Then the arc PP' = YP .dB ^PQ smc^ .dB» Also the arc 
PP' == PQ , dA, where dA is the change in direction of gravity required. Hence 
dA = sin9 . dB = T^Q^^dBIT^, by equation (43). In practice it is the angle dB 
which is measured. This is done by means of the usual mirror, lamp, and scale. 
T and Tqqo are measured as before by oscillation experiments, so that dA can be 
calculated. 

Amother method of finding the change of direction of gravity in a perpendicular 
plane is to mount two horizontal pendulums inside one case, so set that by 
the first method one gives 9 = 9^ and the other 9 == 92, in two perpendicular 
azimuths. In very accurate measurements by .Sehweydar 
z=: about 15 sec., and on the scale measuring dAl, a deflection of 1 mm. 
corresponds to a value of dA of 0*022 sec. of angle. 


CHAPTER III 


The Newtonian Constant of Gravitation 


L Newton's Law of Gravitation. 

According to Newton’s law of gravitation, every particle of matter 
in the universe attracts every other particle with a force which is 
proportional to the mass of each particle concerned and inversely 
proportional to the square of their distance apart. In symbols, the 
law may be written 


F^Q 




( 1 )^ 


where F is the force of attraction between the particles, and 
are their masses, and d is their distance apart. is a constant known 
as the Newtonian constant of gravitation, whose dimensions are 
+3 in length, in mass, and —2 in time. 

Astronomical measurements prove that, except where relativistic corrections 
are appreciable, the law holds even when d is very great. Since two different 
atoms cannot be absolutely superposed on one another, it would seem that a 
repulsive force must come into play between two atoms, when d is of the order 
cm., and that Newton’s law then ceases to hold. (Actually, conditions are 
complicated by electrical forces which result from the ultimate electrical narure 
of matter.) For ail greater values of d it appears to bo true. Furthej, if the 
index of d is written in the form 2 -f ^ 1*5 X 10'“’', that is, h == 0" within 
the limits of experimental error. 


It is proved in Ex. 2, p. 276, that a sphere or spherical shell of homo- 
geneous attracting matter made up of particles obeying Newton’s law 
exerts, as a whole, an attraction upon an external particle as if 
the whole mass of the sphere or shell were concentrated at the centre. 
Thus the attraction of a sphere of mass M gm. on a particle of mass 
m gm. situated 22 cm. from the centre of the sphere and outside it is 
GMmjR^ dynes. This applies if the sphere is {a) uniform throughout 
or (b) composed of .homogeneous spherical shells. To a first approxi- 
mation we may regard the earth as a sphere of type {h), though there 
are actually many local variations of density, even in that part of 
the earth, the crust, which is accessible to direct investigation. More- 
over, the shape of the earth’s surface is not exactly spherical, but is 
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tiiat of a spheroid with its miaor axis in the direction of the earth's 
geographical axis. Neglecting these points, we see that owing to the 
earth's attraction a particle placed at a point on the surface will move, 
if jEree, towards the centre of the earth. If we denote the acceleration 
by gr and the mass by w, the attractive force is mg^ by Newton’s second 
law of motion. It is also by the law of gravitation. Hence 

= mgr and 


GM 



If p is the mean density of the earth and R its radius, M = iirR^plB, 
and, eliminating M from (2), we obtain 

g^^rrGRp. . . . . . . . . (3) 


This relation contains four quantities, (?, gr, i2, and p, and may be used 
to calculate any one of them, provided the other three are known. 
The present chapter will be mainly concerned with experimental deter- 
minations of G, The value of p can be calculated if gr, (r, and R are 
known. Equation (2) may also be used to determine (? if a value of 
M, derived by astronomical methods, is assumed. 

The gravitational constant has been measured experimentally by 
(a) large-scale experiments and (6) laboratory experiments. Of the 
former, which are now of historical interest only and in which the earth 
is one of the attracting masses, may be mentioned (a) Bouguer’s mea- 
surements in Peru of the relative masses of a mountain (whose mass 
was estimated from its volume and density) and the earth from the 
deflection of a plumb-line placed near the mountain, (6) experiments 
of Airy and others on the relative masses of a spherical shell of the 
earth (whose mass was estimated from its volume and density) and the 
entire earth, from observations of the times of oscillation of a pendulum 
at the bottom of a mine shaft and at ground level respectively. 


2. Measurement of O. Boys’ Method. 

Perhaps the most important methods of measurmg G are those in 
which a torsion balance is used. The original type of apparatus, de- 
signed by Mchell, has been improved by Cavendish, Cornu, and others, 
particularly by Boys (1889). The dehcate torsion balance used^by 
Boys consists, first, of a central vertical fibre of quartz, suspended 
from a metal disc called the torsion head. The fibre carries a horizontal 
glass beam; from^ grooves in both ends other quartz fibres of unequal 
length hang vertically, each supporting a small gold sphere. This 
suspension system is hung inside a glass tube, of internal diameter 
about 3-8 cm., and is thus protected from draughts. Further, the air 
pressure inside can be adjusted to any required value. Outside the 
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tube two equal spHeres oi lead about 10*8 cm. in 'diaineter are sus- 
pended at equal distances from' the axis. Tbe centres of these spheres 
are respectively situated in the same horkontal planes as the centres 
of the gold balls, that is, they are at different levels. Each lead sphere 
exerts an attraction on each gold sphere, but by having the two 
difierent levels, the attraction of a lead sphere on that gold sphere 
whose centre is on a level with its own is made far greater than that 
on the other. The effect of the attractions is to produce a torque about 
the axis, and the central fibre is twisted through an angle 6 . The 
suspension system comes to rest when the resultant moment of the 
displacing forces due to gravitational attraction is equal and opposite 
to the moment of the restoring forces called into play in the twisted 
fibre. The position of the centres of the lead spheres is chosen so as 



to make the moment of the displacing forces as large as possible. 
The angular deflection 9 is obtained by use of a mirror, lamp, scale and 
telescope, the mirror being the horizontal glass beam itseE. The large 
spheres are then moved to new and similar positions on the opposite 
sides of the gold spheres, so as to produce a maximum displacing 
moment m the opposite direction, and the change in scale reading is 
that which is actually read. 

Tile value of G is calculated as follows. Let m represent the masses of 
the two kinds of spheres respectively. In fig. 1, which represents a plan of the 
system after equilibrium has been reached, j4, B represent the centres of the gold 
spheres, and (7, D those of the lead spheres respectively. The attractions between 
spheres at different levels are neglected. The attraction along BG is GMmIBGK 
The moment of this attraction about 0 is GMmpIBG^t where jp is the perpendicular 
from 0 on the line of action of the attraction. Allowing for an equal moment 
due to the attraction along AD^ the total moment of the displacing forces becomes 
2GMmp/BC\ Now p,BG=^2, area of A OBG = Ir sin <p, where OB =^1,00= r, 
and angle BOO = <p. Hence the total displacing moment is 

2GMndr sin = 2GMmlr sin^/F^ + cos^ji 

The moment of the restoring forces is c0, where c is the torsional constant of the 
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central quartz 'fibre and 0 is.tlie angular deflection of the suspension system from 
its equilibrium, position. : Hence: ■ 

C? = 4 - _ 2Zr cos <|>}i I231mlr sin 9 . . . * . (4) 


As 0 corresponds to one-half of the change in the scale reading when the 
large spheres are moved from the first position to the second, it is calculated 
by dividing the change in the scale reading by four times the distance from 
the scale to the mirror. The torsional constant 0 is obtained by measuring 
T, the period of the natural oscillations of the suspension system in the absence 
of the large masses. T ~ 2%{Ilc)^, where J is the moment of inertia of the suspen- 
sion system about its axis, a quantity which can be obtained by measurements 
of its mass and linear dimensions. 

The value of G obtained by Boys is 6*658 X 10“® c.g.s. units, which corresponds 
to a mean density of the earth of 5*527 gm. per c.o. The probable error is not 
calculated by Boys- A few dimensional details are appended. In one experi- 
ment the length of the central quartz fibre is 43*2 cm., and its diameter is about 
0*0125 mm.; the beam is 23 mm. long, the scale is 700 cm. from it and is divided 
into half-millimetres. The large spheres have masses of about 7407 gm., and 
the small ones of 2*65 gm. The difference in level is about 15 cm. The scale 
deflection corresponding to a rotation of Oj + 62 is 18*48 cm. The angle BOG is 
64° 38'. The distance CD is 15 cm. The period of oscillation T is about 96 sec. 


The principal advantage introduced by Boys is the use of thin 
quartz fibres, which are extremely sensitive and wMcb retain their 
elastic properties. The great reduction in the dimensions of the ap- 
paratus which is thus rendered possible (1) eliminates the dijG&cuIty of 
convection currents arising from unequal temperatures of different 
parts of the bulky apparatus, (2) enables the size of the cumbersome 
lead attracting spheres to be reduced. 


3. Measurement of Xx. Heyl’s Method. 

Probably the most accurate value of G hitherto obtained is that of 
Heyl ^ (1930). He uses the '' time of swing method formerly used by 
Braun. The suspension system of a torsion balance, consisting of two 
small equal spheres hanging with their centres at the same level, is 
allowed to describe small oscillation^ in field of two 

large masses, whose cenKs oFgravity are also at the same level. 
The large masses are placed in two separate positions, represented in 
plan in fig. 2. The two small masses are placed with their centres at 
the same level, because of the greater precision possible in the im- 
portant measurement of the distance between the centres. The accuracy 
is improved, as compared with Braun’s work, by using very heavy 
large masses of about 66*3 Kgm. each. 

The theory of the experiment, when the. large masses are in the 
near ” position, may be discussed with reference to fig. 3. Consider 
the total energy of the suspension system when the centres of the 
small masses are in the displaced positions (7, D, The equilibrium 

Heyl, Bureau of Standards Journal of Research, Vol, 5 , p. 1243 (1930), 
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positions are at A and B. The centres of the large masses are fixed 
at X and F. The total energy is made up of (1) kinetic energy equal 
to 16^/2, where I is the moment of inertia of the suspension system 
about its yertical axis of symmetry, and 6 is the angular displacement; 
( 2 ) potential energy due to torsion of the fibre, equal to h6^j2, where 



0 — 0 — 

Plaa in near FasiiJU>ri 

o 

Plan in 'far PosUlam 

Fig. 2 

h is the torsional constant of the fibre; (3) potential energy due to the 
proximity of the large and small masses, that is, due to the fact that 
D is near X and F, and that G is also near X and F. The large masses 
are vertical steel cylinders, and the evaluation of the^paviEa^mal 
pdfential aF17"and U' resjp^cti^^ due to a cylinder whose centre of 
gravity is at X or F, inyolves^ zonal ham and is beyond the 
scope of this book. The final e 2 ^ression for the gravitational potential 

D 



energy of the whole displaced suspension system may, however, be 
written in the form GAid^j2, A^ is the product of one large mass and 
one small mass and a purely geometrical^fmction iZ .aad j, where 
R = OA, c = AX, and G is the Newtonian constant sought. If friction 
is neglected, the total energy is a constant. Hence 

702/2 ^ Jc6^l2 + 0Aid^l2 ^ a constant. 

On differentiating with respect to time and dropping the factor 6, 
we have 

lS+ih+GA^)e^O, 
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representiiig an oscillation whose period, uncorrected for small errors, 
is-. 

T^^27T{II{h+GA^)}K . • . . . ( 5 ) 

Here ifc as well as G is regarded as iirdmown; is calculated from the 
geometry of the system. In a similar way, when the large masses are 
moved to the far ’’ position, and the torsion pend^ again describes 

small oscillations, its equation of motion is + (^ + == 

where ^2 ^lew geometrical constant which replaces The 

uncorrected period of oscillation is 

T^=^2^{II{h+GA^)}K ..... ( 6 ) 

On elinodnating h from equations (6) and (6), and solving for Jr, we 
have 

. . . ( 7 ) 


Tungsten 

Wire 


As regards experimental details, the large masses are cylinders of forged 
and machined steel, of mass about 66*3 Kgm. each, suspended from a supporting 
system capable of rotation about a vertical 
axis, midway between them. three set s 
of experiments the small masses^' are *^^^ 
of gold, platinum, and optical glass spheres 
respectively, in each ease of mass about 
50 gm. Tliey are suspended from a very 
light torsion system, consisting of (1) a 
torsion wire of tungsten about 1 m. long 
and 0*025 mm. in diameter, (2) a separating 
rod of aluminium 20*6 cm. long and of mass 
2*44 gm., (3) various supporting wires as 
shown in fig. 4. Over 99 per cent of the 
moment of inertia is in the small spheres 
themselves. This system is enclosed in a 
large brass container resting on a plate- 
glass base. The air pressure within is 
reduced to about 2 mm. of mercury. The 
usual arrangement of mirror, lamp, scale 
and telescope is used to observe the 
oscillations, which are started by bringing 

bottles of meromy near the small spheres and then removing them. Transits 
of lines on th(^ image of a scale on glass, across the vertical crossmre of the tele- 
scope, are noted by an observer and recorded on one pen of a two-pen chrono- 
graph. The other pen records seconds signals from a standard clock. 

The gold balls are found to absorb mercury vapour from the air of the labora- 
tory. Hence their mass increases by aboxit 0*138 gm. in 49 gm. in seven months. 
Results obtained with them were discarded. With varnished platinum balls the 
value obtained, as the mean of five results, is (7 = 6*664 X c.g.s. miits, and 
with glass balls, as the mean of five results, G = 6*674 X c.g.s. units. The 
mean of the means is 6*669 X 10~8 c.g.s. units, as compared with 6*658 x 10""^ 
in Boys’ and Braun’s experiments. The cause of the differing results with platinum 
and glass balls is not accounted for, though it has been proved that this is not 
directly due to the differing natures of the materialB. 



Fig. 4 
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4. Measureineat of G,' Zahradaieek’s Resonaace Method. 

The apparatus*^ used consists of two coaxial torsion balances, the 
axes being vertical. For the sake of brevity they are called primary 
and secondary. The primary balance is relatively robust and consists 
of a central steel wire with a beam in the form of made^ of brass 
tubing. Heavy equal lead spheres are mounted at the same level, near 
the ends of the vertical arms (fig. 6). The secondary balance is smaller, 
and its axis is vertically below that of the primary. Its beam is 

simply a horizontal piece of 
aluminium wire with, small 
equal lead spheres at the 
ends. Each suspension wire 
carries a mirror and has its 
own lamp, and the oscfflations 
of each balance are registered 
photographically on a drum 
covered with sensitized paper. 
The rest-positions of the two 
balances are adjusted to be 
in the same vertical plane, 
and each balance when dis- 
placed and released describes 
damped harmonic oscillations 
about its rest-position, since 
the two systems exert gravi- 
tational forces and couples on 
each other. The damping of 
the primary balance is ex- 
ceedingly small To exclude 
draughts, the secondary bal- 
ance is enclosed in a wooden case inside the case protecting the primary 
balance. The experiment consists in the adjustment of the two systems 
until the condition of resonance is established, that is, until the two 
periods of oscillation are equal An equal number of turning points 
of both systems are noted. Then the masses and linear dimensions of 
each balance being known, 0 can be calculated. 

The theory is as follows. Take the central point of the secondary 
beam as origin (fig. 6). Let Ox be horizontal and in the rest-position 
of the axis of the beam, Oy horizontal and perpendicular to Ox, Oz 
vertical and upwards. When the secondary beam is displaced through 
an angle let the co-ordinates of the centres of the small spheres 
(mass m^) be cos^, sin^, % = 0, and —y^, 0 

respectively. When the primary beam is displaced through an angle tfs, 

* Zahradnicek, Phys, Voi. 34, p. 126 (1933). 
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let, the co-ordiiiates of the centres of tie large spheres (mass ^ 2 ) be 
ajg— . 22 j/ 2 ^= %==o, and ■—%, — 2/25 +^2 ^respectiYely. 

Tie attractions between unlike spheres are Fi = Gmim^jr-^' and 
#2 = respectively, where 

^2 — cos^ — ^2 cos^)^ + ( 2 i sin<i — R» mal/f 4 * 

-= 2 ^ 2 + . , . , . ( 8 ) 

and, 

r 2 ^ ==: + R'^ + ^RiR^ (^os {iff — 4 " • • ( 9 ) 




The horizontal components of these forces are fi = FiPiffi and 
A = •^2P2/^2 respectively, where 

Pi® — (% - *2)^ + (2/1 — ya )2 

= (fil (ios(f>~ cos^)2 + (Rism.4> — Rz siat/i)^ 

and 

P2®= (% + a!2)^+ (2/1 + ^2)® 

= (^ 00S9J + iJg cos^)® + (-^ sin^ + ^2 sin^)®. 

Tte turning moment of /j at one end of the secondary beam is 
where is the perpenchcular from 0 to the line of action of 
(fig. 7 ). Also PiPi= RiRzsm{^ — 6 ), for each is twice the area of 
the triangle OBG. Hence the turning moment of both forces on the 
secondary beam is 

sin (^ — . 

Similarly, the moment of both forces /j is in the opposite direction 
and is sin — ^^)Aa- The net moment in the first direction 

is • 

sin# — - 

= 2QMjm^RyR^^{>l, ~ 4>){llr^^ ~ Hri}, 
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and wlien ^ and ^ are sufficiently small, this becomes 
2GmimJ[iiE^A(>p — <f>), 

where 

A = 1/{(2?1 - E,r + - + 

Let tii 3 differential equation of motion of the secondary system, in 
the absence of the primary, be 

Z^‘ + P<^ + D^=0. 

When the above moment is acting, this becomes 

= 2Gm^m^R^R^Aiils ^ - <(>), ( 10 ) 


say, where 

Then 

where 


E = ^G'rn^m.^RxR^A, 
+ P^j + D(f) = Eifff 
E = E -f- E, 



Assume that tp corresponds to an undamped simple harmonic oscillation, 
^== iff Q cos (for, as we have assumed above, the damping of the 
primary system is very small). Then 

E(p + + I^i> ^ Rpo cosa>2^. 

The particular integral of. this is the important part of the solution, 
and is obtained by the use of operators or otherwise. It is 

(f>= ^ocos(aj2^ e), 

where 

4o— + {(^0^ — ■ • . (12) 


tane = 2Zu}2,l{o}^ — o>^), (13) 

and 

S^P12K, V = S/Z. (14) 

Eesonance occurs when is a maximum as cog varies. By diSerentia- 
tion, this occurs when 2S^ = that is, when 

cl>o==E^o/2KS{<o,^+8^}i (15) 

Here and i/jq are the amplitudes corresponding to the case of reso- 
nance. We now replace E by 2Gmjm^R^A and rearrange. We then 
obtain 

G= (f>oK8{co^^+ S^}i/>pamjm^R^A. . . . (16) 
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The value of is obtained from a number of observed turning 

points of both systems; K is the moment of inertia of the secondary 
balance; == where Tg is the period of oscillation; S i 

where A is the logarithmic decrement, and Ti the natmal period of 
the secondary in the absence of the primary. i?i5 -^2 ^ obtained 

from the linear dimensions of the apparatus. An important correction 
is applied for the attraction on parts of the secondary balance dther 
than the masses e.g. the beam, due to the masses mg. A small 
correction is required for the slight damping of the primary balance. 
Zahradnicek gives === 6*659 ± 0*02 as the value derived from seven 
experiments. The method seems to be very accurate.^ It has the 
advantage that a large number of values can be obtained in a relatively 
short time. 


5. Measurement of G. Poynting's Method. 

6^ has been measured by the aid of the common balance by (a) 
von Jolly, (6) Eicharz and Krigar-Menzel, and (c) Poynting. Poynting*s 
method will be described here. The balance used (fig. 8) is of the large 



“ bullion balance type, that is, it is strongly made, with a giiii-metal 
beam and steel kmf e-edges and planes. Prom the ends of the beam 
are suspended equal spherical masses A and E, made of an alloy of 
lead and antimony. Each has a mass of about 21-6 Kgm. A spherical 
attracting body M, of mass about 153 Kgm., made of the same alloy, 
IS mounted on a special turntable, so that it can be brought to a point 
vertically imder and then under J5. In each case the downward 
attraction is given by F == GMmjd^ and this force tilts the balance 
beam downwards on the side where the attraction is applied* The 
tilt IS measured in each case by an optical device (see fig. 9) involving 
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the so-called double suspension nairror of Lord Kelvin. In this arranw 
ment the pointer of the balance is attached to a movable braS 
supportmg one of two wes,^ in turn support a smaU S 
The other wire is attached to a fixed bracket. When the baIanc?S 
moves,^ the pointer and one wire move. Thus the mirror rotates 

if ^ balance beam is 

magnified 150 times by this device. Facing the mirror, and about five 
from it, j . .jle gratoW ia ^ 

of (to IB foiMd m the 03* image is viewed by a veS 

telescope, pointing through a hole in the ceiling, from the room above. 
In this way it is foimd that the change in the anvle of tilt due t-n 
movmg M from mrder .1 to ander S, fttle 12^ So 

same angle IS produced by the addition of a weight of 0-0004 gm’ 
to one end of the balance beam, a fact which is proved by displacine 
a rider of mass 0-01 gm. a definite distance along the beam and thus 
mcr^smg Its toning moment by a known amomt. 

^®sume that the beam is horizontal 
^ ^ removed altogether. Let the length of the beam be 2u 
and let its md^oint be b cm. from the central knife-ed'e X eaut 
ibrmm of the beam m the position shown in fig. 8 when M is ui^er 
A, the moments of the downward forces on A and B are equal, and 

{mg -f OMml(P){a cos ^ — 6 sin d) = mg{a coad+b sin 6), 

Vista’S* ^ 

mol *« angular tafolos 

{mg -f m'g){a cos 8 - 6 sin 0) = mg{a eoad + b sin 6). 

From these two equations we have 


and 


OMmlcP 


m g 


G = m'gd^lMm. 


(17) 

(18) 


which is not above iff the m^^removedl^^M^ attraction of M on the mass 
B to adroit the supporting rods tcl’thfi attv. a-™ rnakmg boreholes tlirough A and 
This last correction is S w tt f ^ balance b^m itself, 

in another experiment, “ d fiS*t£ ^ 25 cm. higher, 

m Its fomesr position. Thus the atlaction of on the'^es 
the previous case, but the attraction on A and ii if “ 

becomes, in the two cases, a ^ ana it is altered. Equation (17) now 

Z — m'q 

and ^ 

GMmjd^ + Z~ m"g. 


fllj 
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^re 2 13 the force exerted by M on the beam. By subtraction Z 


43 

is elimina-tecL 


a= {m," — tn')glMm{lld^ — l/d^- 


■ ■ . . (ID) 

nf to tilt the floor through an angle of about 

^ iki jL second. Tins is eliminated by mounting a mass M 12 on fliA f-nm 
tebfe at tmee the Stance of M from the^axis L^diamricS 
AUowanoe is made for the attraction of this mass on A and B • 

^closed in a case to reduce air currents rdTCdSo^^^ofdJf 

a and therefoL SrlS' tS„gto 

6*6984 X 10 ® c.g,s. units. 

Mean density of tbe eartb === 5*4934 gm. per C.C. 

Tbe probable errors are not giyen. 

6. Possible Variations in G* 

manner as Bovs varied i-hn oaiance in the same 

from 0° to 260° C., but no change Wo ?®3,d naasses 

mental error could be detected/ W ^ experi- 

temperature is less than 2 X 10-^ G nor d ’ ’'^armtion in G with 

-d W obtaiBrf tifela^e 

method. Various excerimou+oro flie balance 

attractions of crystals^Xt gravitational 

obtained «mai kdeie rt’ rf of S 

axes to within 10-9 G ^the limit crystallograpHc 

the weight of a crystal Tes^J mor. For exanfple, 

■with respect to the vertical. Eotvos anJ^h^^ onentation of its axes 
Majorana and Austin and Thwing haw ^ ^o^aborators, and also 

interposing layers of diffrent 3h f nivestigated the effect of 
bodies. 4y dense iSrfucT^la^'T ^^*^^ted 

effect could be deteZT’ F^r No 

produced no detectable change- thS^ aw .r® 5 

exceed 2 x lO-^i G. ^ change produced did not 
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T.- Relativity and the Law of (jravitatioE.: 

Tlie discovery of the laws of relativity Las profoundly: changed tEe 
views of physicists on the subjects of mass and gravitation. A detailed 
exposition must he sought in works on relativity,^ but a few special 
points may be noted here. In discussing these it is advisable to consider 
the mass of a body from two points of view. The mass is often defined 
as the quantity of matter in a body. If a body is known to be moviag 
with a certain acceleration, Newton’s second law states that it ex- 
periences a force equal to the product of the mass and the acceleration. 
The mass in this sense is often called the inert ’’ mass. On the other 
hand, a body placed in a gravitational field of force experiences a force 
equal to the mass multiplied by the strength of the field at that point. 
The mass in this sense is called the ‘‘ heavy ” mass. As was mentioned 
on p, 43, the experiments of Eotvos and others have proved that the 
accelerations of bodies of different materials placed in the same 
gravitational field of force are the same to within one part in 10^. 
Further, bodies of any ‘‘inert” mass, light, medium or heavy, have 
exactly the same acceleration in the same field of force. If we wfite 
“ Force on a body = inert mass X acceleration ”, and “Force on a 
body = heavy mass X field strength ”, and apply these statements to 
one and the same body, we see that the forces are equal, and after 
dividing and rearranging, we have 

Acceleration = heavy mass X field strength/inert mass. 

Since the acceleration is constant and independent of the nature 
of the body, in the same field of force, we have 

Heavy mass/inert mass = a constant. . . . (20) 

With suitable units the constant is equal to unity. Einstem interpreted 
this well-known result as meaning that the same quality of a body 
exhibits itself in one set of circumstances as inertia and in another as 
weight. He deduced that it is impossible to distinguish between the 
two following states of a system of bodies: (1) a state of accelerated 
motion in the absence of a gravitational field of force, (2) a state of 
rest in a field of gravitational force. 

One of the consequences of the restricted theory of relativity, 
which has been confirmed by experiment, is that of the “ inertia of 
energy that is, whenever the energy of a body is changed in any 
way the mass of the body also undergoes a change. The two changes 
arc connected by the relation 

Change of mass in grammes = change of energy in ergs/c^, 

* For a brief account, see Wilson, Modern Physics, CFaps. XVIII, XIX (Biackie 
& Sou Ltd., 1930). » i:- 
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where e is the velocity of light in vacuo, in cm. per sec. This applies 
to all forms of energy, including electromagnetic radiation, heat, &c» 
Thus gravitation is liiied up with light and other electromagnetic 
■ ^ phenomena. Further, the theory shows that the mass m of a body in 
motion with velocity v cm. per sec. is not the same as its mass mu 
when it is at rest, but 

— . . . . . ( 21 ) 

This expression has been confirmed by experiments with jS-particIes. 

The point of view of the generalized theory of relativity can only 
be hinted at here. All matter or energy modifies the properties of space- 
time in its neighbourhood, producing what is called a fi.eld of gravi- 
tation. The property of acting upon a body or an electromagnetic wave 
belongs to space-time modified in this way by the presence of matter 
or energy. It is not a direct, instantaneous action at a distance produced 
by an attracting body. The cause of the deformation of space-time 
in the neighbourhood of matter or energy, that is, the cause of gravi- 
tation, is still unknown. The generalized theory enables the law of 
gravitation to be stated in its most general form, in tensor notation, 
a form in which it contains the laws of conservation of energy, momen- 
tum and mass of classical physics as special cases. As is well Imown, 
the generalized theory had three important successes. (1) It accounted 
for the displacement of the perihelion position of the planet Mercury. 
(2) It predicted a lateral displacement of rays of light passing through 
a gravitational field. (3) It predicted a spectral shift of solar rays of 
light. 


CHAPTEK IV 


Elasticity 

L Inkodiiictioii. 

The behaviour of bodies subjected to deforming forces constitutes 
the study of elasticity. If the body entirely regains its original size 
and shape, it is said to be ferfedly elastic] if it entirely retains its 
altered shape and size, it is said to be perfectly plastic. Actual bodies 
are intermediate in their behaviour, and the same material will behave 
difierently according as it is in the form of a single crystal or a hetero- 
geneous mass of crystals such as constitute e.g. an ordinary metal 
bar or wire. The behaviour of single crystals will not be considered 
in this book, as their study involves a fair knowledge of crystal struc- 
ture; besides, it is not representative of the behaviour of ordinary matter 
in bulk. Further, attention will be confined to isotropic substances, 
that is, substances which exhibit under test the same properties in all 
directions; anisotropic substances require laborious and complicated 
mathematical treatment. 

The change of shape or size (or both) is termed a strain; the 
forces in equilibrium which produce the strain are often loosely termed 
* the stresses. More correctly, the defined as follows. Let F be 

the force acting across a small plane area.;^ at any angle to its surface. 
Then the normal component of F divided the area A is termed the 
normal stress; the tangential component mF divided by the area A 
is termed the mean tangential stress. The criteria of a perfectly elastic 
body are these: 

(a) A given stress always produces the same strain. 

(b) Maintenance of a given stress results in a constant strain. 

(c) Eemoval of stress results in complete disappearance of strain. 

2. Deviations from Hooke's Law. 

It was found experimentally by Hooke in 1679 that, over a con- 
siderable range, the strain produced is proportional to the stress applied. 
This relation, which is termed Hooke's law, forms the basis of the 
theory of elasticity. If the strain is a simple stretching of the material, 

*See e.g. The Physics of Solids and Muids, p. 118 et seq. (Blackie & Son Ltd., 1936). 
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the grapMcal relation between the stress p and the strain (extension).^ 
is called the stress-strain cnrve, the load-extension curve, or, briefly, the 
f-e curve. Typical p-e cmves are shown in fig. 1. For steel the graph 
runs somewhat as in fig. 1(a). Each property, proportionality and 
elasticity, holds only up to certain limits, termed the limit of propor- 
tionality and the elastic limit. These two points do not in general 
coincide. In fig. 1(6), the former is represented by the point P. Its 
definition is comparatively simple and certain, whereas the direct 



determination of the elastic limit is a difficult process. Immediately 
after passing the limit of proportionality the curve shows a marked 
Hnk, which after a short interval, about the point S, is followed by a 
rapid increase of the extension for slowly increasing (and sometimes 
even for diminishing!) stress.^ The point S at which the material may 
be said to flow is called the yield point. On further increase of the load, 
the stress reaches at the point B its greatest value p^ = p^^^, and up 
to that point the strains extend fairly uniformly over the whole rod. 
In an materials, however, localized weaknesses due to slight differences 
in structure are present, and beyond B a local constriction (“ necking ’^) 
ocicurs in ductile materials. The constriction increases rapidly, and at 
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some point Z, for values and 6^, the rod is ruptured. The maximum 

stress and strahi and are termed the brealdng stress m 

respectively. ■ 

' The behaviour of materials mder ■compression is shown by the 
continuation of the curve' below the oj-axis. Referring to the ourve 
for steel, we see that a region of proportionality is again initially 
observed; the point S\ which is the yield-point under compression, is 
also known as the crushing limit; finally a region of flow is obtained, 
which for ductile materials' like steel may extend for a considerable 
distance without fracture occurring. With brittle metals like cast iron, 
fracture occurs immediately at the end of the region of proportionality, 
or after, a kink and a short drop in the curve. There is no yield-point 
and no ''neckiag’’. Materials like marble, concrete and wood are 
characterized by no proportionality between stress and strain, even for 
small stresses, as is shown in figs. 1 (c), (d), (e) and (/). 


3. ModiiH of EiasticilF.; 

The method of measuring a strain varies according to its natiire. 
For simple stretching of a wire, the strain is measured by the increase in 

length per unit length of the wire. 

^ B b' T consider a cube of side 

ABGD, fixed at the base and under 
the action of tangential forces in 
the direction AA'BB' (fi.g. 2). The 
cube takes up the form A^B^OD, that 
is, ' the volume remains unaltered; 
such, a strain is termed a .^ter and 
is measured by the. angular deforma- 
tion d , 

Finally, if . an isotropic body is, 
uniformly ', compressed .in' all direc- 
tions, it wiE retain its original shape 
but will undergo a volume compression. The strain is measured by 
the change in volume divided by the original volume. 

The ratio of the stress to the strain produced in a body is termed 
the elastic modulus. There are three elastic moduli, according to the 
nature of the strain, namely: 



Young’s modulus q = 


Applied load per unit area of cross-section 
Increase in length per unit length 


Rigidity modulus n = 


Tangential stress per unit area 
, Angular deformation 6 


Bulk modulus K = ^^P^^^sive (or tensEe) force per unit area 
Change in volume per unit volume 



i¥J 


MODULI OF ELASTICITY 


49 


It is foiiiid experimentally that when a body undergoes a linear 
tensile strain it experiences a lateral contraction as well Since 
this contraction is directly proportional to the extensions a fourth 
elastic constant termed Poisson's ratio and denoted by a is introduced; 
this is defined as the decrease in width per unit width divided by the 
longitudinal strain. The four elastic constants are interdependent, 
since any change in size and shape of a body may be obtained by first 
changing the size but not the shape (volume strain) and then changing 
the shape but not the size by means of a shear. 

4. Components of Stress and Strain. 


Consider a parallelepiped ABGDEFGH of the material with its 
sides parallel to the axes of co-ordinates Ox^ Oy and Oz as in fig. 3, 
Then simple considerations of equi- 
librium show that if no translational 
or rotational motion is to occur, 
the most general distribution of 
forces reduces to three different 
normal stresses and 

three different pairs of tangential 
stresses Z^=r^, Z^=Z^, 

The notation is such that the 
subscript indicates the axis per- 
pendicular to the face across which 
the normal or tangential force is 
acting. The strain may likewise 
be resolved into six components 


and 




Onix. 


where the former con- 



stitute the strains produced by the 
nornial stresses and the latter the shearing strains. Thus is the 
relative displacement of planes perpendicular to Oy and Oz respectively 
and initially at unit distance apart. 


5. Strain Ellipsoid. 

Consider a sphere with radius r and centre 0, and let {», z) be 
the co-ordinates of a point on its surface (fig, 4). Suppose that it is 
strained into a symmetrical figure with centre O', that 0'A\ 0'B\ 
OV' have magnitudes a', c' and correspond to OA, OB, 00, 
and that {x\ y\ z') corresponds to (a?, y^ z). 

Since the ratio of parallel lines is unaltered by strain, we see by 
fig. 4 that 

' V. 

f .... ■ ■ 

(fI03) 


so 

Now 
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Hence 

-'2 ,/2 y 2 

^/ 2 + j ' 2 ^ ^/2 

or {x\ y\ z^) is a point on an ellipsoid with a\ b\ as conjugate dia- 
meters. Since tkere are only three diameters of an ellipsoid which are 
mutually perpendicular, there are, in general, only three mutually 
perpendicular diameters of the sphere which remain mutually per- 



pendicular after straining. These are termed the axes of strain and the 
corresponding strains are termed the principal strains. 

6. Relations between the Elastic Constants. 

Since for isotropic substances the directions of the axes of strain 
will be those of the normal stresses, the most general stress at a point 
will be Pj, P2, P3 along Ox, Oy, Oz respectively. Hence = P^^, 
Yy == P2 and = P3, while Xy = = 0. The corresponding 

strains will be 


1 
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Solving for Pi, Pj and Pg, we have 

Pi=:AS + 2«V. ' 

Pg == AS “f" 

Pg = AS + 2n'e^^, 

where 

S=e**4-e„„+e*s, A=ffj/(1+ ff)(l — 2tr) and2re'=3’/(14-<^)*. 


5> 

(I) 


The dilataiim 8 measures, to a first order, the fractional change in 
volume, since it is the sum of the principal extensions. 



For a tmiform compression or dilatation Pj = Pg = Pg = P. 
Hence, adding equations (1), we have 


3P 

3A + 2nf' 


( 2 ) 


Now the bulk modulus E is defined by 
' Z=P/S. 

Hence 


K = 


g 

3(1 -2<r)' 


( 3 ) 


It remains to identify n' with n, the rigidity modulus. We see 
from fig. 5 that if a simple stress Q acts on four sides of a cube 
ABCDEFGH, the stresses across the diagonal planes ACQE, BDHF 


Sz 
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will be compressive and extensive respectively and eaoli of magnitude 
Q. Taking .the axes Ox, Oy, Oz as paralel to OB, OA, OO^,. we 'have 
== = —Q, Zz = 0, with corresponding strains 


Tbeii 


tan Di4'0' = 


1 + ^xx ^0 


w 

A'O' 1 + e,y AO T + e, 


0 . 


1 ”■[- Bxi 


where the dashed letters correspond to the strained cube (see fig. 2). 
Since the shear strain 0 = aDA'B' ■— LDAB = 2/.I)A'0' — 7t/2, 


tan 


0 tmDA'O' 1 


■ = ife 




2 1 -f” tan jDA'O* 2 

For small angles, therefore, 

— ^ 2 / 1 / == 2(1 + a)Qlq, 

Now the modulus of rigidity is defined by 

n^Ql0^ql2{l + a), . .... (4) 

and, by comparison with equations (1), W = n. 

Eliminating o* from (3) and (4), we obtain the important relations 

%nE 


or 


3A"+^ 

SK — 2n 
6A + 2^^j 


(5) 


The expression for Poisson’s ratio may be written 3^(1 — 2a) = 
2n{l + cr). Since K and n are both positive, a cannot be greater 
than ^ nor less than —1. 


7. Principle of Superposition. 

The preceding theory is based on the assumption that the effects 
produced by the different stresses are quite independent of one another. 
The applicability of this principle of superposition is confirmed by ex- 
periment. In particular, Guest ^ made a careful study of the behaviour 
of thin tubes under combined stresses. He showed that various stresses, 
such as internal compression, tension, and torsion, could be applied 
simultaneously and combined in different proportions, but that initial 
yielding occurred only when a specific total shearing stress was attained. 


*PMl Mag, (5), Vol. 60, p. 69 (1900). 
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8. Beniing of Beams/ 

When a beam is bent by an applied couple, the filaments of the 
beam, are compressed in the region nearest the inside of the ciirYe and 
extended in the region nearest the outside. The filament which ex- 
periences no change in length when the curvature is applied is termed 
tlie neutral filament OT neutral axis. 

Suppose a rod ABGD (fig. 6) is bent into a circle and that the 
radius of the neutral axis PQ is p. Then if we consider a filament 
P'Q' of the rod, a distance z from PQyWe have 

PV = (p + ^)^. 

Hence the extension of the filament is 

e^P'Q'-PQ=:{p + z)^-^ . . (6) 


and the strain, since the original 
length was is zjp. If the 
area of cross-section is a, the 

force across the area is —a. 

P 

The couple due to these forces 

is thus ~ az^ and the total 
P 

couple, or bending moment^ due 
to all the filaments in the rod, 
which must equal the external 
applied couple G when the rod 
is in equilibrium, will be 

Q = ^ZazK . (7) 

P 



The quantity is analogous to the moment of inertia about the axis 
z=:0 and is termed the geometrical moment of inertia of the cross-section 
about that axis, which is perpendicular to the plane of the paper. If 
the actual area is A and the radius of gyration is denoted by 

G = . . .... . ( 8 ) 

p 

The quantity qAh^ is sometimes termed the flexural rigidity, 

9. Beams imder Bistiibuted Loads. 

Consider an element of the rod, of length dx^ at a distance ® from 
some origin on the neutral axis, and let the load per unit length he 
w (fig. 7). Then wdx is the load on dx\ let the shearing forces and the 
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bending moments be F, G, F + dF, G 4- dG 
fcivefy. Tien 


respec' 


10. Relation between Bending Moment and Deflection, 

If p is tie radius of curvature of tie beam at a n 
depression is y (fig. 8), we have ^ 

-I- 1 _ d^yjdx^ 


IS approximately true that 


I VI BENDING MOMENT AND DEFLECTION 


Hence, from (8), 

II 

, . . . (12) 

Combining equations (10), (11) and (12), we have 




. . . . (13) 

and 

II 

1 

. . . . (14) 


IL Sointioas of Beam Problems. 

The four constants of integration required for the solution of (1 ?) 
are determined by the end conditions of the beam. Three cases usually 
occur: 

(1) Free end wUh no had. 

. 1' == 0, hence ^ = 0, 

and 

If a load W is attached to the free end, jP = If . 

{2) End supported hd not griy^ fed. 


= 0, hence ^ 0, and y is known. 


(3) End damped. 


^ is known and usually equal to zero, and y is known. 



Fig. 9 


Example. — Uniform beam damped horizontally at both ends undei a 
uniformly distributed load (fig. 9). 

This example of the application of equations (12), (13) and (14) ml] now lie 
worked out; other examples for the reader will be found on p, 277. 

Writing D for djdx, for d^jdx\ &c., and using (13), we have 

qAt^D^ = m 
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Integrating four times, we have , 


qAkW^y ^ wx -j- Af . ... . . . . 

. . . ( 15 ) 

qAkWhj Ax + B, 

. . . ( 16 ) 

qAk^Dy^:-^ + Bx + C. . . . 

• ■ • ( 17 ) 

gAk^=^A-^ + ?f + Ox+H. . 

. . . ( 18 ) 


From case (3) above, the end conditions are 

D?/ == 2/ = 0 for rr = 0, D?/ == ?/ = 0 for a; = ^, 
where I is the length of the beam. 

Hence, from (17) and (18), 

Bl + = 0. 

Solving for A and B, we obtain 

^ — ^wlf 

B = 

The complete solution is therefore 


qAh^y = 



= 2lx + l^) = — ^)®* « • 

• (19) 

Further, 

G = qAm^y 



-^(Qx?-&x+l^) 

• (20) 

and 

B = —qAh^D^y 



= w(ll — x) 

■ (21) 

By (20), the bending moment is zero when 



6a;2 - m -f ^ 0, 

and the maximum deflection occurs at the centre of the beam and is given by 

_ wl^ 

12. Thin Rods under Tension or Thrust: Euler's Theory of Struts* 

It can be shown that the bending moment is always equal to qAh^jp^ 
even if a tension or thrust is present in addition to the bending couple. 
Let a thrust P act at the ends of a thin rod of length I (fig. 10), 
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As Pis increased there occurs a critical value at wHch the rod will, 
buckle, unless it is constrained, when it will ultimately fail by crushing. 

To find the critical value of P, let the rod be initially slightly bent 
and consider any point S on the rod with co-ordinates (a;, ^). If G 
is the bending moment, and we take moments about S, 
we have 

-^Py. ..... (22) 

But 

G^qAmhj. 

Hence 

qAl<?D^y = — P«/. 

If we write this in the form where. 

w? == P/qAk^, the solution is 

y = A cosma; + S sinma?. 

Substituting for the boundary conditions 

y = 0 when 0, y = 0whenaJ = J, 

we have 

A = 0, and B sinml = 0. 


The latter condition is satisfied if P = 0, when the rod is straight, or 
for sin ml = 0, when ml = tt, 2it, Stt, &c. 

The first stable bending position therefore occurs when m^^Trjl: 
the force is then 

P=y^^2^2/^2 . . . _ : (23) 

and ■ 

y= Psin7raj/Z. , . . . . . (24) 

Since at the centre of the rod 3 ?= J/2, from (24), B == The 

rod may therefore bend to any extent within certain limits, provided 
F reaches the critical value given by (23). In the calculation the cur- 
vature has been put equal to B^y, and this approximation gives the 
value of the limits of bending. 

When m = equilibrium is again obtained: the various 
positions clearly correspond to multiples of half a sine-wave. 

Euler’s theory is only in approximate agreement with experiment; 
Southwell has given a more satisfactory but much more complicated 
tieatment. 


13. Uniform Vertical Eod damped at Lower End. Distributed Load. 

The problem^ of a uniform vertical rod under a distributed load 
and clamped at its lower end has many important applications. Thus 

(FlOS) 3^ 
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e.g. there is a limit to the height to which a tree can grow before it 
bends under its own weight. In %. 11 consider two points Q and Q', 

with co-ordinates {x, y) and /), on the 
■ bending rod OB. The weight per unit length 
w is generallj a function of a;; let the 
weight of an element of length at be 
wdx\ 

The moment of this element about Q 
will be wdx\y^ y\ and the total bending 
moment about that point is 



G ==^ w{y ~ y')dx’, 


Fig. II 


where I is the length of the rod. 

Difierentiating both sides with respect 
to the upper limit x, we have 




dx 


dx 
wdx\ 


■/)]. 




Now the total load above Q is wdxf ^ W, say. Hence 


or 


dO 


dx 

dx 

d?y _ 

_ 

dx 



( 25 ) 


The solution of (25) depends on the nature of W and may be very complicateii, 
For the special case of a uniform distribution of load, W == x). Then 








m 


where 


: ^ 
dx 


’Wi} — x)p 
-P(Z — a)f), 
and p = wjqAh^. 


Finally, putting J — a: = we have, since ^ 


d^p 




• (26) 


( 27 ) 
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To' so1t 0 ©quatioH (27) we ' express j?. m terms of a power series' 

p qcq + ociZ 4“ + • • • • • - » (^8) 


Then 


dz^' 


■ 2^2 + 2 . SoL^z + 8 . 4a^z^ + • • ^ 


(29) 


Hence, combining equations (27), (28) and (29), and eqnatlng coefficients of 
powers of z^ we obtain 

2oc2 0, 2 • 3 • 0C3 •*“ |Bocq, 

Hence 


p = “0(1 
+ “1(2 - 


pz» 


4~ 




2.3 

J5I + 


2 . 3 . 5. 6 


..) 

...). 


3.4 3.4. 6.7 

The constants ao, ocj are determined from the boundary conditions, 


Hence = 0 and 


0r= 1 


dp 

dz 

6 180 


(30) 


The smallest value of which will satisfy equation (30) is found by trial and 
error and successive approximation to be 7*84. Instability therefore occurs w'hen 
wPlqA¥ = 7*84. 

if p is the density, then w = gpA, and the maximum length is given by 


If p = 0*6 and q= 10^^ dynes/sq. cm. for deal, 
the maximum height of a pine tree 15 cm. across 
is about 27 metres. 

14 . Torsion of Eods. 

Consider an element of a circular rod, 
of area a and at a distance r from the 
axis of symmetry 00' of the rod (fig. 12), 
Let the rod be fixed at its lower end at 
a distance I from a and let a be twisted 
through an angle 9S by an external couple. 
Then if the tangential stress across a is 
F, the element of couple about the axis 
which this contributes is 

dQ = Far. 

Now if the angle of shear is d. 


^=1.99^?^^. ....... (31) 
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Also, since ra = Fj9, where n is the rigidity modulus. 


dQ=^'far^. 

Hence tlie total couple about tbe axis is 


Q- 


I 


Since tbe rod has a circular cross-section, Sar^ is the geometrical 
moment of inertia of the section of the rod about the axis. Since 


Saf^ 27Trdr . = Ah\ 


1 7Tn(f>R^ 


(32) 


where R is the radius of the rod. The quantity Ql/^ is sometimes 
termed the torsional rigidity. 

For rods of any other cross-section Qljn^ is less than Ah^. The 
solutions for elliptic, equilaterally triangular and square sections were 
given by St. Venant, who showed that the torsion involves a longi- 
tudinal displacement in the cross-section. The treatment of St. Venant 
is based on a general principle enunciated by him, that the strains 
which are produced in a body by the application, to a small part of 
its surface, of a system of forces statically equivalent to zero force and 
zero couple are of negligible magnitude at distances which are large 
compared with the linear dimensions of the part. 

It is only with cross-sections of a high degree of symmetry, how- 
ever, that mathematical expressions can be obtained for Qljn^, Ee- 
course must otherwise be made to analogous equations in other branches 
of physics, which are more susceptible to investigation. Thus Prandtl 
pointed out that the deviation &om a plane of the surface of a soap 
film which covers a hole of the same size as the cross-section of the 
bar, and which has an excess pressure on one side, may be used to 
obtain the form of the function determining Qljn^. The values for 
Qlln<f> and for the geometrical moments of inertia of different sections 
about the axis are given below. 

Circular area^ radius R. 

Qlln<l>=i7rRH Ah^^inRK 


Elliptical area, semi-axes a and b. 

rraW 


Qljn^ = 




Al? = \7Tah{a^ -f 6^). 
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Rectangular area, sides 2a and 2b. 

where m has the values 0, 1, 2, 3, . * * : 

== |a6(a2 + 6^). 

For a square^ this gives 

Qljn^ == %2ma\ A¥ == 8aV3 = 2-mia\ 

If a = 36, the sum of the infinite series of hyperbolic tangents 
differs by less than 1 part in 5000 from 1*0045. 


For a flai strip, therefore, 


Qlln<f>==^ab\^ 


3-3616/a). 


Hence for circular, elliptic, and rectangular strips of the same 
cross-sectional area and length, the relative tor- 
sional rigidities are in the ratio 1 : 26/a : 2'7r6/3a. 

Rectangular suspensions have the double ad- 
vantage of small torsional rigidity combined with 
large surface area for radiation of heat and are 
therefore often used in the construction of gal- 
vanometers. 


15. Energy in a Strained Body. 

{a) A bent beam. 


Consider a short length dl of a filament of a 
bent beam (fig. 13). Let the cross-section of the 
filament be a and let it be situated at a distance 
z from the neutral axis. Then if we use the results 
of section 8, p. 53, the work done in stretching 
this filament by an amount e will be 



Fig. 13 , 


Force X Distance = Stress X Area X Distance 

= Elastic Modulus X Strain x Area X Distance 


e 
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ha^hdUs cross-section ^ of the rod of 

-i /)“ 


But 


G: 


-=2f.J-44». 


Hence the energy of the whole rod is 

/./ 

''=h 


6^ 


dl 


(33) 


>0 2qAk ^ ' 

(6) A rod of circular cross-section under torsion. 

dV=Qdf>. 

Now from equation (32) 


Hence 

or, alternatively. 


Q- 


Tznfil}^ 


21 - 

17 nirH^ f^o , , , 

~ IT L 


nrtli^ , , , _ . Q H 

UttW 




nnRi 

where dl is measured along the rod. 


(34) 


16. Spiral Springs, 
at amende at 

• X ionzontal plane wten tie sbWti^ 

IS sketched by a force 17. We consider any S i 

^ ® cylinder^on which 

ae cods are woimd the external couple at ^ is Wa 

Th^ couple results in a torsional shear l^cos a 
m^he tangent plane to the coils at A and a tension 
2’-;^W sma along the tangent to the coils >4 

= v.sfc. Witt t “ 
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if is the extension of the spring, the work done in stretch-* 

•Mg-is 

V^fwix, 

"w ' ' 

which must be equal to the sum of equations (33) and (34), Hence 


or 




rwdx 

Jq 


qAW 
1 G^l 


-irnR^ 
QH 


dl. 


2 qAk^ TmR*' 


Substituting for G and Q, we have 




1 If%2Zsin^a , IF^a^i cos^a 
+ 


qdk^ 


irnRd 


Differentiating both sides with respect to a?, we have 


dx 


aH\ 


dW 

Since 1^= 0 when a; = 0, 
xz= WaH\ 


+ 


+ 


2 cos^ 
TmR^ 

2 cos^ 


“)• 


TtnR^ 




If a is small, this becomes approximately 

2WaH 


X- 


ttuR*’ 


(35) 


(36) 


Substituting the value AP = ^R^ ior a wire of circular section in 
(35), we obtain 


X-- 


2WaH /2siv?a , cos^a\ 

\~7~ )' • • • 


In addition to the vertical motion of the free end, there is an angular 
displacement in the horizontal plane. If the end of the wire is twisted 
through^, the torsion gives rise to a horizontal angular displacement 
/8==^sina. Since 

Q=Wacosa=^i 


g 2IFai! sina cosa 

P ttuR^ ’ * • ' 

this will cause the spring to coil up, since it acts inwards. 


( 38 ) 
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a horizontal 


and^to causes the spring to uncoil, since it acts outwards. 

Ihe total angular displacement as the spring coils up is therefore 

2Wal&ma co s a / 1 2\ 

yn q/' » • . . (39) 

and is greatest wien a = 46°. 

The spring will cod or uncoH according as Since for mo, ^ 

SSed?’ geneLlIy ooU up whe, 

17. Vibrations of Stretched Bodies. 

i<^) Tmnsverse vibrations of a loaded bar. 

Witt'S *0” ‘ 

If the restoring force is F when the deflection is 

F=~Wd%/dfi. 

Further, from Ex. 3, p. 277, 

qAk\=^Jl 

Hence 


The solution of (40) 


o uj a ioa(ted spring, 

sprmg, only the torsional energy comes into 
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account. The potential energy when the spring is subjected to a couple 
IFa has been shown to be 

irnR^* 

But from (36), if the vertical extension is a?, 

_2WaH 

nnH*' 

Hence 




Let the velocity of the moving mass be dx/dt at the instant when 
the extension is x. Then the kinetic energy of the mass is lW{dx/di)K 
The Mnetic energy of the spring itself must also be taken into con- 
sideration. If the extremity of the wire moves with a velocity dx/cU, 
the kinetic energy of an element ds of the wire a distance s from the 
/s dx\^ 

fixed end will be ^ ™ j ds, where m is the mass per unit length 

of the spring and lis its total length. The total Mnetic energy associated 
with the spring is therefore 


/dx\^s^ , , /dx\^ 


where ^ is the weight of the whole spring. The total kinetic energy 
of the system is therefore 


\{W + wp) 


/dx\^ 


Since the sum of the potential and kinetic energies of the whole system 
is constant, 


|(Tf T- wp)( 


' . TTflR^ ^ 


Differentiating wdth respect to t, we have 


This is of the form ■ 


/TT7 t 

^X 

p- = —m^x, where 

o 7TnR^2la? 


(PF -f- wjZ)' 

The period is t — ^irhn ~ 2 tt 

^ -mm I2W * ' 


^6 
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18 . Experimental Determination of the Elastic Constants. 

Methods for measuring q and n will now be described; the measure- 
meM 01 Jl IS described in the chapter on compressibility (p. 81) 

Extension may be measured in the following ways: fl) by a mierr>- 
meter screw, (2) by an indicating dial, (3) by a microscope, (4) by a 



Fig. 15 

(From Searle, Bcperimental Elasticity {Camb. Univ. Press)) 

‘ “>0 disunc/S:^ 


p. 634 (1020). 


* Whiddington, PUl. Mag., Vol. 40, 


m 
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(a) Seark^s statiml method. 

Tlie apparatus consists of a framework (70'D'D (fig. 15), wlilck is supported 
by two vertical wires ^' fastened to clamps at F, Inside the framework rests 
a spirit-level L supported by the horizontal bar ^ and the end of a thick scmw 8. 
A large graduated drum-head is attached to S and moves over a vertical scale M, 
as shown. From one side of the framework is suspended a heavy constant welgJit 
M and from the other a heavy scale-pan P* in using the apparatus the spirit- 
level is first adjusted to the horizontal position by turning the drum-head on 8 . 
A known load is then placed in P and the distance through which /S has to be 
turned in order to bring the level back to a horizontal position is noted. Further 
loads are then added and the process is repeated until a given maximum is reached. 
Eeadings are then taken with decreasing load. 



Since Young’s modulus is defined by stress/strain and in tMs ease 
stress equals load per unit area of cross-section of tbe wire and strain 
equals increase in length per tmit length, the diameter and length of 
the wire have still to be determined. The diameter is measured in 
several places with a micrometer screw gauge, while the length of the 
wire is obtained by means of a calibrated steel tape. Young’s modulus 
is^given by q= WgLfTTT% where r is the radius of the wire, L its 
original length, and I its extension imder the load W; the value of 
l/W is determined from the slope of the load-extension diagram. 

(b) Emng’s sxtensometer. 

The preceding method is suitable only for wires; an extensometer 
such as Ewing’s may be used for thicker specimens (fig. 16 ). 
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Two, liorizonfcai arms AB CD are pivoted a.'t E and F by screws wMcli 
pass tiirougli the specimen G, The arm BA is bent round, to, form the vertical 
mAHr which carries at its lower end a poiiit P; the point rests in a V-shaped 
slot cut in the arm OD. Between H and P there is a fine screw-head which may 
be used to adjust the position of P and to calibrate the instrument. From B^ 
is suspended the microscope which carries a micrometer scale in the eye- 
piece and which is focussed on a fine horizontal scratch on the end of CD, When 
a load is applied to G, P acts as a fulcrum and the extension of the rod is given 
by FP/DP times the displacement observed in the microscope. Extensions as 
small as 1/50,000 of an inch may be measured. 

(c) Bending of a beam. 

The most convenient experimental arrangement is with the load 
in the middle of the beam and the ends free but supported by knife- 
edges. Then by a simple extension of Ex. 3, p. 277, the depression is 
given by 

2ii\2/qAk^' 

The depression may be measured by any one of the eight methods already 
enumerated. Konig introduced the use of two mirrors fixed vertically at either 
of the free ends of the bar, together with a telescope and scale. Then if d is the 
total change in the scale reading when a load IF is applied, s the distance between 
the mirrors, and S the distance between the scale and the first mirror, it can be 
shown by simple geometry that 

d = (2a -j- 4B)^, 


where cp is the actual angle of twist of either of the mirrors. 
But by Ex. 3, p. 277, 

_ W 1 /I 

^ 2 qAi?\2^ 2 ) 4 * 

Hence 

IF 1 P 


so that 


2 qAJP 8 

IF P (23 -f 4^) 

2 SAJP d 


(d) By angular oscillations of a loaded spring. 

This method is a direct application of the solution of Ex. 8, p. 277. 

(e) By transverse vibrations of a rod. 

It may be shown,* by using an analysis somewhat more complicated 
than that of section 17, p. 64, that for a rod of circular cross-section 
j&xed, for example, in a lathe-chuck and allowed to execute transverse 
vibrations, the frequency of oscillation is given by 

__ mh Iq 

* Q. P. C. Searie, Experimental Physics, pp. 64-8 (Camb. ITmv. Press, 1934). 
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wliere ' 5 is Yomig’s 'modulus,,- Z iengtli of rod, /) density of material of 
rod, r radius of rod, aad m is given by cosiim cos — -1. The frequency 

may be determined by resonance with a tuning-fork, and since tlie 
remaining quantities are easily found, a value for q is obtained. 

20. Measurement of tbe Rigidity Modulus, 

{a) Barton’s statical method. 

This method is a direct application of 
formula (32), 

1 7Tn<j>Ii^ 

: ^ 





The Specimen AB hangs vertically (fig. 17), 
being clamped at A and having a brass cylinder 
attached firmly to it at B by means of a set- 
screw. The torque is supplied by weights IF 
carried in small scale-pans, and is made effective 
by cords acting tangentially to the brass cylinder. 
The twist between two points a distance I apart 
on the specimen is obtained by fixing two mirrors 
Jfj and if 2 to the points by means of set-screws 
and using the usual lamp and scale method, 
is the radius of the brass cylinder, 




2Wag=^ 


1 Txnq)B^ 
" 2 “1“’ 


If a 



^ [ 




SO that when 2B has been determined for several 
positions on the specimen n may be found. 


A 


W 


w 


'A 


Fig- 17 


(6) Vertical oscillations of a loaded spring. 

This method is a direct application of equation (43), p. 65- 

21. Searle’s Method for n and q. 

Two equal brass bars A and G of square section are joined by the wire IF 
as shown in fig. 18. The system is suspended by two parallel torsionless tlireads. 
If the ends F and P' are made to approach one another symmetrically and are 
then liberated, the bars will vibrate in a horizontal plane. The centres of the 
bars 0 and O' remain approximately at rest, so the action of the wire on the 
bar and vice versa is simply a couple, if each bar is trusted through 6 and I is 
the length of the wire, the ra^us of curvature of the circle into which W is bent 
is given by 20 = l/p. Hence if / is the moment of inertia of either bar about a 
vertical axis through its centre, we have 




qAk^ _ _ 2qAm 

P" I • 


This is of the form = 
dl^ 


“^20, where 
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and iience the time of oscillation is 


where 


Fig. 19 

twisted through an angle 9 and allow^ed to osciliatej 


wire. If the suspended bar is 
the equation of motion is 


which is of the form 


where 


and hence the time of oscillation is 


yiTvnByf ' • ' • * * ■ V • W'. 

“■> “• ■!.*.«» tbi. th. 

22. Determination of Poisson’s Eatio, 

(а) Direct method. 

The lateral strain is measured di 
gaup while the longitudinal exten 
method or with an extensometer. 

(б) Bar method. 

When a flat bar of 

couple, besides the cm 


bent by an applied 
paper (see fig. 19), 
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tliere anticlastic curvature of ■ radius />' in the plane perpendicular 
to this. It has been shown that the longitudinal strain ^ at any distance 
;3; from the neutral axis is ^/p, where p is the radius of curvature of the 
axis. The lateral contraction/ is similarly given by Hence Poisson’s 

ratio a =ffe = p/p'. The radii may be determined directly by clamp" 
ing pointers to the rod and observing the distances and angles traversed 
when a given couple is applied. 

(c) Use of thin tubes as in bulk modulus determination. See Chapter 
I V, § 3, p. 79. 

I ' 23. Optical Interference Methods for Elastic Constants. 

* Since the determination of strain involves a measurement of change 

I of length, the change produced in an optical interference pattern affords 

! a sensitive method for the determination of elastic constants. A few 


Fig. 20 

I (From Searle, Miscellaneous Experiments (Camb. Univ. Press)) 

examples of various experimental arrangements which have been used 
i are given below. 

{ (a) Young^s modulus by SearWs method. 

. As fig. 20 shows, DF is a portion of a circular vertical rod A A under teet. 

I Two arms DD and FF carry an optically fiat glass plate and a lens to give ISTewton’s 

I rings. A third arm BC is loaded by a force Jfp-, gradually applied, at a distance 

I c from the axis of the rod. As the weight Jfgr is appHed, a certain number of 

rings (i7) will disappear at the centre of the interference pattern. The effect of the 
applied couple is to compress and bend the rod, and it is left as an exercise to 
the reader to show that Young’s modulus is given by 

2Mgl{^c^r^) 

r 

where r is the radius of the rod, a the distance of the centre of the lens from the 
axis of the rod, and X the wave-length of the light used to produce the interference 
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(b) Riffidtty modulus by Searle’s method. 

The apparatus (figs. 21 (a) and (6)) consists of the horizontal rod PO n n de r 
test, oaring clamped cross-pieces AB and DE at either end. The piece AB ia 
^ horizontal axis, so that the bar is free to turn and will COTisequentlv 
experience no bendmg moment when weights M are applied to either P or E 
An ivory pomt 0 restmg on a plane surface B supports the end Q of the bar and 

^ torsion couple arising from the weight 

M acts. A glass test-plate rests on the centre of the bar* ^ 



Fig. 21 a 

(From Searle, Miscellaneous Experiments (Camb. Univ. Press)) 

action of the couple, the central plane of the bar takes the form 
section of which by the horizontal plane gives rise to 
h’perbohc fringes, as shown m the figure. It may be proved that if v = -Vv 4- r 1 


, jdifa. 


s-seibfaf 




v 


ca=:^ 



L. i 

iS- 

J 


M 


Fig. 21 * 

(From Searle, Miscellaneous Experiments (Camb. Univ. Press)) 

{c) Poisson’s ratio. 

(1) Cornu’s method. 

ori; to . good „ gka . „tj 

placed in contact with it^ ^ optical test-plate is 

.10 0 , 
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observed. Tbe fringes are rectangular hyperbolas (fig. 23), and it may be shown 
that if the asymptotes make an angle a with the jr-axis, g= p/p'== cot® a. The 
angle may be measured directly with a goniometer eye-piece. Alternatively, if 
Pp Pn 9 Sp 9.n distances of the first and ^ith fringes from the origin 0 



(From Searle, Miscellaneous Experiments (Camb. Univ. Press)) 


measured along OX and OY respectively, the radii of curvature of the bar in 
these two directions are given by 

0 = ~ 

^ \{n - 1 ) 


and 


- Si 
X(n — 1 ) 


whence 


p/p'= 


{Pn - yi”) 



Fig. 23 


(From Nandbuch der Physik, Springer, Berlin) 


The method is capable of many variations. For example, the optical test-plate 
may be replaced by a lens, giving Newton’s rings. On bending the rod the rings 
wiU become increasingly elliptical in shape; finally, when the radius of curvature 
of the rod in one direction equals that of the lens, rectilinear fringes will be 
obtained. 

(2) Method of diffraction haloes. 

When lycopodium is dusted on a plane polished surface and illuminated by a 
small source placed in front of the surface, the illuminated particle and its image 
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Bend, secjondary wavelets to- 'the eye and the small source appears surrounded 
by a diffraction halo. If the surface is bent, the normal will rotate, the angle at 
which the light enters the eye will change, and the halo will appear deformed. 
In the experiment of Andrews^ (fig. 24) a uniform rectangular brass plate P, 
one surface of which is polished and dusted with lycopodium, is bent by applied 
couples and placed a few feet from a small light source Lj, An observer at P 
measures the diameter of the elliptical haloes upon the superposed image of the 
screen S which is seen by reflection in the plate-glass plate G, The lengths of the 
major and minor axes are observed, the couple is increased, and the process 
continued. Let 0, ep he the angles subtended at the eye by the diameters in the 
plane of bending and perpendicular to it respectively. When the couple is 
increased, let these angles change to 6', Then Poisson’s ratio is given by 



Fig. 24 


The haloes are generally small and diffuse and do not improve when the plate 
is bent: great accuracy therefore cannot be attained. 

24. Variation of Elasticity with Temperature. 

For small ranges in the region of room temperature, there exists 
an approximately linear relation between elasticity and temporature. 
In general, as the temperature rises the elastic moduli fall, and for 
temperatures up to within IbO"" C. of the melting-poiiit, Andrews f 
has found the general relation 

wtexe 6 takes some other value at an absolute temperature 
about half that of the melting-point. There is a general correlation 

* Andrews, PM, Mag, (2), Vol. 2, p. 946 (1926). 
t Andrews, Proo, Phya. 8oc,, YoL 37, p. 3 (1925). 
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between degree of tliermal expansion and change in the elastic iiiodiiliis. 
Thus quartz^ which, has a negligible .coefficient of expansion between 
■ 0® and 800'^ G. 5 exhibits an almost constant value of q within this 
temperature range. Using a torsional oscillation method, Horton* has 
shown that the rigidity modulus, ■ although showing approximately ■ 
linear variation with temperature over small ranges, depends largely 
upon the previous treatment of the specimen. Trregiilar behaviour 
is also found at very low temperatures. 'The classical work of de Haas ' 
and Hadfield f has shown that the ductility of steel completely disappears 
at —252*8° C., whereas the mechanical properties of nickel, copper, 
and aluminium are much improved. In general, the effect is not 
permanent, the metal regaining its original elastic properties as the 
temperature returns to its original value. 


25. Isothermal and Adiabatic Elasticities. 


For small changes of temperature, the changes in the elastic 
properties of bodies are reversible; it is therefore possible to take 
e.g. a stretched wire through a Carnot cycle. Consider a wire of length 
I and cross-section A, subject to a strain e under a stress P and situated 
in a uniform temperature enclosure at a temperature T, Let the wire 
undergo an increase in strain Sc: the work done on the wire is PAlSe. 
Now let the wire be transferred to another uniform temperature 
enclosure at temperature T -f ST, the elastic properties changing so 
that the stress becomes P + 8P. Finally, let the wire contract until 
it regains its original strain e, after which it is brought back to the 
first temperature enclosure to complete the cycle. The work done by 
the wire at the higher temperature is 

(P+SP)AlSe, 
and hence the net work done by the wire is 

SPAlSe, 

If h represents the heat given out reversibly by the wire on being 
stretched at temperature T, by a well-known thermodynamical relation 


or 


or 


Net work done d uring cycle _ ST 
Heat given out at temperature T T ^ 

SPAlSe_ ST 
h ^ 


h^T 



AlSe. 

.const. 


* mi. Trans., A, Vol. 204, p. 1 (1904). t Phil. Trans., A, Vol. 232, p. 297 (1933). 
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If /} is. tke density of the material of the wire^.O its specific heat^ and 
J the mechanical equivalent of heat, the change in temperature due to 
the elongation is then 


W 


\0-l / e const , 

pCJ 


The change in strain he might have been produced by changing the 
temperature of the wire while maintaining the wire under constant 
stress. If a is the coefiGlcient of linear expansion, the required tem- 
perature change is given by Sc = a ST. If we represent Young’s modulus 
by g, the wire may be brought back to its original length by decreasing 
the tension by SP, where SP = — g'Se = —gaST, or 


Hence 



Now qhe is the additional tension SP required to produce the change 
in strain Sc. Hence the increase in temperature hB produced by an 
increase in stress hP is given by 



TaSP 

pOe/* 


(46) 


Equation (46) has been verified by Joule, using thermocouples inserted 
in loaded bars. 

In general, the increase in strain Sc due to the application of an 
increased strain SP is due partly to the increased stress and, if the heat 
does not escape, partly to the rise in temperature. The equation is 

86=: hPjq + aSd. 


Now hd is given by equation (46); hence 



o?T 

pOJ 


or 


SP 


SP q ~por 


If we denote the adiabatic value of Young’s modulus by q\ we have 
he 1 1 a^T 
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In agreement with theory, experiment shows that f is always greater 
than but the numerical agreement is often far from satisfactory. 

References 

G. F . C. Searle, Experimental Elasticity (Camb. Unir. Press). 

Prescott, Applied Elasticity (Camb. Univ. Press). 

Ewald, PbschJ ai^ Prmdtl, The Physics of Solids and Fluids (Blaokie). 

ijT. i!. O. oearle. Experimental Physics (Camb. Univ, Press). 


CHAPTER V 


Compressibility of Solids and Liquids 

L Introduction. The Production of High Pressures. 

The detemiination of the compressibility of liquids and solids 
presented for hundreds of years a problem of great experimental 
difficulty. In 1600, members of the Florentine Academy concluded 
that water was incompressible, since it was exuded through the pores 
of a hollow lead sphere when the latter was 
compressed in the jaws of a vice. Some years 
later Boyle demonstrated the compressibility 
of gases, communicating his results in a paper 
entitled Touching the Spring of Air Owing 
to the large magnitude of the effect in gases, 
work in this direction continued to progress 
satisfactorily. 

With liquids and solids, however, the effect 
is so small that it was not until 1762 that 
Canton first showed that water was definitely 
compressible. The experimental arrangement 
adopted was one which was used subsequently 
by the majority of experimenters until the 
recent work of Bridgman, when a new technique 
was devised. A large bulb fitted with a fine 
capillary is filled with the liquid, which is then 
subjected to pressure by a compression pump. 
The change in height of the liquid in the 
capillary indicates to a first approximation the change in the volume 
of the liquid. The method was developed by Eegnault and is 
described in detail on p. 83. 

The apparatus designed by Bridgman is shown in ig. L The liquid L is 
contained in a case of hardened steel, the pressure being applied by the advance 
of the steel piston P. The pressure is transmitted by the intermediary ring of 
steel jD pressing on the soft rubber packing <7, wliioh is enclosed between the 
copper rings P, to the mushroom-shaiDcd steel head A and tbence to the liquid. 
The ingenuity of the apparatus lies in the fact that there can be no leak of liquid 
past the packing, since the pressure down the sides from above always becomes 
automatically greater than that up from the liquid. This action is achieved by 



(From Newman, Recent Ad-- 
vances in Physics (Churchill)) 
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^ behind the truncated stem of the head Ai the whole 
p tbe^downward force must then be supplied by the pressure on the rubber rings 
0 , and tte pressure will be greater than that in the liquid in the ratio of the 
of the head A to the area of the rubber ring G. Pressures up to 20,000 Kgm 
per sq.^ cm. am be used and measured with an accuracy of 0-1 mer cent- in lha’ 
mterests of the economic life of the apparatus pressures above 12,000 Kpm per 
sq. cm. were not often i^ed, but owing to the absence of leak the only hmi/to 

the pressure is the cohesive strength of the walls of the container. ^ 

2. Measurement Of High Pressures. 

{i) Primary gauges. 

Ke simplest type of primary gauge is some form of manometer 
and the hqmd coi^only used is mercury. Such gauges were used by 
Eegnault, Cailletet, and Amagat, but the height of the column which 

boT 

Jfcted to a cy^der so that the leak along the sides is inapSawf 
The _pressure is then measured directly from the load which^must ho 
applied to the top of the piston in order to maintain it in equilibrium 
pe yomt between piston and cylinder may be luted with molasses' 
but this tmatnient is efiective only up to a pressure of 3000 Kgm per 

iZu.2: £roi Mot 

(ii) Secondary gauges. 

_ The simplest of these is the Bourdon spring gauge, which consists 

end ^ ^ “ flattened at the closed 

transmitted down the tubing the spiral 
tends to straighten out and a pointer may be made to tcots+ot^+t, 

V is useful up to pressures of 4000-5000 per 

sq. cni ; its accuracy is limited by elastic hysteresis. ^ 

Bridpian has also used the variation of electrical resistance of s 
mangamn coil with pressure as a secondary gauve Tbe metb * 
particularly useful at Wgh pressures. ^ ^ ^ 

3. Change in Volume of a Cylindrical Tube under Pressure. 

?• ® cylindrical tube under pressure is 

involved m many determinations of the compressibility of^ohds and 

a cyimcmicai tube with flat ends, exposed to an external pressure u 
and an mternal pressure P. Lam4 has shown that the strains produced 

involve a radial displacement a given by ^ 

cr =: af + j3/r 


( 1 ) 


8o 
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at a point in the cylinder wall a distance r from the axis^ a and ^ 
being constants. There is also a longitudinal disflammnt ' to 

the axis of the cylinder. 

If Z, F, Z are the normal stresses along the radinSj tangential to 
it, and along the axis respectively, the corresponding strains being 
reference to Chapter IV, section 6, p. 60, shows that 

Z = (Jf 4“ 2'^^/^) (^2/2/ + ^zz) \ 

F == (Z + 4:nl3)eyy + + ^xx) L * (2) 


Now since e. 


Hence from (2), (3) and (4), at the limits and fg, where Z = —P 
and Z = — p respectively, we have 

-P = 2Ka + 2^(a - + (K - 2n/S)e,, . (5) 

and 

= 2Za + 2n(a - + (K - 2n/Z)e,,. . (6) 

Again, the force tending to stretch the cylinder parallel to its axis 
is 7T(rj^P r^^p), and the longitudinal stress is therefore 


From equations (2), (3) and (4), however, 

Z = {K + 4?i/3)e,, + {K -- 2n/3)2a. . 

Hence, from (7) and (8), 

^ = (Z + 4^^/3)e„ + (E - 2»/3)2a, 


Finally, from equations (5), (6), and (9), 

a=e 1 

ZE 

and 

g n V(P - p) 

^ (rg^ — Ti^) 2n 

The radial displacement a is therefore given by 


. ( 12 ) 
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If L is tkc length of the unstrained tube, itsinternal volume is originally 
== and hence the approximate change in internal volume is 


hv^==^27jriaL'^rtf^e^Jjy 

since a = 8r3_ and e^Jj = Si. 

Erom equations (10), (12) and (13) we have 


8% = 


{r^ - r^) 


|VP_ 

K 


iif_ j V(-P— ?) 


')■ 


and the change in external volume Svg is similarly given by 


St7« =: 


{^2^- 


TTf^L 


1^)1 


r/jj n^(-P — p)' 
K 




(13) 


(14) 


(15) 


4. The Bulk Modulus of Solids. 


The bulk modulus of solids may be determined 
as follows: 

(i) Indirectly from the known relation (equation 
(6), Chapter IV, p. 52) between n and E, when 
j and n have been determined for the specimen. 
The disadvantage of the method is that the same 
specimen is rarely used for the determination of 
f and n and subsequently for the problem for which 
the value of E is reqmred. 

(ii) Many direct methods depend on the measure- 

ment of the strains of a thin hollow cyMnder subject 
to given stresses. For example, Mallock has used an 
optical device to measure the longitudinal strain in a 
thin-walled tube under internal pressure. If the 
internal and external radii are and Tg respectively, 
the pressure is P, and the longitudinal strain is J/P, 
from equation (10), putting and p equal to 

zero, we have 


E^ 


Pr^L 

6l{r^ - r^Y 




Fig. a 


since (r^ -f fg) is approximately equal to 2ri. 

Alternatively, a load may be suspended from the end of the 
cylindrical tube arranged vertically and tbe change in internal 
volume registered by a liquid contained in tbe tube. The type of 
apparatus used by Amagat is shown in fig. 2; the change in volume 
is measured by means of the transparent graduated open capillary 
tube fixed to the top of the main tube. From equation (3), Chapter IV 

(F103) 
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(p. 51), or the theory given in section 3 of this chanter /n fi, 
change in volume is given by t'^^pter (p. so), the 

^ — 2g) _ P 

% ? ~aE’ • * • • • (17) 

80 .M ta tt. 



Fig* 3 

(m) Bridgman’s methods are the most rehable- tbp 
ment is shown in fig. .3. rename, tPe general arrange- 
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' 5/ CompressiWMIy 'of 

(iyOMeT' Experiments^^ early experiments are of historical 
interest only, owing to the uncertainty in the correction for the change 
of volume of the containing vessel. The instruments as a whole are 
termed piemwiMers. If hvi is the apparent change in volume of the 
Hquid contained in a piezometer under a pressure P applied simul- 
taneously internally and externally, the true contraction will be 


S?; == hvi + 


(18) 


where is the decrease in the internal volume 
of the container. For a cylinder of isotropic 
material, with flat ends, we obtain from 
equation (14), putting p= P, 


Svi 


P 

r 


(19) 


and hence if k has been determined for the 
material by an independent experiment, S% 
may be calculated. Finally, if is the bulk 
modulus of the liquid, its value will be given by 

( 20 ) 


\K kf 



The method has been used by Regnault and others 
to determine E, As fig. 5 shows, the liquid is contained 
in the bulb A and extends into the graduated capillaiy 
tube B, the upper end of which is connected to a 
compression pump and manometer. The pressure is 
transmitted to the outside of A by liquid contained in 
the outer vessel D, which can be placed in communi- 
cation with the compressor by the side-tube € and the 
tap B, This tap, together with the remaining taps P 
and G, allows the pressure to be communicated (I) to 
the outside only, (2) to the inside only, or (3) to the 
outside and inside simultaneously. WMe the last 
arrangement is all that is required to obtain K from 
equation (20), if and Bv^ represent the apparent contractions in volume 
under conditions (1) and (2), it may easily be shown, by applying equations 
(14) and (20), that I'r J s h 

• (21) 

if the container is truly isotropic; a useful check on the applicability of equation 
(20) is therefore provided. In Regnault’s experiments the container was actually 
a cylinder with rounded ends, and the corrections to be applied to equation (20) 
are of doubtful validity. 

(ii) Bridgman^ $ The classical experiments on the 
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compressibility of liquids and the standard pressure-volume iso- 
thermals are due to Bridgman. 

Tiie liquid is contained in a steel cylinder similar to that shown in fig. 1, but 
fitted with an accurately-fitting steel piston carrying a contraction-measuring 
ring exactly liiie that shown in fig. 3 for the experiments on solids. The arrange- 
ment is then immersed in a high-pressure chamber of the type described on p. 78, 
the pressure being registered by means of a manganin resistance. The whole 
apparatus is placed in a thermostat^ for water, isothermals up to 80^ C. were 
obtained. To correct for the expansion of the containing vessel, the liquid is 
partially replaced by steel and the combined compressibility of the two is obtained. 


6. Behaviour of Solids and Liquids at High Pressures. 

The properties of matter at very high pressures are of fundamental 
importance, since atomic changes may be expected when forces of 
the order of the interatomic forces are applied. Pressures of 10^ Kgm. 
per sq. cm. would be required to produce large effects: up to the 
present the maximum pressure attained is about 20,000 Kgm. per 
sq. cm., but even before this value is reached many interesting pheno- 
mena have been observed. A few of the more important observations 
of Bridgman will now be tabulated. 

(1) Change in volume is entirely reversible with pressure; up to 
25,000 Kgm. per sq. cm. no permanent change is produced. 

(2) With liquids the volume change becomes relatively smaller; 
the compressibility at 12,000 Kgm. per sq. cm. is only about 1/20 of 
its value at moderate pressures. 

(3) The coefficient of thermal expansion decreases, but to a lesser 
extent than the compressibility, and at very high pressures the same 
value is approached by all liquids. 

(4) While a large part of the compressibility of liquids (and gases) 
is due to a decrease in the space between the atoms, with solids almost 
all the change of volume is produced by actual shrinkage of the atoms. 
The compressibility of solids is irregular, some decreasing and others 
increasing with increasing pressure. 

(5) Anisotropic solids exhibit a great difference in the compressi- 
bilities along the different crystal axes. Tellurium actually expands 
along the trigonal axis when a uniform hydrostatic pressure is applied. 

/ (6) There is no critical point between liquid and solid, and no 
maximum melting-point temperature above which only the liquid 
phase can exist, no matter how high the pressure. 

(7) The coefficient of viscosity increases, and at enormously dif- 
ferent rates for diffierent substances. The approximate relation is 

= n logp, where n is a constant depending on the nature of the sub- 
stance. 

(8) The elastic moduli of some solids increase, while those of otheiB 
decrease. 
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(.9)' Tlie effect ,om' tliermal conductivity is irregular. Out of 48 inetalsj 
39 stow a decrease in electrical resistance; thermoelectric^ properties 
vary in both directions, while the Wiedemann-Pranz ratio between 
thermal and electrical conductivities increases in 9 examples out of 
11. This behaviour indicates that the connexion between thermal 
and electrical conductivities cannot be completely explained on the 
existing electronic theory of metals and that there must be a con- 
siderable difference in the electron mechanisms giving rise to electrical 
resistance and thermoelectric effects. 


Reeebbnob 

P. W. Bridgman, The Physics of High Pressure (G. Bell & Sons, Ltd., 1931). 
♦ See Roberts, Heat and Timmodynamics, p. 232. 
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CHAPTER VI 


Seismic Waves 

L Introduction. 

Seismology deals with the problem of ascertaining tbe structure of 
tie earti by means of the various waves which are produced by earth- 
quakes. The source of these waves is the focus oi ihe earthquake, that 
is, the place where the earth actually undergoes fracture. This region 
is some distance below the surface of the earth. The nearest point of 
the earth’s surface to the focus is called the epicentre. By means of 
instruments called seismographs, records of the vibrations propagated 
from the focus to various points on the earth’s surface are made. Great 
progress has been made in detecting and analysing these records and 
in assigning causes to the various types of vibrations. 

2. Velocity of Longitudinal Waves. 

After an earthquake has occurred, the first signal recorded by 
seismographs at distant stations is that due to the so-called pimary 
or P wave (fig. 1). In this type of wave the vibrations are longitudinal, 



that is, the particles of matter of which the earth is composed vibrate 
along the line of propagation of the energy. If the earth were a homo- 
geneous sphere, these vibrations would travel along rectilinear paths, 
starting at the focus of the earthquake. The path between focus and 
recording station would be a chord of a great circle of the earth. In 
this book, this elementary view of the situation is adopted, and the 
velocity of the P waves through a homogeneous earth is calculated. 
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Consider tlie body undergoing sfarain, mentioned on p. 49. As in 
Chapter IV, p. 61, the three equations (1) hold, namely. 


where 


Jp-x == AS -I- 
P2 = AS + 2w'e,„, 
Pg = AS -\- 2n'e„. 


n 

(1 + a)(l - 2a) 


and 


2n’ 


g 

(1 + a)- 


( 1 ) 


Here q is Young’s modulus of elasticity, a is Poisson’s ratio, and n' is w, 
the modulus of rigidity; ^zz are the strains and P^, Pg, P 3 the 

stresses along the three axes respectively; and S = 65 , 5 , + Cj,,, + e„. 

Consider the special case in which the only strain is — 8 along 
the a^axis, and being each equal to zero. In this case Pv the 
stress along the a^axis, is equal to Acasc + Sne^a,. 

That is. 

Pi = ^stxO^ + 2») 

‘^g , g 

(l + a)(l_2a)^(H-a) 

^afligCl O') 

“ (1 + o:){l - 2(r)’ 

J^xx) say , 

where i = (i * ' * • * • • * / 

The coefficient j is called the elongatioftal elasticity. As equation (3) 
shows, it is the modulus or factor connecting and when and 
are each equal to zero. In other words, equation (4) represents the 
relation between the stress and the strain in any direction, when 
lateral strains perpendicular to the first are prohibited. Now these 
are precisely the circumstances which arise when a longitudinal wave- 
train passes through a homogeneous medium which is practically 
unlhnited in lateral directions. They are in sharp contrast with the 
circumstances attending the passage of longitudinal waves along a 
rod or wire. 

Let a train of longitudinal waves of the above type traverse a 
homogeneous medium (fig. 2). Consider the forces on an element of 
matter AB, of uniform density p and unit cross-section, displaced 
longitudinally along the axis Ox to CD. Let the medium be unlimited 
laterally. 

Let the displacement AO be 1. Then PP is the same function of 
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This type of differential equation is well known under the title of 
the “ wave equation A general solution of it is 1 = any function of 
==:/(a? — say, w ■ 

• . y • • • • ( 6 ) 

This means that longitudinal waves travel along the a?-axis with 
velocity 

/j\i f g(i^a) 

""V W {p{l + c.)(l - 2a) 


( 7 ) 


In a homogeneous earth, P waves would have this velocity. The 
adjectives primary, irrotational, condensational^ asiA. push^ as well as 
longitudinal, are applied to these waves. In practice three distinct 
sets of P waves, arising in different ways, are often observed in the 
seismographio record of a single earthquake. 






Fig. 3 


X-i-dx 


3. ¥elocity of Transverse Waves. 

The second section of the vibrations recorded by distant seismo* 
graphs after an earthquake is due to the so-called secondary or 8 
waves (fig. 1). These vibra- 
tions have no component in 
the direction of propagation; 
they are transverse vibra- 
tions. In a homogeneous 
earth they too would pursue 
rectilinear paths starting at 
the focus of the earthquake, 
that is, chords of great 

circles. It will now be shown o 

that the velocity of such 
transverse waves in homo- ' 
geneous matter of density p is t ?2 = 
rigidity. 

Assume that the particles of matter vibrate in planes perpendicular 
to the direction of propagation, in rectilinear paths. Even if a trans- 
verse vibration is elliptical or circular, it can be resolved into two 
perpendicular rectilinear vibrations. Let Ox be the direction of pro- 
pagation of a transverse plane wave (fig. 8). Consider a slice of matter 
ABGD oi thickness dx, normal to Ox. When a plane wave passes 
along, let every particle in the plane AiP undergo the same lateral 
displacement in the plane of the figure, so that A goes to and D to 
D'. Let AA^ = DD' = y. Similarly, let every particle in the plane 
BG undergo a lateral displacement y -j- dy. In this case BB^ = OC' == 
y +• dy. In such circumstances the slice undergoes shearing in the 


where n is the modulus of 


(FlOS) 
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^-direction, Tlie angle of sEear is tEe relative displacement % divided 
by the tEiclmess dx^ that isj it is given by dyjdx.^ By Chapter IV, 
p« 48, the average tangential force per unit area producing this shear' 
is ndyjdx. If the same tangential force were applied to both faces, 
AD and BO, a static shear would ensue, but no propagation of waves. 
Waves are propagated when there is a greater tangential force on one 
face, say on B'O', than on Assume, as a close approximation to 

the truth, that the tangential force per unit area acting on 4'i)' is 

which is a function of x. This acts in the direction The 

ox 

force per unit area acting on jB'C' is the same function of x + dx as 
~ is of X. Hence it is given by f{x + dx) =f {x) + f{x)dx^ approxi- 
mately, where f{x) = ^^5 is, f{x dx)^n^ + ndx^^, ap- 
proximately. This force acts in the direction The net force per 

unit area tending to displace the slice in the y-direction is the difference 
8% 

ndx~. Let the length AD be 1 cm. and let the thickness of the slice 

perpendicular to the plane of the figure also be 1 cm. Then the mass 
of the element ABOD is pdx. Its equation of motion in the ^/-direction, 
derived from Newton’s second law, is 

j , d^y 

pdx^^ndx^^, 

which reduces to 

d^y __ n d^y 

p ^ ’ • : ; • • • 

where represents time. 

This is a partial differential equation of the second order, of the 
same form as equation (5). A general solution of it is 


( 8 ) 


=/{»■ 


where /means any function. This can be written in the form 

Kp)^ 


y^f{x — v4), where % 


m. 


This equation represents a disturbance travelling in the positive direc- 

tion of X with velocity % = I - J . The adjectives equi- 

voluminal, distortional and shahe are also applied to these waves as 
well as the adjective transverse. In practice the S waves arrive at the 
oliiserving station in a direction inclined at some angle to the horizontal. 
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It is customary to consider tlie component vibrations in (a) the iiori-- 
zontal direction (the SH waves) and (b) the vertical plane containing 
the direction of propagation (the /SF waves); Three different types of 
S waves, arising in different ways, are usually recorded in the seismo- 
gram of a single earthquake. 

It may be noted that V2 = expression for the velocity of trans- 

verse waves in any homogeneous elastic sohd, and thus represents the velocity 
of light through the ether of space according to Fresnel’s elastic solid theory. 
In that case n and p are the modulus of rigidity and the density of the ether 
respectively. 

4, Rayleigh Waves. 

There is a third type of wave, discovered by Lord Rayleigh, in which 
the vibrations are confined to a relatively thin layer close to the surface 
of the earth. In this case the waves do not arrive at the observing 
station along a chord starting from the focus of the earthquake, but 
along a great circle starting from the epicentre. Further, the dis- 
placement of particles of matter at any point on the earth’s surface is 
in the vertical plane containing the direction of propagation, and can 
be resolved into (a) a vertical component, (b) a horizontal component 
in the direction of propagation. There is no horizontal component 
normal to the direction of propagation. No other kind of wave trans- 
mitted along the earth’s surface would persist over long distances. 
The calculation of the velocity of Rayleigh waves is too long to re- 
produce here,* but it may be stated that the velocity would be constant 
if the earth were homogeneous. In the real earth, composed as it is of 
heterogeneous layers, a disturbance starting out as a single pulse 
becomes dispersed, that is, broken up into a set of waves with various 
periods and wave-lengths, all travelling with different velocities. At 
distant observing stations a series of oscillations is recorded, instead 
of a single throw such as would be observed if the earth were homo- 
geneous. . 

5. Love Waves. 

In the real heterogeneous earth a fourth type of surface waves, 
the Love waves, exists, in which the displacements of the particles of 
matter are horizontal and transverse to the direction of propagation. 
At anjT- point on the earth’s surface after an earthquake, a series of 
oscillations corresponding to Love waves of various velocities is pro- 
duced. It can be deduced, from the fact that these waves actually 
exist, that their velocity is less in the surface layer of the earth’s crust 
than in the subjacent matter. In actual seismograms recorded at 
distant stations the arrival of the P and S 'waves is well marked, but 

See Jeffreys, The Earth (Cambridge University Press). 
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the S wave is followed by a long series of oscillations, as in fig. L These 
are due to the Eayleigh and Love waves intermingled, and their 
complete interpretation is not yet settled. These complicated vibra- 
tions are referred to as the long or L waves, or as the main shock 

6. Seismographs. 

The purpose of a seismograph is to register movements of the 
ground at the place where the instrument is situated. Any vibration 
of the ground may be resolved into three components, (a) vertical, 
(b) horizontal (say east and west), (c) horizontal (say north and south). 
Components (6) and (c) are of the same t 3 ^e, so that the problem is 

to record vertical and hori- 
zontal vibrations. 

We first consider hori- 
zontal vibrations. To record 
these, one general method is 
to use some land of pendu- 
lum, formed by a body sus- 
pended from a stand resting 
on the ground. It is in- 
structive to consider the 
theory of the vibrations of a 
rigid ‘‘vertical” pendulum, 
when the ground and there- 
fore the stand and the point 
of support are displaced 
horizontally. 


Let O'GS (fig. 4) represent a rigid pendulum vibrating about a horizontal 
axis tbrougii O', perpendicular to the plane of the figure. By the horizontal dis- 
placement of the ground. O' itself has undergone a horizontal displacement 5 
to the right, from a fixed j>omt 0. Let {x, y) be the co-ordinates of the centre 
of gravity 0, referred to fixed axes Ox, Oy, Then x= 5 4- fit sin 0, y ex cos 0, 
where ^ a. Let the forces on the pendulum be (a) the weight Mg, acting 
vertically downwards through 0, and (&) certain other external forces acting at 
O', including the reactions of the supports, and let these forces be expressed in 
the form MX and MY, acting along O'a; and O'y respectively. Add two pairs 
of equal and opposite forces MX, MX, and MY, MY, at the point G, parallel 
to the respective axes. The three forces MX now acting are equivalent to a force 
MX a,t Q, to the right, and a clockwise couple of moment MXy, acting on the 
body. The three forces JfF are equivalent to a force MY at O, vertically down- 
wards, and a counterclockwise couple MY{x— Z), acting on the body. The 
equations of motion of the pendulum for translatory movements of O, if we 
neglect friction, are 

Mx ~ MX and My = Mg -f M Y, 

X =■ X and .. #'== s' +. .T. 


O O' MX 
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MY 
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Fig. 4 

Case 1 . — Friction neglected. 


Hence 


( 30 ) 
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Taking momeiats about ( 7 , we -obtain" the equation of rotatory motion,, namely, . .. 

MY(x--l) ^ MXy. 

Hence . ■ ‘ . 

== TasinS Za COS 0 

= (y — ^)fl5 sinO m cos 9 , . . . . (H) 

from (10), where K is the radius of gyration of the pendulum about an axis 
through its centre of gravity G. Now since 

a; ~ 5 + asinO, 

= I -f ig(cos6 . § — sinO . 6®). 

Assume that 0 is small and that 6 is negligibly small. Then 

a;= I -f acos0, S (12) 

Further, y is approximately constant and ^ = 0 . Equation ( 11 ) becomes 

^ . . . . . . ( 13 ) 

Hence 

(K^ + a^)B-hg^ad-j-al=^ 0 . . . . , . . ( 14 ) 

Let (iC® + a^)/a = 1 ; I is the distance between O' and a certain point ( 7 , called 
the o/ Then 

+ ...... . . ( 15 ) 

Y\itgll=nK Then 

0 + «20+| = O ( 16 ) 

The actual displacement ^ due to a distant earthquake is usually a com- 
plicated function of the time, but by Fourier’s theorem it may be supposed to 
be resolved into a series of cosine terms, each of the form ^ cosco^. Taking 
one of these terms, we insert ^ coso^ in equation ( 16 ). It becomes 

6 + »20 _ = 0. 

Hence 

. . . . . . . ( 17 ) 

The complete solution of this involves the complementary function and the 
particular integral. The complementary function is the solution of 

which is 

0 == A cos (%^ -f- 9). 

The particular integral is foimd by writing 

(D= + m2)0 = 

whence 

n _ td^^eoataf ,, 

l(«*-o>2) 

The complete' solution is 

e_ico.(«+,) + 0^. . . . 


■ ■ ( 19 ) 
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to WrL°"® earthquake, it is more iuterosting 

f) _w“?oeosco/_ 

. , . ^ IW — 0>2)’ 

smce 5 = oostoi, we have ' 


. 01? 


■ m2) 


m2 • •••■•• • (20) 

biS SS?" Ha slS or^u"T, terms iuto wbicb the actual displacement has 
that O')® = i cm the anm w r e't the end 8 of the pendulum, such 

X0 = ooscxi i 

* Z(k2_£,>2) 


T^iF=r^f 


( 21 ) 


where ? ?(, cosm*. The total displacement of the style is Zd + ^. 

Case 2 . — Friaion tahm vnto account. 

’f'"’ ‘vrs-"!””*! “o ?k. ««»1« 

force, in equation (14). On reducing +n ^ represent this retarding 

the frictional term as kerwelSS SqLtion equation (16), and writing 


S + 21:6 + }i2e +1 = 0. 


(22) 


Branded by FomiCT’s^tLtre^inlliSiL^c^^ ^ ®“PPort can be 
Substitute I = cosMi in 41C (S 1t“r' ^ 


^ *4” 2kd -j* ^^6 == cos<t>i 
I 


( 23 ) 


.ot^Sh^.eS3?S5S,ir“srir- +*, p“ ■>' » 

a solution of the form 0 = 0„ cosi6ii ’m^ ° the particular integral, assume 

have OoCos(Mi-9). On substituting in equation (23) we 


m20o cos(m< - 9 ) _ 2bM6„ sm{Mt - 9 ) + n\ COS(Mt - 

which is true for all values of t. Substitute mI = 5; then 

2 


, cos(xii 

i 


and 


(-“W 2 -f 7i2j sin (p ^ cos 9 

2Jc(ii 


Fow put coj5 = <p. Then 


(-m2 + ^ Q _ M^„ cos 9 

I “ 1(W2_-^/ 


. (24) 


nj ; 

From equation (24), 
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and 


_ (n* — <o^) 

{{7^2 — co^)^ + 




co^So 


(25) 


J{(W2 - 6>2)2 -f 4F6 j2}I 

The case when is of practical importance; for example, Galitzin’s seismo- 
graphs utilize this critical yalue of the damping. Then equation (25) becomes 


Oo = 


l{n^ -f co^) 


(26) 


The quantity ?0o, which is the apparent maximum displacement of the centre of 
oscillation due to one Fourier term of the seismic displacement, is equal to 




(27) 


that is, equal to 5o multiplied by a constant factor. A pen at a distance L from 
the point of support or knife-edge has the apparent maximum displacement 
L%f which is also proportional to ^o* The pen faithfully reproduces the move- 
ments of the support with the same frequency, but on a different scale, provided 
the support moves with a definite frequency and amplitude for a sufficient number 
of oscillations. The magnification is the ratio of the pen’s displacement to that 
of the support or ground. For a displacement 5= So^osoif, the magnification 
is X6o/?o (comparing maximum displacements). This is equal to + co^) 

in the important case of critical damping. 


7. Horizontal Pendulum Seismograph (Gaiitzin). 

Seismographs belonging to the class of vertical pendulums just 
discussed are actually used to measure horizontal displacements, 
velocities, and accelerations of the earth’s crust. They have, however, 
the disadvantage of being very heavy. Pendulums with masses up to 
20 tons are required in order to reduce the friction involved in the 
registration of vibrations, when great magnification is needed. Another 
disadvantage is that the period of oscillation is small. To avoid these 
defects, seismographs belonging to the class of horizontal pendulum 
described in Chapter II, p. 29, are frequently used to measure hori- 
zontal movements.*^ The student should therefore refer to pp. 29-31 
before proceeding further. Only slight additions are required to 
convert a horizontal pendulum into a very sensitive seismograph. 
When the earth moves horizontally, the supports of the pendulum do 
likewise and the boom ” of the latter is set in motion. 

Various types of recording device are in use. In Galitzin’s method, the boom 
of the horizontal pendulum extends beyond the bob. At a point on it be 3 ^ond 
the bob a flat coil of copper wire is mounted, so that when the boom moves the 
coil moves in a strong magnetic field produced by a pair of horseshoe magnets. 
An induced current proportional to the angular velocity of the boom is produced 
in the coil, which is connected to a very sensitive galvanometer. The movements 
of the suspended part of the galvanometer are recorded by means of the usual 

* For details of seismographs for measuring vertical displacements, see e.g. 
Eandbuch der Experimentalphysik, Vol. XXV, Part 11 (1931). 
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mirror, lamp and ■ sensitized paper device. Tlie developed trace on tlie paper 
forms the seismogram. At a second place on the boom a copper plate is mounted. 
This also moves in a strong magnetic field produced by two : other horseshoe 
magnets. The eddy currents induced in this plate introduce damping forces, 
which act on the pendulum. This damping is necessary in order that the seismo- 
gram obtained shall faithfully correspond to the movements of the ea-rth, and 
that it shall be possible to calculate the horizontal displacement of the earth from 
the seismogram. The damping of both the pendulum and the galvanometer 
is arranged to be critical (dead beat). This arrangement simplifies the calcu- 
lations. Oalitzin’s electromagnetic method of registration has the advantage of 
great magnification, of the order 1000, and ako enables the recording apparatus 
to be housed in a different compartment from the pendulum. 

8. Position of the Epicentre. 

The shortest distance of the epicentre of an earthquake from a 
recording station, measured along the earth’s surface, and reckoned 
as an angle subtended at the centre of the earth, is called the epicentml 
distance. In order to ascertain the position of the epicentre of a distant 
earthquake, use is often made of certain tables compiled by Zopprite, 
Turner, and others. These contain values of epicentral distances of 
past earthquakes, the position of whose epicentre was known, tabulated 
alongside observed time intervals between the moments of arrival of 
the first P and S waves at the corresponding stations. The tables 
therefore show epicentral distances as a function of corresponding time 
intervals S-P, When- a fresh earthquake occurs, examination of a 
seismogram gives the time interval /S~P, and inspection of the tables 
then gives the epicentral distance. A similar procedure is applied to 
the data from two other stations recording the same earthquake, 
whose epicentral distances are thereby ascertained. On a suitable 
map or globe circles are drawn, whose centres are the stations and 
whose radii are the corresponding epicentral distances. The point 
of intersection of the three circles fixes the epicentre whose position 
is required. In practice the three circles do not give an exact point, 
but enclose a small area. Hence, data from a large number of stations 
are used, and the method of least squares is employed to ascertam 
the most likely position of the epicentre. The result is stated with a 
certain probable error. 

9. Depth of Focus. Seebach’s Method. 

As earthquakes are probably caused by fault slipping ”, that is, 
breaking of the earth’s rigid crust and slipping of the resulting portions, 
the focus is not a geometrical point but a more or less extended region. 
In the present elementary treatment, however, it is sufficient to regard 
the focus as a point source of seismic waves (fig. 5). As an example 
of methods of estimating the depth of the focus F vertically below 
the epicentre Seebach’s method is selected. It is assumed that the 
medium between the earth’s surface and a concentric sphere passing 
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tiliroiigli F is homogeneous. Let the velocity of P waves in this medium 
be cm. per sec. Let S be the position of any seismograph station 
on the surface. Let the distance FE be d cm. and EE m cm. The time 
T required by the first P vibration to reach E is P/S/u sec. = 

Write T = t where t is the actual time of arrival of the first P 
vibration, and Iq is the time of occurrence of the earthquake at P. 
The quantity % is unknown but is ^ 

constant, and t varies when x varies. ^ 

Hence 




t Iq , (28) 


and 


(^2 ( 29 ) 



Fig, 5 


The velocity v may be regarded as 
known, since it is obtained by other 
methods. A number of pairs of 
measured values of x and t are obtained from various stations. A 
graph connecting x and vt is plotted, giving a hyperbola from which d 
can be calculated; or, better, the method of least squares is employed 
to obtaiu the most probable values of d and It has been shown 
that the great earthquakes originate at depths of the order of 100 Km. 


10. Geophysical Prospecting. 


The modern technique of prospecting for minerals, oils, &c., makes 
use of methods arising out of the study of seismic waves and of the 
earth’s gravitational field, as well as of electric and magnetic methods. 
The last two do not come within the scope of this book. As for gravi- 
tational methods, the Eotvos torsion balance (p. 24) has become a 
most useful instrument in the detection of ores. For example, if a 
large mass of a heavy or light mineral happens to be embedded in 
the earth, the variation of ^ in the neighbourhood reveals its presence. 
By a systematic survey, in which the various quantities discussed in 
Chapter III are measured, the mass of mineral can be located with 
considerable precision. 

As an example of the application of seismic methods, the case of 
salt domes may be mentioned. These formations occur in Texas, 
North Germany, and elsewhere, and consist of large subterranean 
masses of rock salt. On their flanks valuable mineral oils are found, 
rendering their discovery highly profitable. One of the seismic methods 
of surveying for salt domes may be described as follows. Seismic waves 
of the P type are produced artificially by exploding a charge of gun- 
cotton or gelignite at a point /S on the earth’s surface (fig, 6). The 
time of the explosion is noted. Seismographs situated at other points 
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0 and D, all in one plane, record the times of arrival of the first 
P waves. Tiie distances 8 A, SB, SG, and 8D, cliords of the earth, are 
measured. The mean velocities along the various paths are calculated. 
Should one of the paths, for example SD, traverse a salt dome, the 
mean velocity along that path will be quite different from the mean 



velocity along the other paths. Similar measurements in a direction 
perpendicular to the first, using waves from a fresh source, confirm 
the first results. A more detailed survey then enables the position of 
the top and flanks of the dome to be accurately ascertained. 
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Capillarity 


1. Elementary Principles. 


w/ 


It is assumed here that the student already has some elementary 
knowledge of capillary phenomena. The customary useful fiction is 
adopted, namely, that in every surface fihtn separating a liquid and a 
gas, two liquids, or a solid and a liquid, a surface tension exists. This 
is defined as the force per centimetre exerted in the tangent plane to 
the surface, in a direction normal to an element of a Ime drawn in 
that surface through any point. This quantity is assumed to have the 
same value at every point in a given film, whatever the shape of the 
film may be. When a liquid and a solid meet along some line, a cer- 
tain angle is included between a tangent plane to the surface of the 
liquid and a tangent plane to the surface of the solid at any point on 
the curve of contact. For the present this angle will be assumed to 
be the same at every point for any particular Squid-solid system. It 
is known as th.Q angle of contact of that particular liquid and solid. 
For various difficulties connected with this, see § 25, p. 140. 

TJieorem.—Th.^ excess of pressure on one side of a film of constant 
surface tension over that on the other side is equal to + 1 /^ 2 )? 

where T is the surface tension, and .Sg the principal radii of 
curvature of the film at the point in question. 

Proof — Consider a surface film separating two regions containing 
fluids (fig. 1). In general it will be curved. Let a small curvilinear 
rectangle be drawn, enclosing any point 0 in the film, such that the 
sides are in principal sections ’’ of the film passing through A, B, G 
and D, the film being regarded as a geometrical surface.* Let the sides 
have lengths Sli and S ?2 respectively, and let the radii of curvature of 
these sides be Ri and J ?2 ^^spectively. Let both centres of curvature lie 
on the same side of the film. Neglect slight differences in length and 
radius of curvature of opposite sides of the rectangle, and suppose that 
the film is in equilibrium with an excess of pressure p of the fluid on 
one side of the film over that on the other side. Let the film, pushed 
forward by the excess pressure j?, undergo a small displacement Sa;cm. 
along the outward normal through 0. As a result of this displacement, 


*Tiie two principal sections at a point are such that the curves of section have 
maximum and minimum radius of curvature. 
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from y'tn increased from to 81^(1 + «) and 

the new area of the element of film is ^ stretclimg, 

S?i(l + ajSyi + ^)= 81 ^ 81^(1 + a + ^ + a^S). 

™ iieglect the small term aS, we have SZ Sf n 4- ^ j m mi. 
mtol area ™a Si, 8^ so tlat L increase io' ilal. stsy.+“; 




Fig. I 


the mcrease in area is ^ R ~ 8xlR^. Hence 




cm. 


may abo brSed'.?tf “"1“^ that the surface tension T 

ene^cie eenttet, ?“ ‘7 

assume that the stretchinff in tiio n ®^i<"trons, and if -we further 

re,« .0 ™‘:^jr„?Zrra“bre-‘roSt’ 


T hx Sij S ?2 ^ ^ 


■J ■■ . ■ , -‘'2/ 

iNow consider the work donp W i-h^ 

forward the elementary are, of film tteongh*L m** tL kLF£f 
pp. 166 "i 67. this definition requires correction by the theory of § 36, 
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on the patch of film is the excess pressure multiplied by the area, ia, 
PSI1SI2 sq. cm. The final thrust is + a + j 8 ). As a and ^ 

are small compared with unity, we may assume the thrust to be constant 
and equal to pSliSl^, When a force of this magnitude advances its 
point of appHcation through Sx cm., the work done is ergs. 

Equating the two quantities of work and cancelling factors, we have 


P 




( 1 ) 


If the centres of curvature of the sides AB and BG are on opposite 
sides of the film and if < R2, the equation has the form 

^ = 


Density > 


2. Shape of an Interfacial Boundary. 

Consider a system of two incompressible liquids in contact and in 
equilibrium, the lighter one resting on the heavier. Pig. 2 represents 
a principal section of such a system; 
the curve AB is a section of the surface 
of contact. It is required to find an 
equation for the curve AB. y 

Take a point 0 far below the inter- 
face as origin of co-ordinates, and axes 
Ox^ Oy. Let the interface undergo an 
elementary virtual displacement in which 
each element of surface moves from its 
initial position to its final position along 
a normal to itself, the displacement at 
a point P being §n cm. Let the element 
of surface have sides of length hl^ and 

SJg cm., and let X == SS. Let the ^ ^ 

excess pressure on the concave side be 2 

p dynes per sq. cm. Then, as in the 

last theorem, this pressure gives rise to a force phS dynes, which 
does work on the element of interface amounting to phShn^pW 
ergs, where SF = hShn is an element of volume. 

By the last theorem this work is equal to T{i + ^^-JSF ergs, 

where R^ and R^ are the principal radii of curvature at P. The sum 
of all such quantities taken over the whole of the interface is 





r 

■f^ 

3 


r 


Density 
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As a result of the displacement, the system gains or loses potential 
energy. The gain of energy may be calculated as follows.- Let the 
initial vertical co-ordinate of the typical element of surface just con- 
sidered be y. Since the liquids are incompressible, the liquid removed 
from any one region is replaced by an equal volume from another. 
The displacement of the surface, Sn, has the following effective result 
so far as gravitational potential energy is concerned. An element of 
volume SF of mass pi 8 F, with vertical co-ordinate y^ is removed 
from its initial position and replaced by an element of volume SF of 
mass P2SF with the same co-ordinate y. This particular element of 
volume gains potential energy (p2~ g^hi 

of energy is 

///(p 2 - Pi)gy^y ergs, 

the integration being taken over the whole of the interface. Since 
the system is initially in equilibrinm, the work done by the hydrostatic 
pressure is equal to the gain in potential energy. Hence 

that is, 

Now JJ/dF, which represents the total volume change of the 
system, is zero, since the liquids are incompressible; hence 

^’ (^ + — (p 2 — Pi)9y == a constant, . . (3) 

an equation which may be regarded as the differential equation of the 
surface whose section is AB. 

The above reasoning holds in the case when one of the media is an 
incompressible liquid and the other a gas, for JJJdF will still be zero. 

If we put P 2 — Pi == p9 we obtain equation (3) in a convenient 
form, 

^ constant. ... (4) 

Equation (4) is of great importance and forms the basis of many of 
the particular problems elucidated in the following sections. 

3. Rise of a Liquid along the Side of an Inclined Plane Plate. 

Let AB represent a transverse section of one face of a plane plate 
dipping into a liquid {%. 3). The plate may be supposed to be of 
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infinite lengtli in the direction perpendicular to tte plane of tie figure. 
BEG represents a principal section of tlie free surface of tlie liquid. 
Assume tiat it is torizontal at a great distance from the plate. Let 
tlie angle of contact of tte liquid with, the plate be ifs, that is, let DB, 
the tangent to the curve at the point of contact B, make an 
angle ^ with the plate. If we take an origin 0 below the surface^ as 
in the last section, the equation of the curve BEG is 

+ ~ ^ constant, ... (5) 

where p= and the other symbols have their previous meanings. 

In the present problem all sections of the surface parallel to the plane 



of the figure are similar in shape, that is, the surface is cylindrical 
and one radius of curvature is infinite. Equation (5) therefore becomes 
T 

-==: -f- constant (6) 

If we take O', in the “ general level ” of the free surface at a great 
distance from the plate, as origin, the constant becomes zero, for when 
y = 0 the free surface is plane and 2? is infinite. 

Consider the tangents Pi, QM and normals PS, QS drawn at P 
and Q, two points on the curve, an elementary distance S$ apart 
(fig. 4). Let the ordinate of P he y. Let the tangents make angles 0 
and 0+80 with the axis O'x, The normals meet at S, the centre of 


X04 
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cmvature. Tie angle P8Q== 86; PS= QS = R, and PO- 
tbe figure RS6 = §5; ience 1/R = S6/Ss lnd ^ V - 


Now 

hence 


l/H = Sd/§s and 

If = Sind, and ^ = !i5^. 
hB 

Tj^8y = Tmi68e = gpy^, 


[Chap, 

From 



On integration we have 

that is, constant, 

2^008 d= constant. 

When 2^ — 0, d = 0, cosd = 1, hence the constant is 2^. That is 
dPy®== 2T(1 ~ cos d). . . _ ^ /m 

This is the equation of the curve BEO. 

Comments, 

(♦ » tk, ^ - *> S'tt .5; W„.« 

.... ( 8 , 
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(2) (a) If tte plate is vertical, <p = 90°, and 

25P{1 - sin({/). .... ... (9) 

(6) II t}i == 0 in addition, 

gpJ^=^2T. . . . . . . . . ( 10 ) 



(3) The general reasoning still holds if the plate is horizontal and the liquid 
is attached to the lower face; in fig. 5, for example, at a point of contact B we 
have 9 = 180°. Hence 

= 2T(1 -f cost}'). 

When 

t}; = 0, gpY‘‘^=4:T, 

(4) The expression T/gg is often 
called Laplace’s constant ^ and is 
expressed by 

(5) When a “ sessile ” drop or 
bubble, resting on or pendent from a 
horizontal plate, is large (fig, 6), a 
central portion of its surface, HKYZ, 
does not depart appreciably from the 
cylindrical shape, and the equation to 
a profile curve for a central section such as MN is given approximately hy 
equation (8), with <p == 180°. 

4. Else of a Liquid between Two Vertical Plane Plates making a Small 
Angle with one another. 

Mg. 7 shows the plates with the liquid between them. Let the 
angle of contact of the liquid with the plates be zero, and let the angle 
between the plates be a radians. YFQ and YSB represent the curves 
of contact of the upper surface of the Kquid with the plates. Take an 
origin 0, and horizontal and vertical axes Ox, Oy. 

Consider the equilibrium of that element of liquid which is bounded 
by the vertical planes PADS and QBGR, where OA = OD = x. 

Among the authors who use Tfgg ^ are Ferguson, Rayleigh, and Dorsey. 
Among those who prefer 2T/gp ~ a® are Sugden, Adam, and Lenard. 
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^ downward force on it namelv 

Its weigH IS equal and opposite to the resultant force vertically 2’ 
wards due to smface tension. Assume that the upward force oJ the' 
element due to displaced air is allowed for by us4 pj « 1 „ ^ 

the densrty. The weight of the element L vohme x density J 

g dynes ~ y . AD . ABpg dynes, where p= p — p ^ 

^ 

are applied to the upper edges 

ri}, SR, QR and PQ. Let PM, a tangent to the curve PQ atP^ 



rLlT*4r?- '‘'“‘T 

regarded as a function of x, say /(a:) Actinn on’ 
spending force downwards to the right S to ^ a corre- 

which when resolved vertically is tf a ^ adjacent hqmd, 

Txa Sind is of x. Skee W ^ of a; + da; as 

can be written f(x 4- Sx) ~ f Action of x+Sx 

eace/(x+ Sx)~ fix) — differ- 

-t- j /W -/ (as) Sa;, very nearly. Smce/(a;) = Taajsind, 
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THs dijSerence gives us the resultant of the forces of surface tension 
on and QR resolved vertically downwards. 

The two equal forces due to surface tension acting on PQ qmA SR 
act along normals to PQ and SR respectively, that is, in directions 
making angles d with the vertical. Let PQ = 8$. Each force has the 
value TBs along the normal, i.e. T8s oobO vertically. Their resultant, 
resolved vertically upwards, is 

2T8soob9=^2TSx, 

Thus the four forces of surface tension give rise to a resultant 
upward force, which when equated to the weight gives ( 


yxapgSx== 2PSa?— Ta 


d{x sin 8) 


that is. 


T d{x sing) 
pg dx 


This may be regarded as the equation of the curve YPQ. As a first 
approximation the second term on the right may be neglected, giving 

2T 

xy = = a constant = k, say. . . . (12) 

The curve YPQ is approximately a rectangular hyperbola. Neglect 
of the second term on the right is equivalent to the assumption that 
the forces due to surface tension acting 
on PS and QR are equal and opposite. 

Eerguson and Vogel* have skown how to ' 
obtain a more exact approximation to the 
shape of the curve 7PQ, and have used it 
to devise an improvement in Griinmach’s 

method of measuring surface tension. Their 

procedure Is as follows; 

Since ~ approximately, 1 ^ 

approximately. ^ 

X 




tan0 = ^ approximately. 

dxa^ 


From figs. 7 and 8 we see that sin 0 is positive. Hence 
sm0=' ■ ^ 


V&a ^ a4 


and a?sin0 = 




Ferguson and Vogel, Proc. Phys. Soc*, VoL B8, p. 193 (1926). 
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On differentiating and then patting k= xy, we find that 
Substitute in equation (11). This gives 


xy 


_ %T _ Ty(if^-x^) 
pg{y^ + 


Put T/ ^ = flS in the first term on the right and T = ig^axy in the small second 

term. TMs gives 

aa;i/°(y° — a^ ) 

^ a 2 ( 2/2 + x^)i‘ 

By choosing new variables 

(S/2 + ar“)S ’ 

we can reduce the equation to the linear form 

r+f 

whose intercept on the T-axis is 2a^/oc. 


2 a 


(13) 


5. Rise of a Liquid between Parallel Vertical Plates. 

_ Let fig. 9 represent a vertical section of a system in wHcfi a liouid 
nses between two vertical parallel plates. Tie angle of contact is 
not assumed to be zero. Tbe profile curve AOFB is the same in aU 
parallel sections perpendicular to tbe plates, and tbe surface of tbe 
nqrnd ^ cylindrical, i.e. one radius of curvature is infinite. Take an 
origin 0 m tbe general level of tbe external liquid, midway between 
tbe plates, and take horizontal and vertical axes Ox, Oy. Tbe theory 
01 ^ d, p. 102 appbes here; if y is tbe vertical co-ordinate of any point 

P on tbe profile curve, equation (6) bolds, giving oypoim; 


ii+i) 


■ gpy = constant, where p = p^ — 


ff +? ! ll infinite and the origin Hes in the general level 

so that tbe equation becomes ^ ’ 


T 


From fig. 4, p. 104, we have BM = 8s. Further, Sy = Ss sin $, hence 
T 8y/B = Tsia 086 ~ gpy8y. 

Integrating, we have 

~T cos 6— igpy^ -f constant. 


VIII 

At 0 let y= yo 


PARALLEL YERTICAL PLATES 

and ^ = 0; then 

— T = igpyo^ + constant. 


Bv subtraction, 

21(1 — cos0) = gpiy^ ~ yo% • • 
which can be written 

OT 

“±(S- cosfi), . . . 

9P 


where 


1 + 


9py^? 

2T ' 


aoj 


. . (iS) 
. . ( 15 ) 



The profile curve AGPB may either be concave or convex Hjiwarfls 
or it may have a point of inflection, according as the liquid makes an 
acute angle of contact with both plates, with neither, or with oiic 
plate only. Thus when the constant S of equation (15) excecd.-s f 1, 
is positive, and y may be either positive or negative, but not zero. 
The equation then gives the profile curve when the liquid makes nn 
acute angle of contact with both or neither of the plates, 

Equation (16) is the diflerential equation of the profile curve. A 
rigorous integration is diflicult, but the co-ordinates of variou.s pointH 
can be obtained by a method of successive approximation, of which a 
sketch is now given. 

At G (fig. 10), the radius of curvature is given by ctpuition (fl), 
that is, T/Eq = gpyo 01 Eg = T/ypy,,. 

Near G, it may be assumed that an elementary portion (Pt of the 
profile curve is circular and of radius Eo- Let K be tite centre of thi.^ 
circle; then EG = KD. Let GKD be a small angle 2<j>. 
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In fig. 10, 

CE = ED = CD cos(fi — 222o^ cos^, 

DE = CD sisKf) = 2R(,<I> sm<l>. 

The ordinate of D is + DE 

liyz=zyg + 2fio'^ sin ^ is now substituted in the equation T/R = g^, 
a value of J? == ^, say, is obtained, which may be taken as the radius 
of curvature of the next element DE of the profile curve. Thus 

T 

g _ 

^ ^p(yo + 2i2o^sm^)' 

By an argument similar to the one 
used in obtaining DE and CE, the incre- 
ments DG and GH may now be found: 

DG = cos and GH — 2 jB 3 ^^ sin 2<f), 

To obtain the relation between the 
ordinates of the points of contact, we 
proceed as follows. Let the liquid make 
angles of contact Qi, with the plates on 
the left and right respectively, and let the 
ordinates of the points of contact be 
and Yg respectively. 

- 2/o") - 2T(1 ^ cos0i) - 2r(l --- sinQ^^^ 
gpiY2^-yo^)- mi- cos^g) = 2^(1 ^ sin^g). 

By subtraction we obtain 

== STfsiuQg — sinQi), . . . (16) 

which is the required relation. 

6. Eise of a Liquid between Two Parallel Vertical Plates close together. 

In determining the height of the lowest point of the surface, let us 
assume the plates (fig. 11) to be of the same material, the angle of 
contact to be zero, and the distance between the plates to be X cm., 
where X is very much less than a, that is, than VTjgp^ As the plates 
are close together and the length of the profile curve is small, it may 
be assumed to be semiciccular. The elevated portion of the liquid is 
in equilibrium. Consider a column of it, 1 cm. thick, measured at 
right angles to the plane of fig. 11. The downward force on it, i.e. its 
weight, is equal to the sum of the two upward forces due to surface 






By equation (14), 
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tension. „ TEe' area between tbe sections of tbe meniscus and the 
tangent, plane at its lowest point is equal to tbe area of a rectangle 
minus tbe area of a semicircle, that is, its area is Z^/2' — • '■ 

Hence tbe volume of tbe 
slice of unit tbickness is 

^ ttZ^ 

Tbe equation of equilibrium is 

Weight of slice of unit 
tbickness = 2T, 


or 

Xy^P + gpX^(^--fj = 2T-, 


hence 



2/o = 


2T' 


^99 


0-107 X, 


(17) 


which is the required height. _ It is left to the student to calculate 
yQ when tbe angle of contact is not zero. 

7. Horizontal Force on One Side of a Vertical Plane Plate Dipping in a 
Liquid. 

Take an origin 0 in tbe general level (fig. 12). Let tbe liquid under 
consideration extend indefinitely to tbe left of tbe figure. Take any 
point K on tbe left-band 
face of tbe plate; let OK be 
y. Consider tbe horizontal 
force on an elementary area 
of tbe plate, whose section 
is ZQ == Sjr, and whose 
length, measured at right 
angles to the plane of the 
paper, is 1 cm. Since K is 
y cm. above 0, the pressure 
there is tbe atmospheric 
pressure P minus tbe 
quantity gpy; accordmgly, 
tbe force on KQ towards the 
right is (P — gpy) Sy dynes, 

OA ~~ ' 



Fig. 12 , 


On the whole surface up to A, where 
r, tbe whole force acting horizontally to tbe right is 




■ 9py)^y = py — dyues. 
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Bmfclier at the top there is a force T sin ^ acting horizontally to 

Now by equation (9), p. 105, 


ffpY^=2T(l 

Hence the net force to the left is T - 
forces acting on the plate above A. 


- sin0). 

■ HY, provided we neglect any 


a on One of Two Parallel Vertical Plates Dinpins 

In fig. 13 let tie point Jl be ^ cm. above tbe o-Anarf^l IavoI t-p 4 . 1 , 

atoospherio presswe is P. the pressure alx IfTj 

the forces on a strip 


w 





\K 


/f 




Fiir. 13 


of plate of height Sy 
between two horizontal 
planes LQ and ilfZ, 
per centimetre length 

measured at rigbt 
angles to tbe plane of 
the fi^e. On LM 
there is a force PSjf 

dynes to the right. On 

QK there is a force 
(P — gpi/)Sy dynes to 
the left. The net force 
is therefore gpySjr dynes 

force of thi. Idnd acting on the plate to the a.e“:vS‘:J 

B 1 . I mds dpnes. wh™ r _ AS. tiiat is. fepP djnes. B tie 

acting® to the Wt toere if rtf*”®?!'?- 
preriona section is V - PZ wife I k '”7 <*= 

If, as usually hannens 7 r,ar,r -m height of the point F. 
rednce. to ? E 5 | “? U i force 

inside and onteide. the Mnitant force X^to 4?.^ 


kpY^+Tsin^-Tdynes. 


(18) 
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9. Rise of a Litiiid in a Vertical Circularly Cyliadrical Tube, (larrow 
Tube: Angle of Contact not Zero.) 

Fig. 14 represents a central vertical section of a circularly cyHndrical 
tube dipping into a liquid. Tbe profile or meridional curve is repre- 
sented by LMN, Let tbe angle of contact be ijs. In tbe present case 
of a narrow tube tbe profile curve is short in length and may be assumed 
to be nearly circular, that is, 
the surface may be assumed 
to be nearly spherical*^ 

Let p == p 2 Pi- Let r 
and R be the radii of the 
tube and of the meniscus 
respectively, and let H be 
the height of If, the lowest 
point of the meniscus, above 
the general level. It is 
assumed that the same at- * ^ 

mospheric pressure P exists 
above the liquid inside and 
outside the tube. Since the 
elevated portion of the liquid is in equilibrium, its weight is equal to 
the upward force due to surface tension, acting around the circle 
whose section is LN, Hence 



27rfT cos^ = TTf^Hpg -f weight of liquid lens between 
LMNs^ndAMB 


. (19) 


If the weight of the liquid lens is neglected, equation (19) reduces to 
27rrT cos nT^Hpg, 

whence 




r3pg 

2 CQS ifi 


When the volume of the liquid lens LMNBA is not negligible, it is 
calculated by elementary mensuration and is found to be 

F = Trr^l^sec^ + I tan^^ — I sec®^}, 

expressed in terms of the angle of contact and the radius of the tube. 
In this case the equation of equilibrium is 

^tttT qos^)===^ + 77f®pp{see^ -f f tan^^ — | sec^^}, 

* Eayleigh, Oofefed! Papers, Vol. 6, p. 351. 
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^ ~ {sec^^ + I sec ^ tan® ^ — | sec*^}. 


Wlieii 


^,=0. 


If we put TIpg = we may write tMs equation in the form 
„ 2a^ f 

^=T“3- • • • • • 


( 20 ) 


10. Rise of a Liquid in any Vertical Circularly Cylindrical Tulje Bip- 
ping into an Open Vessel of Liquid (Angie of Contact not Zero). 

Fig. 15 represents a central vertical section. The surface of the 
liquid is not assumed spherical, nor is the profile curve assumed circular. 
By symmetry, however, the surface must be a surface of revolution. 

Equation of the Meridional Profile Curve,— Take an origin 0 at the 
point where the axis of the tube meets the general level. The vertical 
co-ordinate y of any point P is given by equation (4) of § 2, namely, 




) 


■ gpy = constant, 


. . ( 21 ) 


where in this case neither nor R^ is infinite. One of these 
principal radii is the radius of curvature of the meridional profile 

curve. Let it be R^, 
The other principal 
radius R^ is equal to 
PC, where PC is the 
normal at P, because of 
the symmetry about the 
axis 0(7. Thus £2 === ' 
PC = xjsm^, where 
Jf(7P=f ^ • 

K— — Further, if we note 

that at M, which is one 
Pig. of those points which 

in solid geometry are 
known as umbilics, the radii of curvature are equal, they may each 
be denoted by 5, say, and if we put Oifef == F, equation (21) becomes 







2T 

-g — gpY = constant. 


( 22 ) 
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Hence at any point P, by equations (21) and (22), we liave 
„ / 1 sin^\ ^ 

Divide tkrougliout by T/b and put y — Y ^ z; then 


R^jb^ xjb ^ T/b' 


Write Tjgp = a? and 


a^~ T 


Then 


sin^i^ Q-L ^ 
R^jb^ x/b b' 


(23) 

(24) 

(26) 

(26) 


If R^ and sva.^ are expressed in terms of x and z, this equation 
takes the form of a difEerential equation of the second order, whidi 
has not yet been integrated by rigorous methods. However, Bash- 
forth and Adams * devised a special method of obtaining numerical 
values of xfb and zjb corresponding to various values of ^ from 0° to 
180° and of /8 from 4-0'l to +100. To use the important tables pub- 
lished by them, values of /S and <f> are chosen and then the tables give 
the corresponding values of xjb and zjb. The value of xjb fixes that 
of and vice versa. 






Mo 


11. Application to the Measurement of 
Surface Tension. 

Sugden f has described what some 
authorities regard as the best form of 
the capillary rise method of obtaining 
surface tensions of liquids in the presence 
of their own vapours. He makes the sub- 
stitution 2T/^p = The theoretical part 
of the determination involves three cases, 

(1) fja^ < 0*25, (2) 0-26 < rla^< 2‘24., 

(3) rja-^ > 6. There is a hiatus between 

(2) and (3), referred to again on p. 117. _ 

We begin by considering the second 

case. 

Case (2), 0*25 < rja^ < 2*24. The liquid is placed in a vertical 
U-tube (fig. 16) with one narrow limb and one wide limb, the radii 
being and respectively. Further, 0-25 <t/% < 2*24 for the 

Attempt to Test the Theory of Capillary Action (Cambridge University Press, 

1883 ). 

t Sugden, Journ. Chem, Soc,, Voi. 119, p+ 1483 (1921). 
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narrow limb. Tbe limbs are regarded as two separate tubes standing 
in an open vessel. We see tbat equation (5) or (22) bolds for eaob 
umbilioj that is, 

2T 

gpYi = constant, 


2T 


. gpY^^ the same constant, 


where 6^, fig are tbe radii of curvature at tbe points and 

are tbe heights. 

On subtraction, 


2T 




gp(Yi — Fa) = gpH, say. 


(27) 


Tube (1) is narrow and tube (2) is wide. As a first approximation, 
put bi == and b 2 = then, if we use the measured value of H, 
which is easy to obtain, an approximate value of 2Tlgp = is cal- 
culated. 

From the measured values of and rg? s-nd calculated. 

Assume that the angle of contact, 0, of the Hquid has been measured; 
tp is 90® minus the ^ of Bashforth and Adams, when the point P is on 
the line of contact of liquid and tubes, and their tables give the 
corresponding jS. 

Now, by the definition of equation (25) becomes 

1 '=^’ ( 28 ) 

hence 

1 / 2_1 

aiVj8~6’ 

and 

iJl=i 


Sugden has constructed a table of corresponding values of rjb, 
and rja^ obtained from equation (29), for values of rja^ between 0'25 
and 2'24. 

Using the approximate values of r-y^ja^ and r^ja^ obtained above, 
Sugden’s table gives values of rjbi and rjb^, and hence l/6i and Ijb^ 
are calculated. Substitute these new values of l/b^ and 1/b^ in equation 
(27) and calculate a more accurate value of 2Tlgp = and hence 
of r-ija^ and >' 2 /®!' -A-gain use Sugden’s table to get more accurate values 
of aud rjb^, and again use equation (27) to get a new value of 
Oi® and cq. After a few repetitions of tHs process the value of 
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cibtaiiied becomes practically constant and an accinate value of T is 
derived from it. TMs is tbe value of tlie surface tension of tlie liquid 
in contact witli its own vapour. 

Case (l)j f/% < 0*25. Consider a narrow vertical capillary standing 
in an open vessel of liquid. Tlie equation 2T(l/6i— ljb^ = gpE 
bolds, but, since one tube is infinitely wide, we may neglect Ijb^ 
and write, for tbe narrow tube, 2T/6 = gpH, or 

9T 

(30) 

ffp 

This value of is substituted in Rayleigh’s formula * for very 
narrow tubes, namely, 

a^^=r(H+^- 0-1288 + 0-1312 
the proof of which is too long to give here. Then, by equation (30), 

h f a .2 ^ 

?= 1 + i - 0-1288 n + 0-1312 ^ 3 , 

from which b can be calculated. Substituting in (30), we obtain a 
numerical value of and hence find T, 

Case (3), r/% > 6. Consider a wide vertical tube standing in an 
open vessel of liquid. In this case Rayleigh’s formula for very wide 
tubes is used, namely, 

^ - log, J = 0-8381 + 0-2798 ? + ^ log, - , . . (31) 

d JUL f d 

where 


The proof of (31) is also too long to reproduce here. 

From experimental values of r and H, a and T can be calculated. 
For tubes in which 2*24 < rja <C 6 no exact formula giving the 
capillary rise seems to have been put forward, but Sugden gives an 
approximate graphical method of extrapolation for use in this case. 

12. Measurement of the Surface Tension of a Liquid AvailaMe only 
in very Small Quantity, 

If the volume of liquid available is only about two cubic millimetres, 
the method of Ferguson and Kennedy f is very suitable, especially as 
a knowledge of the density of the liquid is not required. 

Kayleigli, Pfoc. Boy. Poc., A, Voi. 92, p. 184 (1915). 
t Ferguson and Kennedy, Proc, Bhye, Soc.^ Vol. 14, p. 511 (1932). 
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Some of the liquid under test is placed in a clean glass capillary tube 0, 
mounted vertically, -vvitli an open end downwards. This tube is connected at the 
top to a manometer system which enables the air pressure above the liquid to 
be varied and measured. The liquid is thus contained in the capillary as a short 
vertical column. The pressure above is adjusted until the low^er end of the liquid, 
at the mouth of the tube, is plane and horizontal. Since the liquid is in equi- 
librium, the resultant upward force on it is equal to the resultant downward 
force. Assuming that the angle of contact is tj;, we get 

^nrT coscj; == Weight of liquid + Thrust on the top 

== + Tcr^/^} 4- 

where p pg — pi is the excess density of the liquid under test, pg is the excess 
density of the manometer liquid measuring the pressure at the top, and hi and 
ho are the heights of the liquid and manometer columns respectively; the term 
gpTzr^/n represents the weight of the plano-concave liquid lens under the meniscus. 



n being a pure number whose value is 3 when 4^ is zero and the meniscus is hemi- 
spherical. On reduction, we have 

2Tcos6 A . r\ . , 

— — — = p(^Ai + - j T ..... (32) 

The tube G (fig. 17) with the liquid in it is next mounted in a horizontal position, 
and the air pressure is altered until the meniscus at the open end of C is exactly 
plane. The liquid is agam in equilibrium, and the pressure on the plane end is 
atmospheric. The excess pressure on the other end is again given by the mano- 
meter and is p'pg^g, say, that is, there is a thrust g^Ps^sicr^ acting to the left. There 
is also a force towards the right of value 27 itTcos 4^, due to suiface tension. 
For equilibrium we must have 

2nrT cos t}; = (33) 

This assumes that the capillary tube is so narrow that the gravitational forces 
causing a distortion of the right-hand meniscus from the spherical shape are small 
compared with the forces due to surface tension. In other words, it is assumed 
that the distortion is negligible. 

Comparing equations (32) and (33), we see that 
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Having found, by experiment, that the two sides of this ec|iiation are equal, 
we need only use equation (33) to get 

(35) 

2 cos(}# ' 

Ferguson and Kennedy show by experiments with liquids for which = 0 
that equation (34) is satisfied by tubes for which r < 0*05 cm. They have also 
used the method to determine interfacial surface tensions. 

13. Pendent Drop at the End of a Tube. 

Fig. 18 shows a pendent drop of liquid in equilibrium at the lower 
end of an open vertical tube, 
tube above the drop. Let 
its total height above the 
bottom of the meniscus be 
E, This height is usually 
so great that the effect of 
the curvature of the meniscus 
at the top on the pressure 
at any point in the drop is 
negligible. Here we shall 
assume that this is the case. 

Consider the equilibrium, 
as regards vertical forces, of 
the portion of liquid whose 
meridional section by a 
central vertical plane is 
GODG, It is subject to the 
following forces. Vertically 
downwards there are the weight mg and a force due to hydrostatic 
pressure on the plane BQ, namely, 

^GG^{P + gp{H OG)), 

where P is the atmospheric pressure. Vertically upwards there are 
the forces 'jtGG^P due to atmospheric pressure below the drop 
and 27rPffC7 cos0 due to surface tension. If we restrict the discussion 
to cases in which DG is not much above 0, we may assume that the 
profile curve is parabolic and has the equation y= hx\ If the co- 
ordinates of 0 are {x, g,) i.e. if GG := x, OG^y, then the mass of 
COPG, regarded as the sum of the masses of elementary horizontal 
slices, is 

and its effective weight is 7rpgy^l2ky wlieTe p = p^ ““ Pi- 


Let there be a column of liquid in the 
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fliA representing the equilibrium of CODG, on which 

the total downward forces are equal to the total upward forces, is ^ ^ 


Trpoy^ 

~ 2k ^ 'nx^pg{H — y) — 27rTx cos 6. 


( 36 ) 



Next, consider the equi- 
librium, with respect to hori- 
mnM forces, of that half of 
VUlf& which IS convex towards 
,Cfx y) ^ There is a horizontal 

j > ’f'/ force equal to I’ X length of 
/ I, away from the reader. 

= — ^ ^ Another horizontal force T sin 0 
per cm. length acts normally 
to the circumference of the 
circle whose diameter is DO. 

to a resultant 

EL""! "If ‘W ofTta otta W of £ 

Thrust on an elementary strip UK 
= pressure at / x area of strip 

= (pressure at 0 - pressure due to OJ) x area of strip 
= gp{H~Y)2XdY. ^ 

Hence total thrust on section CGDO =f%p{H - 7)Xd7 
If we put Y = kX\ the integral becomes 

l\piS - kX^)X2kXdX 

f) Word, 

front lalf of'oSff b£n^ frtcee on the 

n = 2a:T' sin^ -f igp a _ 


r2 


PENDENT DROP 


I2I 
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Od eliminating H from equations (36) and (37), we find that 
^ ^gpxy^ 

15j2»sk9 + ?»^®-;r 

Ferguson lias applied this formula to tlae measurement of T. Tie 
metiod is of particular use in measuring T for molten metals. 

14. Sentis’s Metliodi of Measuring tie Surface Tension of a LimM. 

A piece of clean glass capillary tubing (fig, 20) is drawn out to a fine jet and 
dipped into a liquid. Tie latter is sucked up inside tlie tube and is then allowed 
to fall gently. A drop forms 
around tbe end and rises a little 
way up tbe outside of the tube. 

Inside, tbe level is at A. While 
tbe dirop is in equilibrium its 
radius JS in a certain horizontal 
plane DO is measured by an 
optical method. A dish containmg 
more of the same liquid is placed 
on the table of a spherometer 
underneath the drop, and is raised 
until the liquid just touches the 
bottom of the drop; the sphero- 
meter is then read. The liquid is 
now raised until the level of the 
liquid inside the tube is at A once 
more, and the spherometer is again 
read. 

The assumption is made that 
the portion of the drop below the 
plane DO is hemispherical. Then 
the upward forces on this portion 
are equal to the downward forces. Let P be the atmospheric pressure. Then 

0_r 

27 irPP -f PtcP® = jgspgr -f ttP® (hydrostatic pressure at level DO), 

where PttP^ £3 effective upward force due to atmospheric pressure acting on 
the underside. 

Substitution for the hydrostatic pressure gives 

2KBT + PjtiJS = I? iJSps' + _ ij) _ 

where r is the radius of curvature at the lowest point of the meniscus. That is, 

O T 

^ The second part of the experiment, for a liquid making zero angle of contact 
with the walls of the tube, gives 

2TcrP ==; 




(Fl03) 
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approximately, if we assume that the meniscus is hemispherical and neglect tlie 
liquid lens immediately below the meniscus. Hence 


2r = -B)- iJHJpp. 


Putting a? = we have 
TP 

+ R(Hi- B)- 


RH, 


2a^ = B(S,-B,)- 




(39) 


15. ®rop Weight Method of Measuring the Surface Tension of a Liquid 

Mefloa of Harkins ani Brown. ^ 

Instead ot a pendent drop, consider a drop of Hquid of volume Fee 

lower end of a rod 

or tube and is falling under gravity. Such a lower end is called a " tip ” 
Let Its externa radius be r cm. The shape of the drop is complicated' 

T if regarded as a function of the surface-tension 

r of the hqmd, the radius r of the tip, the volume F of the drop and 

?a fomr^H ■ dimensions 

a force. Hence, applying. the method of dimensions, we have, 

Mg = ^ X a non-dimensional function of the various variables 
== Tf X /i{a:, «/, 3, . . .), say. 

lea^g^""^ non-dimensional factor 2w out of the function, 

^9 = '^^rrTrMx, y, z, . . .). 

^Since the function must be non-dimensional, we may try the special 


oases 


or 


( 40 ) 


.... 

where o* = the capillary constant. (41) 

The constant a has the dimensions of a length 

eqlr drop,/ 3 (v/P) and Mr /a) will be numericaUy 

theSo^tf~?&ll£fCt^^^ 

kence Fi was calculated mid f Tino I “P* density was known and 

By the obtained, 

value of r/a waa calculated. The value of Z Cof 

* Harhms and Brown, Journ. Amer. OAem. Soc.. Vol. 1, p. 499 (1919). 
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was then computed. Thus, corresponding to each value of a value of 

/gCr/F^) was obtained, and corresponding to eaoli value oi rja, a value of/ 4 {r/a). 
Repetition of the experiment with the same liquid but other tips gave sets of 
such values. Curves connecting (1) r/F^ osiA and (2) r/a and / 4 (r/a) 

were plotted. The actual determinations of Harkins and Brown dealt with 
values of rja ranging from 0*025 to 2*60. The corresponding values of f^iTja) 
did not remain constant, but varied from 0*924 to 0*5352. Precisely the same 
curves connecting rja and f^{fla) were obtained for four liquids of such varying 
densities and viscosities as water, benzene, carbon tetrachloride, and ethylene 
dibromide. That is, the curves were absolutely superposed on one another when 
plotted on the same sheet of paper. A similar result was found for the curves 
connecting r/FPand / 3 (r/Fi). The curves were almost exactly those of a cubic 
equation. 

The unchanging form of the function / 4 (r/a) for four dissimilar liquids Justifies 
the belief that from such a curve as the one connecting r/F‘^ and /sCr/F^), 
together with a simple drop experiment, the surface tension of any liquid can 
be found. Ail that is necessary is to carry out a drop weight experiment with the 
liquid, measure M and r, and calculate r/V^; in the tables of Harkins and 
Brown or on the appropriate graph determine / 3 (r/F^), which is equal to f^(r /a), 
and on the other graph find the corresponding value of rja and calculate a and T, 

Fmctical Details. --Tho apparatus is placed in a thermostat. If a drop were 
allowed to form and faU under gravity alone, it would take its full “ drop time *’ 
of more than three minutes. A large part of it is therefore formed by suction on 
the part of the operator and it is then allowed to complete its growth and fall 
under gravity. Usually a thirty-drop run is taken, which requires about 30 mia. 
A run involves the following operations: (1) the cleaning, mounting and levelling 
of the tip; (2) the adjustment of the liquid in the supply bottle to a suitable level; 
(3) the forcing of the liquid back through the capillary so that no drop is on the 
tip; (4) the placing of a clean weighing bottle around the tip; (5) the adjustment 
of the protecting box in the thermostat; (6) a pause for a period up to 40 min. 
to alow the liquid to reach the proper temperature; (7) the drawing over of a 
drop and keeping it a full size for 5 min. before failing, to saturate the receptacle 
for weighing with vapour; (8) the drawing over and weighing of 29 other drops; 
(9) the forcing back of the residual drop into the supply cup; (10) the removaJ of 
the apparatus from the thermostat; (11) the cooling of the weighing bottle with 
ice-water for half a minute; and (12) the stoppering and weighing. The radii of 
the tips vary from 0*09946 cm. to 1*0028 cm. 

Comments. — (1) The equation Mg ^ ^TzrTt sometimes called Tate’s law, is 
seen to be incorrect. 

(2) The ratio of the surface tensions of two liquids is not equal to the ratio 
of the weights of drops falling from a given tip, as is often assumed. 

(3) Any departure from a circular shape of the edge of the tip introduces 
error. Hence a special method of grinding is used. 

(4) The method can also be applied to interfacial surface tensions; indeed, 
Harkins and Brown consider the drop weight method to be the most accurate 
and convenient method of measuring interfacial tensions between liquids, as 
distinct from the commoner case of a liquid in contact with a gas. The capillary 
rise method is superior in the latter case, but for interfacial tensions it is inferior 
in that it involves some uncertainty about the angle of contact. 

16. Force on a Horizontal Disc Pulling a Liquid Upwards. 

Elementary Treatment . — Consider the extra forces on the underside 
of a counterpoised horizontal circular disc, which has made contact 
with a liquid below it and has been raised through a short distance 
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H cm. Assume tliat the liquid spreads to the edge of the disc, as it 
does in many cases. Contact wiU then be made at the edge of the disc. 
Fig. 21 represents the meridional curves bounding a central section 
of the liquid. Let the tangent to the curve at any point B make an 
angle 6 with the horizontal, and let the tangent at S, a point of contact, 
make an angle 6^ with the horizontal. This is not assumed to be 
equal to the angle of contact with the disc. In addition to its weight, 
the following forces act upon the disc: (1) a downnward atmospheric 
thrust of PttR^ dynes; (2) a downward pull of 27rRT ski 6^ dynes due 
to surface tension roxmd the edges; (3) an upward thrust due to liquid 
pressure on the under face, of value (P — gpH)7TR^ dynes, making a 
total force 

F = 27rRT smOs + gpHrrR^ vertically downwards. (42) 



When the disc is raised from the position P = 0, the angle 6^ tas the 
mitial value 180°, and decreases to zero, and then detachment takes 
place. The maximum value of H is that corresponding to 0s = 0. 
The maximum value of F occurs when H has a smaller value, and 
may be calculated approximately as follows. 

From equation (42), 

dF:=27rRTcosd,de, + gp^RHH, 

When R is large, the surface film is approximately cylindrical in the 
sense of § 3, p. 103, and the approximate equation (7) of § 3 may be 
used, namely, 

gpH^^2T{l-cose,). ..... ( 43 ) 

Difierentiating this, we have 

gpHdH^TsmB.dd,. 

Substitute for dH in the equation for dF. Then 
dl = %tRT cos d,dd, + 


• . ( 44 ) 
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Now ilFfdOs = 0 wlien F lias a maximum value. Hence F has a maxi“ 
mum when tan ^5== — and this value of d^, which is small, is 
a root of the equation cos^ 0s/cosOs= — 2a jE, obtained by substitut- 
ing for H from equation (43) above and using the relation T/gp = 

17. Lig,uii Pulled Upwards by a Horizontal Flat Ring. Extra Down- 
ward Force on the Ring. 

Fig. 22 represents a central vertical section of a horizontal flat 
ring pulling a liquid upwards. The two cross-sections of the material 
of the ring are rectangular. Let the tangents to the profile curves 
make an angle 6^ with the horizontal at A, B, C and D respectively. 



As the surface tension acts around the circumference of each circle, 
the extra downward pull due to surface tension is 27T(i?i + R^T sin0, 
dynes. The upward force due to liquid pressure on the lower face is 
7t{E^ — Rx){P — 9pE^) dynes, since this face is raised H cm. above 
the general external level at which the pressure P is atmospheric. 
The downward force on the upper face is P'n{R^ dynes. Thus 

the total extra downward force, in addition to the weight of the ring, is 

F = 27t{Ri -f R^T sin ds + 'rTgpH{R^ — R-^) dynes. (45) 

A special case occurs when 6^ == 90° and R^ and R^ are nearly equal. 
In this case 

F* = iTrRT, approximately, .... (46) 
where R is the mean radius. 

The approximate expression # = 47ri2T is often used to measure 
the surface tension of liquids for which 0^== 90°. It gives T = 

F being taken to mean the maximum extra force requhed to detach 
the ring of rectangular ribbon or circular wire. 
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A more accuj’ate exj^ression * fur tiie surface tensiun wiieii fche ring is made ' 
of material with a, rectangular section, and when 6^. =: 90^, is 


T-~ 


: JL~l~ 12-8284: +0-6095. 1~]^ ■ i- ■ -\i -n 

4-KltL ViJIyM ( 


+ 3 + 2-685 




F 


where F is the maximum extra force, E is the mean radius of the ring, h 

gj = pg — Pj, and 2B is the thickness of the ring, measured verticaliy. 


18. Measurement of Surface Tension by the Eing Method. 

The ring method is particularly useful in studying the progressive 
changes which occur in the surface tensions of various liquids with the 
passage of time. 

(1) Lecomte du Nouy's apparatus f will now be described. A ring of platinum 
containing 10 per cent of iridium hangs from an inverted V frame of the same 
wire, to which it is “ sweated ”. This system can be cleaned, by heating. It 
is suspended from an arm A of a special horizontal torsion balance, called a 
tensimeter. The wire of the ring is of circular section, about 0*3 mm. in diameter, 
its mean circumference being about 4 cm. The torsion \yire is steel piano wire 
of diameter 0*25 mm. The liquid lies in a clock glass. In the experiment a pointer 
F attached to the torsion wire rotates over a fixed circular scale as the ring is 
raised. The beam A is kept horizontal by lowering the support carrying the 
liquid. The maximum angular reading 0 of the pointer is noted. The scale is 
calibrated in the absence of liquid b}^ attaching loiown weights to the ring, so 
that 0 corresponds to a certain maximum extra pull P, The ring is of such thin 
wire that du Noiiy assumes that 

P = 4v:ET. ........ (47) 


The method has the following advantages: (1) Only a small quantity of liquid 
is required. (2) Each reading takes only about 20 sec. (3) The puli is measured 
to within 0*1 dyne. (4) Comparisons with standard liquids are quickly made. 

(2) The Eing Method of Harkins, Young and Cheng , % — Consider a metal ring 
of circular wire, suspend^ horizontally in a liquid. As the ring is gradually 
raised out of the liquid, the extra downward pull on it in addition to the weight 
passes through a maximum value. If the ring is made of thin wire, the maximum 
pull is given approximately by P = 4:kET, where E is the mean radius of the 
rmg and T is the surface tension. More accurately, FP — 4:kET, where F is 
a non-dimensional factor. To avoid difficulties connected with the calculation 
of F, Harkins, Young and Cheng proceeded, in effect, as follows. Since ^TzETfP 
is a non-dimensional function of the variables connected with the experiment, 
they assumed that 

47rPP .(E\ 

= 

or ■■ ■ ■ ■ 


47zET __ . (E^\ 
p 



where V is the volume of liquid held up by the maximum pull of the ring (which 
is equal to Pj^g, where p is the density) and r is the radius of the wire. 

* Verschaffeit, Oomm, Leiden, Suppl. No. 42d, (1918). 
t Lecomte du Noiiy, jemrn, Gen, Physiol,, VoL 1, p. 621 (1919). 
t Harkins, Young and Cheng, Science, Vol. 64, p. 333 (1926). 
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Using water, benzene and bromobenzene, liquids of Imown surface tension, 
they measured the maximum pull on three rings of different If and r but constant 
B/r. They plotted graphs in which the abseissse w^ere values of M^/V and the 
ordinates were values of 4Ki2T/P. The points for all three liquids were found 
to lie on one smooth curve. They inferred that if the same rings and other liquids 
had been used, the values of B^/V and 4:nET/P would have given points on the 
same curve. 

To obtain an accurate value of the surface tension of another liquid, the pro- 
cedure is as follows. Take a ring of the same metal and same R/r as one of those 
used by Harkins, Young and Cheng. Use it to measure the maximum pull as it 
is raised out of the given liquid. Calculate R^/V == R^ggjP. Pind the point on 
the graph of Harkins, Young and Cheng, for rings of the same P/r as that used, 
which has the abscissa R^/F. Read off the value of the ordinate y, which is 
4:izRTIP, and from it calculate T, the surface tension, which is given hy yP/4TUjK. 

The practical precautions employed may be summarized as follows: 

(1) The whole apparatuses enclosed in a thermostat to keep the temperature 
constant. 

(2) The surface of the liquid is swept by barriers to clean it before an experiment. 

(3) The liquid is covered by an inverted glass funnel to reduce evaporation. 

(4) The thermostat is supported independently of the rest of the apparatus, 
to prevent agitation of the liquid under test. 

(5) The dish containing the liquid is made wide, to prevent errors due to the 
curvature of the menisdus. 

19. Measurement of the Rate of Spreading of a Substance over the 
Surface of a Liquid. 

The ring method has been applied to measure the rate of spreading of a 
substance over the surface of a liquid, by Cary and Rideal.* A crystal of a fatty 
acid, e.g. myristio acid, is brought into con- 
tact with the surface of an H/1 00 solution 
of hydrochloric acid in water. A film of 
solution of the m3n'istic acid is formed, which 
spreads out from the crystal. More acid con- 
tinues to dissolve and to spread until the 
strength of the solution forming the film 
reaches a certain value, when spreading ceases. 

The direct object of Cary and RideaFs experi- 
ment is to compare the surface tension at 
points on the circumference of a circle at 
whose centre the crystal touches the liquid, 
at various instants following contact, with 
that of the N/lOO hydrochloric acid before 
contact, measured at points on the same circle. 

From the values of the surface tension thus 
obtained, the mean strength of the solution at 
points on the circumference of the circle at Fig. 23 

various instants can be calculated, and hence 
the rate of spreading of the molecules of the myristic acid. 

In the experiment the actual quantity measured is the force required to 
detach a horizontal platinum ring from the surface of the Liquid, and this force 
is proportional to the surface tension (see equation (47)). 

The apparatus is shown in fig. 23. The platinum ring LB is suspended from 
one arm of a balance, so as to hang just below the surface of the liquid, which 

* Cary and Bideal, Pfoc. A., VoL 109, p. 306 (1925). 
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is contained In a funnel W, The ring is counterpoised by a light eye-glass chain 
C, so supported at one end that weights can be gradually added to that side of 
the balance. The weight contributed by this chain at any time is known from 
a previous calibration experiment in which the ring is replaced by weights, and 
In which a pointer Q, attached to the chain, moves over a calibrated scale if. 
The instant when the ring is on the point of being detached is registered by the 
movement of a long pointer P on an arbitrary scale S. 

The experimental procedure is as follows. Some N/lOO hydrochloric acid is 
poured into the carefully cleaned funnel, and the force required to detach the 
ring is measured. The ring is again dipped in the liquid. The end of a glass rod 
1 mm. in diameter, coated with myristic acid, is then lowered into the surface of 
the liquid, and at the moment of contact a stop-watch is started. Before long 
the surface tension falls and the pointer P begins to move down. The time is 
noted. The chain is raised to bring the pointer P above the zero, but it soon 
falls past the zero again. The time and the force are noted as it passes through 
the zero. The chain is again raised and the process repeated. The temperature of 
the liquid is recorded. 

Results . — ^Myristic acid and similar substances are found to spread 
in two stages. 

Stage L The surface is covered by a unimolecular “ expanded 
film * under zero compression, and if a crystal of constant circumference 
is used the time required for the spreading is proportional to the area 
of surface of the hydrochloric acid solution covered. From a crystal 
of myristic acid of circumference 2’51 mm., used by Cary and Rideal, 
at 25° C, it was found that 9*06 X 10^^ molecules left the crystal per 
second, i.e. 36T X 10^^ molecules per sec. per cm. length of crystal face. 

Stage II. The expanded film of stage I becomes packed more 

closely with molecules of myr- 
istic acid, although it remains 
unimolecular, that is, one 
molecule thick. The pressure 
in the surface increases until 
there is equilibrium at the sur- 
face of the crystal between 
surface solution and reconden- 
sation, that is, imtil as many 
molecules return to the crystal 
per second as leave it. 

20. Lenard’s Frame .Method' for,' ■ 
Surface fensiomt ■ ■ 

In this method the experi- 
ment consists in the measure- 
ment of the maximum pull required to detach a frame ABODE 
(fig. 24) with a cross wire XY from the surface of a liquid. In 
particular, as the frame is being dragged out, a film of liquid attached 

* See p. 168. f Lenard, Ann. d. Phys., Vol. 74, p. 381 (1924). 
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to the wire -XT along its whole length, pulls downwards on the frame. 
It is the maximum value of this pull which is measured. 

Regard XY as a, horizontal cylinder of length I cm. and radius f cm. 
Fig. 25 shows a section of the cylinder and film below it. Let the 
angle of contact be zero, and let 0 he the angle made with the 
horizontal by tangent planes to the liquid and wire at the points 
of contact K and M, In addition to the weight which the frame 
has, when XY is dry and just not touching the surface, the downward 
pull on the frame in the position showm in fig. 24, will be 

P= 2Tl sm0 + hlbgp - . (50) 

where p is the density of the liquid, b is KM in the figure, A is the 
height of KM above the general level of the liquid, the weight of 
the portion KZM of fig. 

25 considered as liquid, 
and W 2 the downward 
pull due to the removal 
of the upthrust on the 
immersed portions of XB 
and YQ which occurs 
when XY is raised 
through a height A. The 
expression hlhgp — is 
the weight of the ele- 
vated liquid, which pulls 
downwards on Z Y. The 
shape of the surface films 
is cylindrical in the sense of § 3, p. 103, and thh theory of that 
section, and in particular equation ( 8 ), applies here. The original 
form of equation ( 8 ) is = 2 T{l — 003(9 4 ')}- 

hand side of fig. 25 is comparable wdth fig. 4. Here Y = A, 4* === O 5 
and 9 == 180"^ — 0. Hence we have 

ggh^ = 2 r{l --- cos (180^ - 6 )} = 2 Y (1 + cos 6 ) , (61) 

and . , . gpW 

l + cos 0 = ^ = -,,say. 

Hence, in the general case, 

sin^ = (1 --- cos^^)^ == I 1~ 1^ I , 

Also b/2f = sin 9 and b = 2 f sind. If the two vertical wires of the 
frame each have a radius R cm., IY 2 — 27rR^gph. We may now write 

P = 2TI sind + 2Mrgp sm9 + 27TR^gph 

= 2liT + gphr)^l- (~ - lyj - W, + 2^R^gph. (52) 
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The position of the firsh/and more important) of the two maxima of 
Pis found as follows._ Differentiate P with respect to I, treating If, as 
a constant smce the mfluence of on the position of the maximum 
IS rery shght. Substitute A — + z), where a; is a small quantity 

compared with unity. Neglect powers of a: higher than the first. It is 
lOTind tiiat the first maximimi occurs when 


21K+2r)/> • 

and the corresponding maximum value of the pull * is 


frame immersed Spth in^the 

TheSer® weighing vyith a film attache to the S a4“ 

Thedifforenoegwes the quantity P. By repetition at various depths P i^tounU 
^important correction is appHed for the vertical force due toCrf^rtenston of 
the film, uhich acts on the vertical wire AB at X and on Dr nf w v l 

irom u o mm» to U-b mm. In an experiment with eartii-mit of 91 ° n t 
XY was made of iron wire, the uncLected value of ^ ws Svfmv Z^-’ 
after correction 3*35 m^./nim. Xicnard. and Itiq i • t 5 */inm. and 

frame method until the^S “tS Si^oi! coSoTto 

They give the surface tension of water as 72-86 dynes/cm aW8° 

asserts that no method in use un to 1Q24 ^ Lenard 

weight. Lengths can be measured with very <^reat A ^ 

depends on the type of balance. A delilate Cto™ 

<ilie whole of the scale of the 

^ • ' ■ — ^ halanoe is used. Maximum sensi- 

tiveness is thus obtained. 

jif \ ( 21. Determination of the Sur- 

^ -T— lace Tension of a Liquid 

. _I J ?2 pi from the Maximum 

1 J -i- Pressure in Bubbles 

,Ut?? called Jager’s 

\_y 2 { ^mmiTypj j Method). 

‘'^•26 (i) Elementary Theory.— 

squarely at the tip, is mounted YerticaUy"^ ifthat thf % is^SaSrsed 

nearly correct, is’uaed ta^fte totVnd smlu)"tOTm!°"®®^°“'^® ^ “ 
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at a cleptli ill a liquid whose surface tension is to be found. By 
means of a dropping funnel, air bubbles are blown at the tip and then 
break away. A manometer M containing a light liquid of density 
shows the maximum pressure P in the bubbles before they 

break away. P is the atmospheric pressure. The elementary theory 
assumes that the maximum pressure is reached when the bubble 
reaches a hemispherical shape of radius r equal to the radius of the 
bore of the jet, and that then the bubble becomes unstable and 
breaks away. The excess pressure inside the bubble over that out- 
side when on the point of breaking away is assumed to be 2T/f. This 
gives the equation 


2T 


and 


= -P + ^P 2^2 — P — gpiHi 


(65) 


The method is used to measure T at various temperatures. The 
assumption that instability and detachment occur when the bubble 
is hemispherical would 
seem to be unsound. 

This difficulty is avoided 
in Sugden’s discussion, 
which we shall now de- 
scribe. 

(ii) Sugden^s Discus- 
Fig. 27 represents 
a bubble forming at the 
end of a jet below the 
surface of a liquid whose 
surface tension is required. 

The figure represents a 
central section, showing a 
meridional profile ciuve. 

At a point P on the 
surface of the bubble, the general equation (4) holds, with a plus sign 
before gpy, because P is below the general level (p — p^). Thus 



f-P2-pi 


Fig. 27 




+ gpy = a constant, 


if the origin is taken # 0 in the general level. Alternatively, the same 
equation may be derived almost from first principles. It expresses 
the fact that the pressure inside the bubble near P exceeds that outside 
the bubble near P by P{l/Pi -b I/B 2 ). The internal pressure a^ 


* Sugden, Joum» €hem. Soc,, VoL 121, p. 858 (1922). 


CAPILLARITY 


132 


[Chap. 


is regarded as constant. At M, if each radius of curvature is called 
b and the depth Y, we get 


2T 


gpY = the same constant. 


( 66 ) 


Combining these, we get an equation which holds at any point P: 

I sin^ 


Also 


Divide throughout by Tjb and put Y — y=z. Then 


sin^ 


Ei/b ' xjb 


2 + ^ 




Put 

II 

Then 



Oj^' 


T/K 

T 


j8. 


1 sm<f> 

Ri/b x/b 


2 -f- 




(57) 

(58) 


This equation is the same as equation (26) of § 10, p. 115, and Bash- 
forth and Adams’s tables apply to it. They give values of x/b and z/b 
corresponding to given values of j8 and </>. Sugden appHes these tables 
to the measurement of the surface tension of the liquid in a manner 
analogous to that which he used in his capillary rise method. His 
method, in effect, is as follows. 

At the point S, t cm. below the general level, aj = r, the radius of 
the tube, and 


1 sin^ 

l^b'^TJb' 


2 + 


6’ 


the ^ and z now corresponding to the point S, i.e. to z = Y— t. The 
pressure inside the bubble at the level of £ is 

2T 

■g" + dPi^ ~ 5 'Pi{T — t) + atmospheric pressure. 

The pressure outside at the level of £ is 

+ atmospheric pressure. 
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The pressure inside minus the pressure outside, if we put p = fj— Pi) is 

b 
2T 

which can be written in the form gph, where is a positive depth; 
that is, 

2T 

gph=-^ + gpz 

or 


k==^ + z. 


Multiply tkrougliout by r/oi^; 


Ar __ f . f ;2; 

6 ~ 6 Oj 




..... (59) 

Write hr/ai^ 

= r/X^ that is, 

z_^, . . 

. . . . . (60) 

then 




(61) 


For a given liquid and orifice, there are fiixed values of r, T, and p, 
i.e. a fixed value of r/a^. If the excess pressure in the bubble 
alters, so ■will the shape and size of the latter. For any one pressure 
there is one value of A, of X, and of r/Z, and corresponding to that 
value of rjX there is one value of that is, one value of Bashforth 
and Adams’s tables give the corresponding values of j 8 , xjb — rlb, 
and 2 / 6 , and enable r/Z to be calculated by equation (61). Then 
r = ypaiV2=srpAZ/2. 

Calculation reveals that for a given value of r/oq and for steadily 
increasing values of <fi, rfX passes through a maximum which can readily 
be determined. The reciprocal Z/r passes through a mi'niTTmim It is 
assumed that the bubble breaks away when r/Z has a Tna.^TrmTn value, 
that is, when the excess pressure inside has a maximum value. Sugden 
gives fom-figure tables of minimum values of Z/r and corresponding 
values of r/o,. 


^34 


CAPILLARITY 


.[Chap, 



22. ExperimeEta! Details of Jager^s Method. 

By means of the apparatus in fig. 28 the pressure required to liberate bubbles 
from the lower ends of two tubes of different radii, immersed to the same depth 
in a liquid, is measured. 

The manometer is used to measure these maximum pressures, which exceed 
atmospheric pressure by and Pq. These excess pressures may be written in 
the form p^ == and Ps = ^p -^29 where p is the density of the liquid under 
test less that of air. 

Let the radii of the tubes be cm. and ^2 

Then is equal to pressure due to depth of the lower end of the first tube 
below the surface -f- excess pressure of inside over outside at level of the lower 
end, from fig. 27. Hence 

ffP^i = ffpf + {/P^v 

or Ei = t-\- hi 

= <+^',by( 60 ) ( 62 ) 



Fig. 28 


Similarly, 

= * • « • (fi3) 

Hence 

or ‘ ■ . . 

. ... .. . , . taA\ 

Start with the approximate values Xg = given by elementary theory, 

and the experimental value of - E^, and solve for a/. Then calculate rJa. 
and rjai. Use Sugden’s table to get better values of and and hence 
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of Xi and Xg. Substitute these values in equation (64) and again solve for 
Obtain new values of fi/a^ and rja^ and again use thc5 tables to get X^/rj and 
Xj, X2/^2 ^2* Insert these in equation (64). After a few repetitions of this 

process the values of obtained remain constant and give 

Praciical Details . — Two clean glass tubes, one of internal diameter about 
3 mm., the other a similar tube drawn out to a fine capillary at the lower end, 
pass vertically through the rubber stopper of a vessel A and dip into the liquid 
whose surface tension is required, with their lower ends at the same depth. The 
lower end in each case is cut off square, without ragged inner edges when viewed 
under the microscope. The upper part of A is connected to a water manometer 
O and a mercury suction bulb B with a capillary jet J, A is surrounded by a 
water-bath, which is screened from the rest of the apparatus. 

In taking readings the upper end of one of the tubes, if, say, is closed by 
a stopper, and the tap K is opened. Air enters the open tube N and a train of 
bubbles forms and breaks away at its lower end. The maximum pressure is 
read, the rate of bubble formation being kept slow. In this way H-^ is calcu- 
lated. The experiment is then repeated with if open and N closed. This gives 
the value of If the jet J has the correct size, the rate of formation of bubbles 
can be controlled. The maximum pressure shown by the gauge is independent, 
as it should be, of the rate of bubble formation, except for very high rates, when 
the experimental conditions are not iia agreement with the theoretical conditions 
discussed above. The inner diameters of the lower ends of M and X must be 
measured carefully. 

In experiments quoted by Sugden, pairs of tubes with the following radii 
were used: 

= 0-007796 cm. rs = 0-162 cm, 

=: 0-009934 cm. Vg == 0-159 cm. 

= 0-007525 cm. Vs = 0-0600 cm* 

&ugden^s Results. 

Water ^20® == *72-91 dynes/cm. 

Benzene 5^20° == dpies/cm. 

These values are in good agreement with those obtained by other observers and 
methods. 

Ocmments, — (1) The method does not require a very large quantity of liquid. 
It can be used to find T at various temperatures. 

(2) Sugden’s table of values of X/r reveals that the assumption used in the 
elementary form of Jager’s experiment, namely, that the maximum pressure 
in a bubble occurs when it is hemispherical, that is, when 9^ >= 90°, is true only 
for tubes of infinitely small diameter. For a tube of radius 0*35 cm. the maximum 
pressure occurs when 9 js =160°, 

23. Excess ' Pressure Inside a Spherical Bubble or Drop. 

We consider a bubble of gas, assumed to be spherical, in equi- 
librium when totally submerged in a liquid. We neglect local pressure 
differences at various points inside and also outside the bubble, and 
also the effect of the force of gravity on its shape. Let the radius be 
r cm. and let the internal pressure exceed the external pressme by 
p dynes/sq. cm., and let the surface film have a tension T. Let the 
bubble undergo a slight virtual increase in size, that is, let the radius 
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cliaiige from r to r ■+ cZr, and let tlie excess pressure cliange from p' 
to j5 + By tlie principle of virtual work, tke total work done in 

tMs cliange by all tbe forces keeping tbe bubble in equilibrium is zero. 
Tie work done by tie pressure in pushing out the surface = force X 
distance = X iTTf^dr ergs, small terms being neglected, and the work 
done by the surface tension in stretching the surface isothermally is 
— rd{47rr^) = —STrTrdr ergs. (This assumes the definition of surface 
tension given on p. 100.) Hence 



In the case of a soap bubble surrounded by a gas, there are two 
surface films and 



( 66 ) 


In large bubbles, local pressure differences become more important, 
the shape is no longer spherical, and the above equations become 
rougher approximations. 


24. Surface Tension of a Liauid found by Measurements on Stationary 
Drops and Bubbles. 

We consider the general appearance of (a) a sessile drop of liquid 
resting on a horizontal plate, the medium above the drop being a gas; 
(6) a bubble of gas resting on a plate or projecting from the upper 
end of a tube, the medium above it being a liquid; (c) a pendent drop 
of liquid projecting from the lower end of a tube, the medium below 
it being a gas; (d) a pendent bubble of gas resting under a plate or 
projecting from the lower end of a tube, the medium below it being 
a liquid. In all these cases the interface is a surface of revolution 
about a certain vertical axis, by symmetry. 

The accompanying figures, 29 (a), (6), (c) and (d), represent central 
sections. A and B, 0 and D are pairs of points close to the surface 
but on opposite sides of it. 

In case (a) the following equations for pressure differences can be 
written down: 

Pb^ r(l/J?i + 1 /^ 2 )? where Ri and R 2 are the principal radii 
of curvature near 4; 

Po — Pa ^ '— 99 ^, where y is the difference m level of 0 and A; 

Po — Pb^ ^Tjbf where h is the (only) radius of curvature near 0; 

PB — P2>^9Piy- 
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Combining these, we get 

^(5+ 4 ) -'■*>• • • ■ <«’> 

Case {d) gives tie same final equation. Cases (6) and (< 3 ) give 

Tiese are tie differential equations of tie meridional curves, tiat is, 
profile curves of central sections, and tieir integrals, if obtainable, 
would be tie equations to tiese curves. Tiey are not integrable in 
tie general case by rigorous methods. In tie special cases of very large 
drops and bubbles, they are integrable. 



Liquid 

^Gasff 
(c) 



Fig. 29 


The theory giving T for large drops and bubbles placed as in (a) 
and (d) may be stated as follows. Equation ( 67 ) reduces to 

= 9py, where p= p^ -- p^, 


{bi R> 


since &, tie radius of curvature near 0, is very great. Further, one of 
the two radii of curvature near A is very great, since tie drop is large, 
and tie equation becomes TfR== gpy. Tie theory then proceeds as in 
§ 3, p. 102. Take axes Ox and Oy as shown in fig. 30. Put dsjddy 
where d is tie angle made by tie tangent at 4 with Ox, and we have 

.dS 


T 


ds 


^ 9 py* 


ds 


Now 
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m • n do 

and, multiplying by dy and integrating, we have 

— T cos ^ == ^ 

When y = 0, 0 = 0, cosd — 1, hence the constant is ~T. Hence 
9py^=2T{l~Qose) ..... ( 69 ) 
is the equation to the meridional curve in terms of y and 0. 





eosd== 

aad equation (69) can be written in tbe form 




On inverting and squaring, we have 
1 + 


I 

taking the positive root, 

may be seen from fig, SO, according to wMch dyjdx is positive if 0 < 90®, 
I and by equation (69), < 2^^ when 6 < 90®. 

There are two methods of obtaining and hence T, 

] Method (1) arises out of the fact that 

S dyjdx^co when say. . . (71) 

I This holds for very large or infinite drops. For drops or bubbles which 

j are nearly plane at the vertex, a condition which holds in most 

* practical cases, Ferguson ^ gives the more accurate formula 

I ^=00 when + *606 . . (72) 

where r is the maximum horizontal radius of the drop. 

In the experiment, the values of y and r at the greatest horizontal section are 
measured with the aid of a microscope, and the value of aj® is obtained by the 
method of successive approximations. 

In one case of a bubble of air in tap water, Ferguson obtained y == *4051, 
r = 2*540 cm. by experiment. As a first approximation he put % = *4051 in 
the small second term on the right of the equation ^ 2 --. ^^2 ^ .gQg ^zjy, 
calculated a better value of Ui® in this way. 

The value of derived from this was substituted in the small term, and a 
new value of < 3 ^ 1 ^ >^^8 found. The process was repeated until a constant value of 
a-^ was found, namely, a-^ = *1502, whence T was found to be 73*65 

dynes/cm. for tap water at 8 ® C. 

Method (2) arises from the fact that for large drops or bubbles 
gpy^ = 2T{1 — cosd). 

At X, 0= 180®—*^, where tp is the angle of contact. Let OF, 
the full height of the bubble, be i?. Then 

gpff^=2T(l + coBifs). . . . . . (73) 

To obtain the surface tension with the aid of this formula, H must be measured 
by means of a microscope and ^ must be measured in some special way. Since 
this method involves a knowledge of the determination of which always involves 
a certain amount of doubt, it is not considered as good as the other. 

Vol. 26, p. 509 (1013). 


/%Y_/ 2a^ Y . 

\dx/ — y^J ' 

/ %Y _ 

\dxj 


dx 


{2a® — y®)® 
y^/ ^ — 


+ 




(2a®-2/®)’ • • • 

since dyjdx is positive when,?/® < 2 o®. 


( 70 ) 
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25. Contact of Solids, Liaoids, and Gases. 

Consider a system (fig. 31) consisting of a solid S and a Hquid L 
buppose tliat they are initiaUy in contact, and are then separated.' 
JUet tlie work per square centimetre required to separate them, that is 
the wo:* performed by the operator who separates them, be W„ eras’ 

Suntin?+o ^ potential energy in the interface,’ 

f gs per sq. cm., the surface tension of the interface 

between the solid and a gas, for example, air, and ergs per sq cm 

on the smface between the liquid and the gas. P® sq. cm. 

is J^nTe'nl separation which 

IS given to or done on the system is equal to the final energy after 
separation. Hence we have Dupre’s equation 

^sz + J^sz ~ .... (74) 


SoUji s 


Liquid L 


Fig- 31 



tie left £ eq^S'to 

H net nomontal force per centimetre to tlie right, 

^sz + 008^ = Tsg, . . . . . (Y5) 

^ the angle of contact between liquid and solid If T T 

« etouneted ftoM equation, ( 74 , ^ 1.™ rlj. e"u,IS 

™ + cos^) _ ( 7 g\ 

«r7,lo„S“S’ iiS s ",'2'Sita s; 

*Journ. Oiem.Soe., p. 1865 (1926). 
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always exists between a liquid and a solid in contact. In other words, equation 
(76) is incomplete and requires an extra term for the frictional force. Moreover, 
according to the same authors, this friction causes the angle of contact to have 
one value 4*^ when the liquid is on the point of advancing over the solid, and 
another value 4i2 when it is on the point of receding. When the liquid is about 
to advance, the equilibrium of the liquid molecules along the line of contact in 
fig. 33 gives 

+ ..... (77) 


where F Is the frictional force per cm. Similarly, when the liquid is about to recede, 

Fza 00 s — F^Tsg. ..... (78) 


If we add (77) and (78), F is eliminated, and by combination with (75) we get 
cos + cos 4i2 = 2 cos 4? (79) 


where 4 is the true equilibrium angle of contact. 


Neumann’s Triangle , — The question arises, wbat happens when a 
drop of a liquid is placed on the flat surface of another liquid I/2, 
with which it does not 

mix? In particular, does 

the drop spread? 

In fig. 33 let the drop Lj 

have a point of contact 

A with ig. At a given 

instant let the drop be 
in the position shown. Fig. 33 

Whether it is in equi- 
librium or not will appear later. Let the area of contact of drop and 
liquid be increased by an amount S sq. cm., so that A proceeds to A^^, 
The area of contact of drop and air also increases by jS sq. cm. Let 
the tension of the surface between liquids and be between 
liquid Li and air, and between liquid and air, jTg. On account of 
the alteration in the areas of contact, the potential energy of the 
system increases by (T12 + Tj -- Tg)^ ergs. Now a system like the 
above tends to reach a state of equilibrium m which the potential 
energy has a minimum value, that is, the system tends to move so 
that the potential energy becomes less. Thus the drop will spread if 
(^12 + 2^1 T^)B is negative, that is, if Tg > (T^g + T^, In this case 
spreading will continue until liquid covers liquid Lg. There will be 
no point where three liquids meet. If a drop of liquid ig is placed 
on liquid the condition for spreading is that Tj^ > (T^g + Tg). If in 
the &st case Tg < (^12 + rj, or in the second < (T^g + Tg), 
it will be possible to place a drop of one of the liquids on the 
other so as not to spread, that is, so as to remain in equilibrium, 
and then there will be a line of contact round the drop, where 
three fluids, two liquids and a gas, meet. The condition that this 
may happen may be expressed thus: if a triangle can be drawn whose 
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sides are proportional to Tg and it will be possible for tiiee 
fluids to meet. This accoimts for the name Neumann’s triangle 
In practice it has not yet been found possible to draw such a triangle. 
For all liquids tried either > (r22 + ^1) > (^12 + ^2)3 

yet it is possible to find many cases where a drop of one liquid will 
lie in equilibrium on another. These exceptions are regarded as only 
apparent, that is, it is supposed that in each case the surface of one 
of the liquids is rendered impure by contamination with the other. 
When a drop of oil apparently stands on water, it is really standing 
on a film of oil, so that although there appear to be three fluids meeting, 
this is not really the case. 

26 . Measurements of the Angle of Contact between a Solid and a 
„ /Liquid. 

"( 1 ) Adam and Jesso'p^s Method . — ^TMs method is suitable when the solid can 
be obtained in the form of a flat plate. Such a plate is supported (so as to dip 
in the liquid) by a clamp which can be moved vertically upwards or downwards. 


Lamp 


! Axis of Q blinder 


1^2 
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B 

Fig. 34 
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The rectangular trough containing the liquid is of plate glass, with the tops of 
the sides ground flat and coated with a suitable non-contaminating substance, 
e.g. paraffin wax if the liquid is water. Before an experiment is carried out the 
liquid surface is swept free of contamination by a barrier, that is, a scraper coated 
with non-contaminating material. This is very important. Then a rough value 
4^ is determined by lowering the plate gently into the liquid so that the latter 
“advances” over the plate. If the angle of setting is correct, the liquid will 
oontiune horizontal right up to the plate. A rough setting is made by eye. By 
raising and again lowering the plate into the liquid until the correct condition 
is fulfilled, an accurate setting is made. After each setting a period of about a 
minute should elapse before the profile of the surface is examined for horizontality. 
The authors consider that as the angle of contact varies from point to point of 
a plate, it is sufficiently exact to measure the angle between the edge of the plate 
and the horizontal hy a protractor. The angle is measured in a similar way 
to 4^4, except that just before observations are made, the plate is raised slightly 
to make the liquid recede. The equation 

2 cos 4^ 5= cos 4^4 + cos 
then gives the true angle of contact. 


' ■ ANGLE OF CONTACT 

^43 

MkU’, 

varies according as the liquid is advancing oter ti 
Jationary, and corresponding measuremiraremade ’ TwI 
of varying the speed of the Uquid relative 

vestigated. ^ ■iQ'tive to ■ the solid is also in- 
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Image of slit 

(i) 




in=£r,taSl?sSi«j,;,rf fr “»« ‘i™ ' 

wax. After cooling, the surface of tlio^ • j. coated with paraffin 

mounted and geared sras to roLte ahl^f “ The oylffiderfe 

various linear surface velocities un to ahonf 1 horizontal, with 

in water in a special glass tank. One end of t^ten^ ^ immersed 

pS ^liJJelTu?S ^ li^p 



iisssssms^sssssssss^ 
linage of sUt 

(b) 


Wax 


Fig. 36 


reflated downwards towards an observer The oW,.„ , . 

of the slit adjoining the silhouette of th server s^ a horizontal image 
end of the h^age near IhfcySrfa 

can be altered, but the lamn and *<? nro^of^^^ curved. The depth of the liquid 
in a fixed vertical plane AB When the Mranged so that the point P is 

hquid is not speciaVrelttd, ae g^iftfvir^fn? 

* Abictt, P;^^7. Vol. 46, p. 244 (1923). 
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tile depth in tills position and' in that when the liquid just touches the lowest 
point of the cylinder gives 

Pig. 37 shows that 

— cos<{i = cos(7r — (j;) ■ 


^ , / Abiett’s mean value of 4' is 104° 32'. 

Analogous experiments are carried out 
\ with the cylinder rotating in clockwise and 

\ anticlockwise directions,* in each case the 

\ depth is adjusted until a perfect image is 

\ seen right up to the line of contact. Ablett 

\ found that for surface speeds up to about 

\ 0*44 mm. /sec. the angles of contact varied 

\ in a definite way, but for speeds exceeding 

\ 0*44 mm. /sec. they became constant. The 

\ mean value of the angle of contact for 

^ anticlockwise rotation, observed on the 

left-hand side of the cylinder and therefore 
corresponding to the case of a liquid ad- 
vancing over a solid, was 112° 56'. The mean value of 4^2 corresponding to liquid 
rei’eding was 96° 16', Within the limits of experimental error 4 = 4{4i + 4's)v 

27. Measurement of Interfacial Surface Tensions. 

Some of the methods previously described may be used to measure 
interfacial surface tensions. Mack and Bartell describe a method 
V . of measuring the ten- 

sion of the surface 

I I between water and 

— ^ < — various organic 

liquids, which has the 

^ advantage of precision 

^ A ^ B 1 and of not requiring 

1 J more than about 2 c.c. 

ilfl l\fT"L_L of organic liquid. The 

X Y when the liquid 

is denser than water 

^ ill U\ is discussed here. 

y — ho 

Fig. 38 The apparatus, which 

(From youm, Amer. Chem, Soc. (1932), with slight alterations) made of glass, is shown 

in fig. 38. It consists of 

fcwo wide cups A and B, sealed to capillaries X, Y of different radii and through 

them joined to a central wide tube &. This arrangement is set up vertically. Water 
is first poured into A (which is coimected to the narrow capillary X) to avoid en- 
trapping bubbles of air. A larger quantity of water is then poured into B, Both 

* Mack and Bartell, Joum, Avmr. Chem, Soc., VoL 54, p. 936 (1932). 
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capillaries are filled with, water and a little extra is added. The organic liquid is 
introduced into the central tube G and rises up the two capillaries. By a certain 
method of manipulation, the levels are brought near two etched marks on the 
capillary tubes, and the system is allowed to attam equilibrium. The five 
different levels are accurately measured. Assume that the interface in X at 
level hi is convex upwards. The vertical cylinder of liquid above the interface is 
at rest. Hence, equating vertical forces, we have 

— Ai + g')po— (*3 — ^i + ^)pw^| = 2Ttri2’ia, . (81) 

where po, gw the densities of the organic liquid and of water respectively. 
Similarly, for the interface in T, 

|(*B - *2 + Po - (*4 - *2 + 9wj = . (82) 

Subtracting equation (82) from equation (81), and putting h^ — h^^ 
h^ — hi ~ Hg, rg — Vi == R, we find that, if we assume that B is small compared 
to Ti or fg, and neglect certain terms, 

= 2(i/r,- 1/ri) ~ - i-B(p« - P>r)}. • (83) 

It is to be noted that in the above equations the approximate expression 
sorresponding to a hemispherical meniscus is used, and r is taken to mean the 
radius of the capillary in each case. This assumption is justified if we use narrow 
capillaries. The radius of the larger capillary is less than 1 mm. One advantage 
of the method is that po need not be known more accurately than to two places 
of decimals, as this quantity only occurs hi the small terms of equation (83). 
One example of a result obtained by Mack and BarteU is that the surface tension 
of the interface nitrobenzene-water at 15«13® C. is 26*65 dynes/cm. 

28. Capillary Waves or Ripples. Velocity of Gravity Waves on a Liquid. 

One method of measuring the surface tension of a liquid depends 
on the phenomenon of ripples excited upon the surface of a liquid. 
It is convenient to introduce this subject by studying the mechanism 
of a certain type of wave passing over the surface of a deep liquid. 
In this particular type of wave, the surface of the liquid is traversed 
by transverse vertical vibrations controlled by the force of gravity. 
It will be assumed in the present elementary treatment that every 
drop of liquid in or near the surface describes a circular path in a 
vertical plane; this is very nearly the actual state of afiairs for waves 
of small amplitude.*^ 

Fig. 39 represents a section of a liquid traversed by such waves, 
in a vertical plane parallel to the direction of motion. Let c be the 
velocity of the waves in a horizontal direction. Assume that every 
drop of liquid describes a circle of radius r in an anticlockwise direction. 
Let T be the time taken to describe a circle. This is also the time taken 
by the waves in moving forward through a distance equal to the wave- 

^Ewaid, Poschl and Prandtl, The Physics of Solids and Liquids, p. 232 (Blaclde 
& Son, Ltd., 1936). 

(Fl03) . 



Similarly, at a point F in a trough, gg, the horizontal velocity of a drop. 


-BernoThh s theorem, or by the assumption that the change in 
Velocity of a drop is due to the fall in height, we have 

where h = Sr. Hence 

g-gS = (86) 

By squarmg (84) and (85) and subtracting one from the other, we have 


since X = er. Hence 
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that wherever the surface film of a liquid is curved, there is, by S 1 

f rn side equal 
to_i (V^ + }/np, where T is the surface tensioa and R, IL are the 

prmcipal radu of curvature at the point considered 
Consider simple harmonic waves travelling over a liquid; the position 

of any pomt on the surface in a given vertical plane section, parallel 

to tile direction of propagation, at any given moment may be 
represented by ^ 




where y is the ordina,te of the point above the undisturbed level, A 
the wave-length, a the constant amplitude, x the abscissa of the 
pomt measured from some arbitrary origin, and 6 another constant. 
If we assume that m all sections parallel to the one under consideration 



ae profile crave is the same, the system of waves is cylindrical and 
rci, say, is infimte. Also 




._L 


LS!!'' 'f as is the case in practical 

experiments on ripples. ^ 

liy=== aBm(27Tx/X+ b), 

4:7T^ 

* 

Thus at a point such as P in fig. 40 the surface tension causes an 
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[restoring) force on the element is its weight opv& dynes 

The total downward force on it is therefore ^ 

gpydx + ^ ydx dynes = ypdx(^g + dynes. 

J+ tension is, as it were, to change g to 

Now the veloci ty of “gravity waves ” on deep liquids has been 

shown to be c = VXgj2iT. 

tensers controUed by gravity and surface 

-JE(FW <-> 

m __ XVp gX^p 

277 ( 89 ) 
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Fig. 41 («) 

30. Mta»iitem.nt of Smfaee Toulon by a,, sip,!. 

v«rS?an£’ “^"'^.'>7 M Enyleigb,* las bom ,„ed by 
various authors. A recent improvement of the method bv Ghosb 

dSed advantages and wiU now be 

rectangular trough of plyed m a shallow porcelain 

(%. 41 (.) and (.)) 13 mounted 

* Scientific Papers^ Vol. 3, pp. 383-396 

t Ghosh, Banerji and Date, PhU. Mag'., 7th Series, Vol. 1, p. 1252 (1926). 
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about 100 vibrations per sec. Its prongs are iiorizoiital, one above thi© ' other, 
when at rest, and they' vibrate in a vertical plane. To the lower prong, are attached 
two objects. Pirst, a blade, 3 in. long, of polished silver or aluminium, called 
a dipper,* this by its up and down vibrations, in and out of the liquid, excites 
ripples on the surface. The plane of the dipper is vertical, but perpendicular to 
the plan© of vibration of the prongs. The two trains of ripples excited by the 
dipper are reflected by the ends of the trough and give rise to stationary ripples. 
Secondly, a rectangular framework of metal, called the viewer, having two steel 
wires running horizontally along its length, is attached to the same prong as the 
dipper, but nearer the tip. The plane of the viewer is vertical, and parallel to 
the plane of vibration of the prongs. The purpose of the viewer is to enable the 
wave form of the ripples to be seen and photographed and the wave-length to 
be measured. 

This is don© by causing a parallel beam of light, proceeding in planes per- 
pendicular to the plane of vibration of the prongs, to be reflected by the ripple- 
curved surface of the liquid and to pass obliquely upwards past the wires of 
the viewer. An observer receiving this light sees that the shadows of the two steel 
wires are not straight but have the 

clear wave-Hke form of the ripples, , ry 

for the light is proceeding in planes \\ 

parallel to the crests of the real Dipper \ \ 

stationary ripples. A metal plate //\ ^ ^ ^ 

with two fine notches at a measured 
distance apart is fixed in the same ^ 
plan© as the wires of the viewer. 

This is photographed along with the 
shadow - ripples and enables the 
exact wave-length to be calculated 
from the micrometric measurement (6) 

of the wave-length of the shadows. 

It is assumed that the wave-length of the shadows is equal to the wave-length 
X of the real ripples on the liquid. The whole device is thus a stroboscopic 
arrangement for measuring X, using one fork only. When the amplitude of the 
ripples is below a certain limit and the depth of liquid in the trough is above a 
certain limit, the value obtained is constant. The frequency of the fork is 
determined by the aid of an accurate ohronographio recorder tuned in unison 
with the fork, which also records signals from a standard clock at intervals of 
one second. The surface tension is calculated from equation (89): 

2 % ■. ' 47^2 

where T is the surface tension of the liquid, p its density, X the wave-length ol 
the ripples, and n the frequency of the fork. 


SSm 


31. StaMlity of a Cylindrical Film. 

It is required to show that a circular cylinder of liquid, or a circularly 
cylindrical film, in equilibrium under the action of surface tension 
begins to be unstable when the wave-length of a disturbance imposed 
upon it exceeds the circumference (A > 27ra). 

We neglect the weight, and assume that initially the liquid (fig. 42) 
is in the form of a circifiar cylinder of radius a. Let its surface undergo 
a periodic disturbance such that the radius of the disturbed cylinder 
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Mot then the fluid inside tends to flow baclr fa fha ilr.a4.'* 

thus restoring the initial shape of the film. The^Sxcess 
Ae eternal pressure at any point inside the film is T(l/R + 

One of these radu of curvature is v itsplf (7^ cqtt\ t-p 

is smaU, then ^ ^iiat 




JT+I^Jy ^ ^approximately. 


How 


Hence 



JC » - 

such as Y, 




i + i 
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We now attempt to find an expression for the wave-length of a jet 
of liquid, using the method of dimensions. The symbol S is used 
here for surface tension to avoid confusion with T, representing time. 
The study of liquid jets gives useful information about the surface 
tension of the liquid. When a jet of liquid emerges horizontally from 
an orifice under pressure, its surface shows peculiar recurrent forms. 
This phenomenon is partly due to surface tension. Under ordinary 
conditions the motion of the liquid is “ steady ” in the hydrodynamical 
sense, that is, the velocity at any point remains constant and the 
surface of the jet is fixed in space, though made up of moving drops. 
The distance between consecutive corresponding points of the recurrent 
figure may be called the wave-length A. It is the distance described 
by the stream during one complete vibration. When the shape of the 
orifice is given, the wave-length of the jet may be regarded as a function 
of 8, the surface tension, p the density of the liquid, A the area of 
the orifice, and P the pressure at which the jet emerges. Viscosity 
is assumed to play only an unimportant part. The direct analyti- 
cal determination of A in terms of jS, p, A, and P is laborious in the 
general case, but the method of dimensions gives a certain amount of 
information about A. 

Assume that A == a constant X S^p^A^P\ where v, w, x and are 
to be found. The dimensions of /S are those of force per unit length, 
Le. 
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Those of p are mass per imit volume, hence 

p = ML~^; 

A = L\ 

P == force/area == MLF-^ . £-2 — ML-^T-\ 
A = constant X 8^p'°A^py, 

i.e. D- ==: ^ 

Whence 

0 

■ 32 ^ -j- 2 ic — • y =: 1 

— 2'e; — 2y ==: 0, on comparing indices. 

Solving for m>, a; and in terms of v, we get 

— tj 

w? = 0 

^ ^ ♦ 
and 
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A = constant x 

which may be written in the form 

A = constant x A^{SA-^P-'^)\ 

Thus v is undetermined. 

We may write 


A=^* X afunctionof (/S'4-}p~i). ^ ^ ^92j 


33 . of SortoM Tonoioo I,, noom of J.fe, 

of sSfcitS® meosurcmSfa 

woTo-la^ A of fto oT “f tte 

and certain constants of the Ti ^ velocity of the jet. 

Bota. fa Sfi by Eayleigh 

section of the jet is smaU compared wiY^ A 7? ^ f- wave form of the 
and Stocker have carried out exneriTYien+o’ , Pedersen, Bohr 

these expressions. ^ measure * T, based on 


^We 


now revert to the 


nse of y to represent surface tension. 
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Stocher's Method ,"^' — The full expression for the surface tension T 
of a liquid in the form of a jet emerging in a horizontal direction 
from an orifice is 

47rW(pi + /)2)(l + ) 


A2 6+ 10 


?)’+ 2.5 (=)*)■ 


Here c is the velocity of emergence, A the wave-length, pi and pg 
are the densities of the liquid and of the surrounding air respectively, 

and ■ 


^ ^max “h ^min 

where ^min "the maximum and minimum radii of the sections 

of the jet (fig. 43 ), and 

« = 2(»‘ma,x + J-mto) ( 1 - S (?yi- 


Stocker’s experiments are devoted to the \ / 

measurement of the various quantities on the | / 

right-hand side of equation (93). In Mb case j I 

the liquids are transparent, e.g. water and / \ 

aqueous solutions, and flow out of an elliptical / \ 

aperture in the end of a piece of thermometer / \ 

tubing of elliptical bore. The jet is so arranged ^ \ 

that its two perpendicular planes of symmetry S S__^ _ \ jg 

are horizontal and vertical respectively. The \ 

steady pressure is provided by a column of ^ w 

water about one metre high. \ / 

To obtain X, the jet itself is made to serve V / \ 

as an optical system forming an image of an \ / \ 

infinitely distant point-source of light, situated I [ A \ 
in the horizontal plane of symmetry of the J \ \ 

jet. In practice a horizontal parallel beam / \ \ 

of light, travelling at right angles to the axis / \ \ 

of the jet, is refracted by it (fig. 43). \ 

Rays passing through such sections as \ 

or where the horizontal width of the ^ 

jet has a maximum value, give rise to real ^ \ 

images at B, Bp &c., which have the form \ } \ 

of narrow vertical bright lines. 2?Io such real \ / 

images are formed at other places. As the jet \ / 

gets farther from the aperture, internal friction / 

causes its sectional profile to become flatter, 
is less than and the image Rj is 

farther away from the axis of the jet than R. The photographic plate of a 
camera is inclined so as to give clear images of R, Bp and other focal lines. 
Up to eight such sharp images can he obtained on a single plate. The distance 


(FlOSj 


* Stocker, ^eits.f. phys, Yol. 94, p. 149 (1920). 
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m^surecl on the plate, and it is easy to calculate X= BB, cos© sinco m 
IS ea«iy obtamed. In a certain case, BB^ = 5-89 mm., 9 = 27“-78 x 

Ihe velocity c of tbe jet is obtained by measuring the volume of liquid 6 
emerging per second and then using the formula c = where r fa the 

radius. To obtam Q, an electromagnetic device fa arranged so that the iet is 
permitt^ to pass through an aperture in a circular disc for a known period ^ 
time and is then out off shaiply by the rotation of the disc throu^ part of f 
revolution. Di^g the tune when flow fa permitted, the liquid passin|fa LuLtlh 
It IS then weighed. Q = W/p^t, where IT fa the mass ii grammes couStl 
thTfat^ greatest and least diamete^ of 

This method is not suitable for an opaque liquid like mercury. 

Comparison of Various Methods of Measuring Surface 

(i) Capilhry Rise Method.— Thk method, as originally carried 
out, has ^e folWg disadvantages. (1) The angle of contact of the 
hqmd and tube, (2) the mternal radius of the tube at a distance from 
the end, and (3) the temperature of the meniscus, are required It is 

?4f S ZIT". • f ^ W Mgh degree of precision. 

( ) The e^eriment IS static and contamination inside the tube is 
not improbable. (6) According to Dorsey, the cleaning of a smaU 
tabe IS not easy. (6) A correction for the curvature of the liquid in 
the reservoir is reqimed. Recent modifications of the original method 
elimmate some of these diffiimlties, but not others. Sugden’s Sod 
escnbed m I 11, p. 115, ehminates the reservoir correction (6) but 
retams (2), (3) and (5), even when the angle of contact may be 
taken as aero. Fergusons modification (p. 117) enables the surfaL 

pSom ^ ^ ^ measured with 

(n) Sessile Dr^ afid BtMle Method.-TheoTeHoaUy, this method 
wo^d seem free from objections, except that the drops have to stand 
while measurements are bemg made, and the film runs a certain risk 
of contaation. In addition, to avoid the introduction of the aSe 
of contact, It is necessary to measure the distance from the plane^of 
maximim diameter to the vertex. Measurements of this (mantity 
appear to involve errors of several per cent (lenard). To get accurate 

approximations rather far A fair 
amoimt of hqmd is required. The method is convenient for the deL- 
mmation of the surface temon of molten metals near the melting poLt 
(m) MaMmum Bubble Pressure Method (Jdger’s Method)— TM^ 
method, as r^ed by Sugden, has the following Advantages m It S 

m?as^rd''^2mefpV^ exphcitly, i.e. that an|le nLd not be 

measured. (2) The mtemal radius of the tube has only to be measured 
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at tlie end, where it is easily accessible. (3) Temperature control is good; 
the bubbles are formed in the middle of a body of liquid of known 
temperature. (4) Contamination is avoided by continual renewal 
of the surface involved. (5) A large quantity of liquid is not 
required. 

The theory assumes ( 1 ) that static conditions exist, ( 2 ) that the 
internal circumference of the tube on which the bubble forms is circular 
and horizontal. Dorsey asserts that no attempt has been made to 
determine how far these conditions may be departed from without 
introducing appreciable errors. 

(4) Ring Method . — The ring method has the advantages of rapidity 
and facility and, as applied by Harkins and his collaborators, great 
accuracy. It is becoming increasingly important in applied physics. 

35. Temperature Relations of Surface Tension. 

In considering the way in which the surface tension of a liquid is 
affected by temperature changes, we must distinguish between 
associated and unassociated ’’ liquids. An unassociated liquid 
is one which contains nothing but individual molecules of that liquid, 
so that if the molecules were further subdivided, the chemical nature 
of the liquid would be changed. An associated liquid contains groups 
consisting of individual molecules attached to one another, each 
group acting like a molecule of another species. There is evidence 
that at ordhaary temperatures water contains groups consisting of 
two HgO molecules, in addition to single H 2 O molecules. In these 
circumstances water is an associated liquid. At ordinary temperatures 
benzene and carbon tetrachloride are unassociated. There is evidence 
that, as might be expected, the groups of an associated liquid break 
up as the temperature rises. 

The surface tension of unassociated liquids decreases as the tem- 
perature rises. The changes may be represented over a wide range of 
temperature by Ferguson’s empirical formula, 

2’=2’o(l-^)V ... . . (94) 

where T is the surface tension of a liquid in contact with its own vapour, 
6 the absolute temperature, df. the critical temperature of that liquid 
(in the sense of Aniews * ), Tq a constant, and n a constant for a single 
liquid, but varying slightly from liquid to liquid. The mean value of n, 
is about 1 “ 2 . 

Equation (94) is equivalent to one given by Van der Waals. From 
it we can deduce directly that the surface tension of an unassociated 


See Roberts, Emt and ThermodynamiGS, p. 87. 
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liquid is zero at the critical temperature. By differentiation. 



Edtms' Law, — Tlie variation of surface tension of both associated 
and unassociated liquids witb temperature is represented by an equa- 
tion, due in a simple form to E5tv6s, but corrected by Ramsay and 
Shields, namely, 

T{Mm)^:=K{ec-0-d), . , , . (96) 

where T is the surface tension at 6^ absolute; ^ is a constant term 
introduced by Ramsay and Shields, which has a value between 6 and 
8 for most liquids; is the critical temperature; a? is a number called 
the coefficient of association of the liquid at 0, equal to the effective 
molecular weight of the associated liquid divided by the molecular 
weight of an imassociated liquid with the same molecules; and K is 
a constant which is approximately equal to 2*12 for associated liquids 
and has a mean value of 2*22 for unassociated liquids, for which, of 
course, a; = 1. M is the molecular weight of the unassociated liquid 
and V its specific volume. 

From this law it follows that the surface tension is zero when 
6q — rf, that is, at a temperature a few degrees below the critical 
temperature. According to Callendar, water has a critical temperature 
of 653° absolute, but its surface tension vanishes near 647° absolute. 

36. Thermodynamics of a Film. 

To understand this section some knowledge of thermodynamic 
formulae and the use of perfect differentials is required.'^ Let an ele- 
mentary quantity of heat dH be given to a portion of a film of liquid 
which has the surface tension T, Some of the energy is used in in- 
creasing the internal energy XJ by dU, and some in performing external 
work dW, By the first law of thermodynamics, 

dH^dV + dW, 

Now the external work dW done hy the film as the result of the addition 
of heat is —TdA^ where dA is the increase in area. For when a film 
is stretched by dA^ work A'TdA, which is numerically positive, is done 
on the film by the operator, that is, —TdA is done by the film. Hence 


dE^dV--TdA, . . .... (97) 
By the second law of thermodynanoics, 

dH = ddf, (98) 


* For a detailed exposition see Roberts, Emt and Thermodynamics, Chaps. XII and 
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where is the increase in, entropy, if we suppose the heat to have 
been used up in performing reversible processes only. Now ZJ, 0 and 
^ may be regarded as functions of any pair of variables connected 
with the film which we care to select, and hence U — 6(f)^ F, say, 
is also a function of any pair of variables. Differentiate F, Then 

dF = dU — 6d(f> — (j)dd ^ TdA — (f>dd. . , ( 99 ) 

Since dF is a perfect differential of F with respect to A and 0, it 
follows from equation (99) that 

Pl\ 

const. W 


) 


e const. 


( 100 ) 


Since = dlljQ, 



. . ( 101 ) 


Physically, this equation means that when a film is stretched iso- 
thermally, heat must be added to keep the temperature constant, and 
this heat, reckoned per unit increase in area, is equal to the product 
of the absolute temperature and the temperature coefficient of surface 
tension, with its sign changed. The product, with the sign changed, 
is numerically positive. Now when the area of a film is increased iso- 
thermally by 1 sq. cm., work equal to T ergs is required to perform 
the stretchmg, and energy equal to -~d{dTjdd)j^ must be supplied 
to keep the temperature constant. We may suppose that both these 
amounts of energy are contained in the new portion of film, 1 sq. cm. 
in area. The total energy in that 1 sq. cm., as far as surface tension 
is concerned, is say, and is equal to 




(102) 


Every square centimetre of a large film may be supposed to be produced 
by stretching, starting from a film of negligible area. Hence Ui = 
T ~~ 0(3r/30)^ const, is the total surface energy per square centimetre 
of a film of any size. T, the surface tension, is called the free ” or 
available ’’ energy and —0(3r/90)^ const, d® called the “bound’’ 
energy. In the case of water at 15° C., T is approximately 74 dynes 
per cm., and const, is approximately +43 dynes per cm. 

The second term is important. (On pp. 100 and 136, we neglected it, 
thereby assuming that the energy it represents is taken by the film 
from its surroundings, to maintain a constant temperature.) 

When a film, like a soap film in an ordinary soap bubble, has two 
faces, the total energy has the form 

J- • • • 
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37, Belatioas eonneetmg Surface Tension and Other Quantities. 

(1) Madeod's Relation , — large number of non-associated sub- 
stances, with a wide range of cbemical properties, obey tbe empirical 
law 

T^K{p,^p,f . . . . . ( 104 ) 

over a wide range of temperature. Here T is tbe surface tension, E 
is a constant for a given substance, and pj, p^ are tbe densities of 
a liquid and its saturated vapour at tbe temperature at wbicb T is 
measured. 

(2) Bugderds Parachor , — ^Bven more important than Maoleod’s 
relation is that of Sugden, namely, 

MT^ 

= a constant, «... (105) 

Pi - P2 


where T, pi and pg previous meamngs and M is tbe atomic 

weight of certain elements or tbe molecular weight of certain molecules 
or groups of molecules. Tbe constant is called tbe parachor of tbe 
particular atom, molecule or group concerned, and is proportional to 
the molecular volume. The constancy is maintained (1) dming tem- 
perature variations of a single substance, (2) when tbe atom, molecule 
or group concerned is transferred from one compound to another. 
For example, atomic hydrogen, represented by H, has tbe same para- 
cbor, 17T, in a large number of compounds. For substances wbicb 
are saturated in tbe chemical sense, tbe paracbor is an additive function. 
Thus, as we proceed along tbe paraffin series, tbe paracbor of the whole 
substance changes by about 39*0 when tbe group CHg is added, that 
is, tbe paracbor of the group OHg is 39»0. The paracbor of molecular 
hydrogen, Hg, is obtained by subtracting ^ times tbe paracbor of 
CHg from tbe paracbor of a paraffin with the formula CJl 2 n^ 2 > and has 
tbe value 34*2. For a large number of compounds it has been found 


MT^ 


can also be 


that the paracbor derived from tbe expression . 

iPi P 2 ) 

calculated by adding together two sets of constants, one for tbe para- 
cbors of tbe atoms in tbe molecule, tbe other for tbe constitutional 
influences of unsaturation and ring closure. Thus constitutional 
factors such as double bonds, triple bonds, and rings have a definite 
paracbor wbicb is independent of tbe atoms or groups concerned. For 
example, a double bond has tbe same paracbor when it exists between 
0 and C, 0 and 0, or N and 0. Provided tbe bonds of a six- 
membered, ring remain constant, tbe total paracbor of tbe bonds 
remains constant, even though tbe identity of tbe groups changes. 



Vll] THEORIES OF CAPILLARITY- iS9 

38. Molecular and Other Theories of Capillarity. 

From time to time attempts have been made to explain capillary 
phenomena in terms of some fundamental property of matter, e.g. 
a law of force between particles, without introducing arbitrary ac? hoe 
hypotheses. One of the most celebrated is that of Laplace, a brief 
account of which will be given here. 

(I) Laj)laGe's Theory , — It is assumed that every particle of matter 
in the universe attracts every other particle with a force which is 
some function of the distance apart. The precise value of this force 



Fig. 44 


is not stated, but it is assumed that when the distance apart exceeds 
a certain limiting value, called the range of molecular action, the value 
of the force becomes negligibly smaU and is reckoned as zero. 

Attraction of a Sphere on a Cylinder resting on iiJ.—Consider the 
attraction of a sphere of matter of density p on a cylinder of the 
same matter resting upon its surface as in fig. 44. 

Let the cylinder have a cross-section of area 1 sq. cm., and let 
its height be (A — fi) cm. = A'. In particular, consider the attraction 
between an element of matter, of volume r^ mxddrddd^^ txq&i the 
point P, and an element of the vertical cylinder near the point Q, 
Assume the law of force to be such that particles, each of unit mass, 
whose distance apart is x cm., exert a force on one another, in the 
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direction of mcreasing of value ~dV^{x)ldx dynes, or, in other 
words, that the potential at a point a; cm. from unit mass has the 
value + Fi(;r). Let PQ==x cm. and let OQ = z cm. The potential 
energy of mut mass at Q, due to the element of volume miOda-ddddi 
near P is therefore smedrdedcl>. The total potential 

energy F of umt mass at Q due to the whole sphere is 

/»2 t 


sinddo. 


From the figure, + 2zr cos 6, and hence is a function 

of both r and 0. Treating 2 and r as constants, we have, by differen- 
^ation, xdx ~ zr smddj and since during the integration with respect 

theVlnT^/ r® constant, we may substitute for sinddd 

the value xdxjzr and rearrange the expression for V, as follows: 

V==+pJ^ d4j^ ^f^_^V,ix)xdx. . . ( 106 ) 

Suerwtif /9 - z+ra.ndz- r, because a: has these 

aiues wJien d ^ tt and ^ = 0 respectively. Further, 


Hence 


Let 


p2Tr 

I d<j) ;= 277. 


^00 

/ Fi(a!)a;daj = 
*'a 




( 107 ) 


where ^ is any lower limit, and let f\ix)xdx= 7,ix}. Assume 

that when a: exceeds a certain limitingValue c, the potential ener^v 

svn!bols“F?rf^%°'’ proximity vanishes. S 

symbols, Vj^(x) = 0 when x>c. In this case VJx) ~ 0 wb^n ^ ^ 

^eTrM great that 2 + r Is a Ws 

0 . Then ^ ^ sometimes greater than c, sometimes less thL 


,• y ■ ■ ■ 

smce 2 : + r and 00 are both above the limiting value c. Hence 
X-r — r), 
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by (107), and 

. . . (108) 

The force on unit mass at Q acting towards 0 is -^dVIdz. The force 
on an element of the cylinder, of height of cross-section 1 sq. cm., 
and of mass p is 


I ^ 


(109) 


acting towards 0. 

The total force F acting on the whole cylinder of height A — i2, 
say, is 


rov , 

X 57 <’* 






ii: 


V^{R — r)rdr _ 

It *4 A 


FaCi?— • r)rdr — V^Ji -- r)TdT^. 


In the second integral (A — r) occurs. Now (A r) ^ (A — R). Assume 
that the cylinder has a finite length A — i2, which exceeds the range of 
molecular action c. Then ¥^{11 — f) = 0, because (A — r) ^ (A — R) > c, 
and the second integral is zero. Hence 

Put R — r= 8. 

£'=—^f\{s){R-s)ds 

2rrp^f\is)ds~^-^f\(s}sds, 
which may be written 

F=E-^. ...... ( 110 ) 

In. an analogous manner it may be proved that on a similar internal 
cylinder the force of attraction is 

#' = £:+ 1. 


. . (Ill) 
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OowTOfiWfe.— (!) When jf? is infimte, 

F = Kji^^ aa.y, , , . . . , ( 112 ) 


Hence the expression denoted by Kas is the attractive force per unit area 
exerted by a substance with a plane surface on a cylinder with unit area of cross- 
section resting on it, outside or inside. Taking a special case, we see that if a 
plane is drawn through a point in the interior of a large mass of liquid, the 
attractive force which the liquid on one side of the plane exerts on that on the 
other side is Kco dynes per sq. cm. Since the whole liquid, or any cylinder of it, 
is in equilibrium, it may be assumed that a repulsive force exists as well as an 
attraction, and this repulsion also amounts to Kao dynes per sq. cm. An externally 
applied pressure acts in addition to these forces. In tMs connexion, Kao is often 
called the “ intrinsic pressure ” of the liquid. Kao has also several other meanings. 
It is approximately equal to the internal latent heat of evaporation per unit 
volume of liquid. Further, the term ajv^ in Van der Waals’ equation of state, 
(p + ajv^){v — 6) — Kid, is also equal * to Kao^ Kao is also the ‘‘ tensile 
strength ” of a liquid, i.e, the force per sq. cm. required to pull apart a column 
of Kquid, free from bubbles and dissolved gases. For liquids at ordhiary tempera- 
tures, Kao has a very high value. For water Kao = 1*06 X dynes per sq. 
cm. approximately. 

(2) Except when B c, K = Ka,, Hence when > o we may regard H/B m 
the repulsive force introduced by the curvature of the surface, or as the attractive 
force exerted when the plano-concave lens-shaped portion of space L between the 
sphere and the tangent plane BB is filled with liquid. In § 23, p. 136, it has 
been shown that from another point of view, namely, the assumption of the 
existence of a surface film with a surface tension T, the interior of a sphere of 
liquid may be supposed to possess an excess pressure with respect to its sur- 
roundings, equal to 2T/B. Comparing the two points of view and the expressions 
derived from them, we see that 2T/B is equivalent to E/B, i.e. T = l-fiT or 

T^Tzp^J V2{s)sd$ (113) 

(3) If the sphere is composed of a substance of density and the cylinder of 
density pj, it is clear that the factor p% in the various expressions, must be 
replaced by p^pg. This applies to the case of a liquid in contact with its own 
vapour. 

Galculation of a Lower Limit for the Bange of Molecular Action (Young). — By 
equation (113), the surface tension T may be written as 

T = Tcp2 f V2{s)sds, ....... (114) 

where ^ = J? — r, a length. 

Although s may have any value between 0 and B, yet if it exceeds c, F 2 ( 5 } = 0, 
by an earlier assumption. AU the values of s which do not make V 2 {s) zero lie 
between 0 and c, and in this region c > 5. Hence the expression 

TTp^ / V2{s)cd8 

Jo 

is always greater than 

np^ I V2(s)sds, 

' Jo 


* See p. 163. (Bi is the gas constant.) 
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Hence Is always less tlian / 73(5)0 that is, 

T<7vg^cf Vz{s)ds, 

Jq 

since c is a constant. 

Now 2Tcp2 / V2(s)ds is the Z„ of equation (112). Hence 
Jq 

T<iE^c 

and 

2 T 


163 


c> 


jK^qo 


(115) 


1 

P+Ka, 


Hence 2TIKai is the lower limit of c, and this may be calculated by substituting 
numerical values of T and K derived from experiment or theory. For water 
the lower limit works out at about 6 X 10"”^ cm. 

(4) From equation (112) we see that on every square 
centimetre of the surface of a fluid with a plane boundary 
there is a force directed towards the interior along the 
normal, of value Eoo, which can be written in the form 

ap®, where a= 27 : 73(5) This force is due to the 

attraction of the rest of the fluid. Now, to an external 
observer, the fluid is exerting an outward pressure _p, 
say, which is measurable, that is, there must be an 
externally applied pressure p to keep the fluid in place. 

This pressure is applied at the boundary. A cylinder of 
unit area, such as is shown in fig. 45, with one end in 
the surface and the other in the interior of the fluid, is 
in equilibrium. On the outer face there is a total force 
^ + A'oo directed inwards. Hence on the inner face the 
pressure P = jp -f iToo. This accounts for the term a/v^ in Van der Waals’ equation 
of state of a fluid, 


Fig. 45 


(p+^yv-b)=,BA 


for the Aoo of the present section is ap®, which can be written a where v 
is the specific volume. 

(II) Van der Waals^ Theory,— In Laplace’s original tlieory the 
precise forms of the functions Fi(a;) and V^{x) are not stated. In an 
extension of the theory by Van der Waals, it is assumed that 


Y^{x). 




X 


(116) 


where 4 and A are constants; A is called the radius of the sphere of 
molectilar action. Hence in this case 

FaCa;) = /* V-y{x)xdx . . ... (117) 

= -4Ae-*/\ 


'.164' ' ' CAPILLARITY' ■ . ' ■ [CHAp/m 

'Also ■■ 

■ /C = ^ 27 rpUX^ , and Ha. = • ( 118 ) 

Some of tlie points in tlie theory from which these expressions are 
deduced are siimmarked below. 

Lapiace^s theory and other theories are incomplete in various ways. For 
example, attractive forces between molecules, particles, or volume elements are 
not the only forces in operation inside a fluid. There are repulsive forces, for 
example, (a) those which arise when an attempt is made to superpose one particle 
on another, and (h) those due to the thermal agitation of the molecules. Further, 
the equilibrium of a fluid is determined by its ‘‘ free ” or “ available energy, 
not by the total potential energy of the attractive forces. Finally, the density 
of a fluid is not constant throughout its whole mass. 

Van der Waals takes some of these points into consideration. Instead of 
assuming that the boundary between a liquid and its vapour is merely a geometri- 
cal surface, Van der Waals assumes that a transition layer exists, in which the 
properties of the substance change continuously but rapidly from those of a 
liquid to those of a vapour. He divides the transition layer into a large number 
of extremely thin sheets, each of which possesses a certain density, differing 
infinitely little from that of its neighbours. By means of this model he calculates 
the potential energy of unit mass at any point in the transition layer, and hence 
the total energy per sq. cm. of that layer, its free energy per sq. cm., its thermo- 
dynamic potentials, its surface tension, and certain critical data. All this leads 
to the expressions in equations (116), (117) and (118), but the full details 
cannot be given here. 

Bakker, in contrast to Van der Waals, assumes the existence of a transition 
layer between liquid and vapour, in which the density varies continuously accord- 
ing to the isothermal law obtained by making the temperature constant in Van 
der Waals* well-known equation of state. He then deduces the total energy 
in the film, &o., in a similar manner to Van der Waals. 


Eefekexoes 

Ewald, Poschl and Prandtl, The Physics of Solids and Fluids (Blaokie). 
Lord Rayleigh, Scientific Papers. 

Bouasse, Gapillanti {\%24:). 

Dorsey, Scientific Papers of the Bureau of Standards^ Vol. 21, p. 568, 
(1926-27). 

Ferguson, Vol. 24, p. 120 (1929-30). 

Bakker, Handbuch der Experimentalphysih, Vol. VI (192$), 


CHAPTEE Vin 


T 



Surface Films 

1. Surface Films of Insoluble Substances. 

A surface film of a substance ^ on a liquid B in wMcb it is in- 
soluble is usually obtained by dissolving a small quantity of ^ in 
some volatile solvent G, and then dropping a little of tbe solution 
from a pipette on to the surface of B, When the whole of G has evapo- 
rated, a surface film of A remains on B. For example, A may be a 
fatty acid, B water, and C benzene. Four types of such films have been 
found to exist. 

In order to describe the properties of the films, N. K. Adam and 
other authorities use the concept of surface pressure, derived by analogy 
from the kinetic theory of gases. The films are nearly all only one 
molecule thick, and each molecule of a film, or assemblage of molecules, 
moves about in a two-dimensional region, colliding with other molecules 
and with the boundaries of the surface. The momentum imparted to 
the boundaries per cm. per second may be regarded as a force per 
cm. length exerted ‘'^outwards’’ by the film. This is the so-called 
surface pressure of the film. This force per cm. may also be regarded 
as the difference of the surface tensions of the pure solvent and of the 
solvent covered by the surface film, and is due to the presence of the 
film. In symbols, the pressure P = where and Pg 

the respective surface tensions of the two liquids. Further, if the 
solution changes in strength, dP==“ “-dP25 since is constant. A 
method of measuring this force is given later (p. 169). 

(i) Gaseous films. 

The first of the four types of film to be discussed is the so-called 
gaseous film, in which single molecules of the substance move about 
independently. In a perfect gaseous film the lateral attractions of 
the molecules on one another would be zero and in actual practice 
they are small. The molecules have properties analogous to those of 
molecules in a rarefied gas or of molecules of a solute in a dilute solution. 
They exert a pressure by bombardment of the boundaries. The dimen- 
sions of the film pressure are those of force per cm., whereas both the 
pressure of a gas and the osmotic pressure of a solution have the 

, i66 ■ 
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dimensions of force per sq. cm. Tte molecules of sucE a 'film are pre- 
vented from emerging normally from tlie surface, that is, from evapora- 
tion, by the attraction exerted upon tbem by tbe molecules of tbe 
subjacent liquid; tHs, however, is not very great, or the film would 
dissolve. For example, in the case when films of alcohols or fatty acids 
float on water, this attraction is due to end groups such as OH or COOH, 
which are termed hydrophilic. 

It is convenient to exhibit the properties of these films by graphs (fig, 1) 
in which the abscissa is the pressure in dynes per cm. and the ordinate the 
product of pressure and area per molecule, the temperature being constant. If the 
film were perfect, in the sense that a perfect gas is perfect, the product FA would 

bo constant at constant temperature. 
In practice, e.g. for films of certain 
esters of the dibasic acids on water, 
which approach most nearly to the 
perfect state, the FA F graph starts, 
for temperatures near 18® C. and for 
P = 0, at a point where FA is about 
400 X 10”“^® dynes-cm., which is the 
value for a perfect gaseous film at that 
temperature. The graph then descends 
a little, but soon bends upwards and 
continues almost as a straight line, like 
the PF — P graph for real gases. 

The value of the product FA for a 
perfect gaseous film ma}’’ be calculated 
as follows. By the theorem of equi- 
partition of energy,* we may assign to 
every molecule of the film a kSietic 
energy of ergs per degree of 
freedom, where h is Boltzmann’s con- 
stant, 1*372 X If we assign two 

degrees of freedom to each molecule, since it can only move in two directions, 
fche kinetic energy per molecule is 1*372 X X 0 ergs. As in the elementary 
kinetic theory of gases, but replacing PF by PA, we get FA = 1*372 X 10^® X 6, 
where A is the area per molecule in sq. cm. At a temperature of 18® C. 
(=291® K.), PA = 399*2 X 10-16 ergs. 

It is probable that in the gaseous films of long-chain molecules, 
these molecules lie with, their longest dimension more or less parallel 
to the surface. The characteristic features of a gaseous fi l m are that 
its surface pressure remains continuous down to very low values at 
very large areas and that the value of the pressure is still given by 
P4==/cd, when P is very small. 

{n)Oondensedor^^eoherent^^ films. 

This type of film, which is much more common than the last, is 
composed of groups or islands ” of molecules adhering to one another 
but separated by relatively large areas. Like the gaseous film, this 
kind of film is only one molecule thick. Individual molecules leave 
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Fig. I 


See Jeans, Dynamical Theory of Gases ^ sections 99 and 100. 
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the islands at rare intervals. The surface pressure exerted by the film 
on the boundaries is due to bombardment by islands, not by individual 
molecules. 

Fig. 2 shows two graphs, in which the abscissa is the area per molecule and the 
ordinate the surface pressure, for two types of condensed film. Graph I represents 
the behaviour of a film of a fatty acid on old distilled water. For most of its 
length it is a steeply-inclined straight line, with a short rounded part at the 
lower end due to certain experimental errors. The straight part when produced 
meets the horizontal axis where = 20*5 X 10“^® sq. cm. per molecule. It is 
probable that in such cases the cross-sections of the end groups of the long- 



Areaspermol, 

■ .'Fig. 2 

chain compounds afifect the closeness of the packing. If the end groups have 
large volumes under low pressures, they will prevent the chains from packing 
tightly together; but if the end groups are compressible or can be “ tucked 
away into recesses in the chains of neighbouring molecules, inoreasmg pressure 
will produce changes in area such as are represented by the less steep part of 
graph n. 

Pursuing tbe analogy between the bebaviour of surface films and 
that of any working substance undergoing pressure and volume changes, 
we now see that the condensed films are analogous to liquids. The 
passage of a condensed film into a gaseous one Is analogous to the 
passage of a working substance from the liquid state to the gaseous 
state. Such changes take place at very low surface pressures, namely, 
pressures not greater than 0*3 dynes per cm. 


t68 


SURFACE' FILMS 


[Chap. 

For films of fatty acids on water, the graphs connecting pressure and area 
show just the same features as Andrews’ isothermals for carbon dioxide below 
the critical point, namely, an almost vertical straight part corresponding to the 
condensed film, a horizontal part representing the change of state at constant 
pressure, and a curved part representing the gaseous state. The curves for myristic 
and tridecyiio acids are shown in fig. 3. 

(iii) Expanded films. 

There are two types of film whose properties have no analogy with 
those of a three-dimensional working substance. Their properties are 



intermediate between those of the condensed (liquid) and gaseous films. 
They are called ‘‘ liquid expanded and vapour expanded ’’ films 
respectively. The characteristic features of the liquid expanded films 
are that their area per molecxde approaches a constant value when 
the pressure becomes very low, and that they then have a constant 
surface pressure. 

An example of a P — A graph for such a film is shown in fig. 4. LM represents 
the state at very low pressures. LN represents the film m the Mquid expanded 
state. NOQ represents the gradual change from the liquid expanded to the 
condensed state. Films of myristic acid on dilute hydrochloric acid show such 
properties at temperatures near 10° 0. 

The characteristic feature of vapour expanded films is a gradual 
expansion, but not to a limiting area or surface pressure. This behaviour 


* See Beat and Thermodynamics^ p. 87. 
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is siown by of ethyl palmitate on a dilute acid. The precise 
arrangement of the molecules in these films is still unlmown. ^ 

f representiug the behaviour of a vapour expanded film is 
■^11® '^1 j^ndensed Stcde 


> Pt. of Expansion. 


Liquid Expanded 
/ StaJte^ 

Cm l 


Vapour/ 
Expanded State 


2 . Measurement of Surface Pressures and Areas. 

most sensitive method used is one devised by Langmuir and imnroved 

and flat on top. ‘ The hqSd in iheTo^? k dL^^rf^rfa 'fiL'" ^f^y 



*aving barriOTs”i^. strips of plate glass, over the Hquid surface to “scrape” 
are cited tops of the edges of the trough 

».«) » P»™‘.SaCf^s?pa.'£t3L;“‘ 
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free at tlie otlier end, are used. Thte position of the float is indicated by a kind 
of optical lever; any movement of the float causes the rotation of a small plane 
mirror F and hence of a beam of light reflected from it. When a measurement 
of pressure is made, a force equal to the total thrust of the film on the float is 
applied to the float in the opposite direction. This force is the forward-acting 
tension of a fine silver wire attached to the float, and the beam of light is thus 
kept in the equilibrium position. The tension is applied by twisting a horizontal 
torsion wire MM of phosphor bronze. A suitable framework supported in- 
dependently above the trough links this torsion wire to the silver wire which 
applies the tension to the float. The readings of the torsion head are calibrated 
by hanging weights on an arm QJS of the framework, so that the moment of a 
weight about the axis of the torsion wire is easily calculated from the dimensions 
of the framework. To every reading of the torsion head 9 there corresponds a 
definite moment mga. The effective length of the float is taken as its full actual 
length plus half the width of each gap blocked by the platinum ribbons, and 
the thrust on it by the film is equal to the “ pressure ” multiplied by this effective 
length. Again, this thrust multiplied by the effective length of the “ arm ” linking 
the silver tension wire to the torsion wire gives the moment of the thrust about 
the axis of the torsion wire. When the float is in its equilibrium position under 
the two forces, 

mga^ = PZag, 

where mga^ is the moment of the forces corresponding to the actual torsion-head 
deflection 9 required to keep the float in its equilibrium position, P is the film 
pressure to be measured, I is the effective length of the float, and ag is the arm 
or perpendicular from the axis of the torsion wire to the line of action of the 
resultant thrust of the film. The area of the film is the area of the rectangle 
between the float and the next barrier. 

An apparatus of this kind will measure pressures down to 0*01 dynes per cm. 
After the area is altered by moving a barrier it is necessary to make quick readings 
in order to avoid contamination, especially at very low surface pressures. 

3. Surface Films of Solutions. 

The state of concentration of the surface film of a solution is usually 
different from that of tlie general body of tbe liquid. In fact, the 
concentration in the film is governed by the general law that a me- 
chanical system free to move will reach a state of equilibrium in which 
the potential energy has a minimum value. In particular, it is the 
free surface energy, not the total energy, which has a miniTunm value. 
By the reasoning in Chapter VII, section 36 (p. 157), we see that tht 
surface tension is, strictly speaking, equal to the free surface energy. 

In a system consisting of two components, e.g. a solvent ^ and a 
solute 5, the surface film is richer in that component which reduces 
the free surface energy to a minimum. The general name of adsorption 
is given to the alteration of concentration of a component in the 
surface film of a liquid, produced by any cause. The terms positive 
adsorption and negative adsorption are used to indicate the increase 
and decrease of concentration of a component. 
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4. Gibbs’s Adsorption Formula. 

fj, ^ system consisting of one solvent and one solute T et 

gT^,Swiie%*! ‘'f ■’ temperature 6, tie total entr^y 

of tfe sSiSn^rtn internal ener^ 

ft,?® smrf^e film) U ergs, and the surfaS 

dynes/sq. Apply tie fat and «cond lawaTSeSZ^^I 

extern and let it be ™ed i 

dH=dTJ + pdv-TdA, ..... (1) 

represent the contributions to the external 
ork done by the working substance. By tbe second law if all the 
energy is used m performing reversible processes only, 

Hence dH=0d^ (2) 


dH = 6d(j). . . 

dU = 6d<f) — pdv -f TdA. 


^ ~ U — 6<l, pv. 

Differentiation gives 

d^ = dV~ed<f)— ^de + pdv + vd/p, . . (5^ 

and, by (3), 

d^ — ~4>dd -^ TdA vdp. .... (6) 
If the system is kept at constant temperatme, 

dd = 0 and = TdA + vdp. 

Now m is a perfect or total differential of O with resneot to «nv 

StltX ’ ^ V ae ptoiS‘o?.SJ 


X^P/AconsL 


* See Roberts, Heat and Thermod^TiamicSf p. 309. 
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Let the total volume v of solution (represented by LMNO m fiv. 7) 
contain n grammes of solute. Draw an arbitrary horizontal plane XF 

across the liquid very near the top, so as 
to cut off a portion LMYX ot negligible 
volume compared with LMNO. Call the 
portion LMYX, thus defined, the surface 
film. Let there be m grammes of solute in 
LMYX. We write this in the form m = Ax, 
where A is the area of the surface film 
perpendicular to the plane of the diagram. 
Defined in this way, and reckoned in 
grammes per sq. cm., the quantity a; is 
called the excess concentration in the 
. „ surface film, and has the dimensions of mass 

per umt area The concentration in grammes per c.c. of the rest of 
the solution, by the defimtion of concentration, is 



Fig. 7 


mass 

volume 


■ c, say, 
n — Ax 

volume XYNO ' 


Ax 


n - 


Ax 


v — -vo\.LMYX' 
since LMYX is small compared with v. Hence 


n — Ax 


( 8 ) 

feX (a), (a). “ (;)• 

pJ^^^whe?! is dilute and obeys van’t Hoff’s law, 

Tf^ _ universal gas constant ( g) 
molecular wt. of solute 
Then if 0 is constant, dp == and 

\WAoomt. .... (10) 

Comparing (9) and (10), we get 


c dT 
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This is tlie so-called Gibbses ' equation in a special form, 
general form of it is 


Rj^B 0a’ 


A more 
' ( 12 ) ■ 


where a is a more general quantity called the activity ’’ of the solute 
in the solution (and reduces to c in the special case). The x of 
equation (12) is the excess concentration in the case of a non-ionized 
solute. 


5. Gibbs’s Equation in the case of Ionized Solutes, (Theory of 
0. N. Lewis.) 

In contrast with the last case, we consider a solution in which the 
solute is ionized. We assume, as is often done, that on the suidace of 
such a solution there is an electric double layer, 
caused by the positive and negative ions. 

In this case the two faces of the surface film + -t- + + 4 - + -»- 
are charged with positive and negative electricity 
respectively, and form, in. effect, a charged electrical 
condenser (fig. 8). The film therefore possesses an 
additional feature, besides those postulated in the 
previous section. Let the total charge of each 
kind of electricity be Q e.s.u., in each case dis- 
tributed over A sq. cm., and let the potential 
difference between the faces of the film be F e.s.u. 

If an elementary quantity of heat dH is given to Fig. s 

the film only, an elementary charge +dQ passes 
across the film from the negative face to the positive. During this 
process the system has woik + VdQ ergs done upon it, that is, it does 
— VdQ ergs of work. As we are considering phenomena in the film 
only, the external work done by the osmotic pressure will be ignored 
in the following equation, which represents the first law of thermo- 
dynamics applied to the film: 

dH=:=dU--TdA~-VdQ. .... ( 13 ) 

If we assume that no heat is used in performing irreversible processes, 
the second law of thermodynamics gives 

dH = dd^. . (14) 

Hence 

dU=ed4> + TdA-i-ydQ. .... ( 15 ) 

For sTicli a film, tlie tfiermodynamic potential at constant electrical 
potential (instead of pressure) and temperature is 

^=U-e<l>-VQ ( 16 ) 
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On difierentiating and substituting from (15), we Iiave 
== TdA — QdVj wben d is constant. 
Since dl<l> is a perfect differential, 
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A const. 


W) 


V const. 


(17) 


We now assume that when the charge dQ is carried from one face 
of the film to the other, it is the net result of the motion of a mass 
grammes of positive ions carrying altogether e.s.u. in one 
direction, and of a mass dm^ grammes of negative ions carrying 
altogether —dQ e.s.u, in the other. Let the electrochemical equi- 
valents of these ions be and respectively. Then, by Faraday's 
laws of electrolysis, 

dnii 


dm^ 


drn^ = ^j^dQ and dQ = 
dm^— ^^dQ and dQ- 

H 

Substituting these values of dQ in turn in (17), we have 

Y^V 

\9F/ const. \ J 


V const. 


and 


A const. 




'^2\ 


(18) 


(19) 


The expression 


V const. 


/r const. 

is interpreted as the increase in the mass 


of positive ions per unit increase in area of the film at constant F, 
that is, as the mass of cations which enters every new square centi- 
metre of area produced by stretching the film; in other words, it is 

the excess concentration of cations in the film. Similarly 

. ■ - ^ ' . ■ ' . ■ , ■ ■ \ 9.4 / Y const. 

IS the excess concentration of amons m the film. The total excess 
electrical '' concentration is the sum of these, 


( dnii 


+ 

V const. ‘ \.dA/ 




F const. 


’(^1+^2) 


(i). 


A const. 


(20) 


an equation wliioli also applies to the electrical double layer at an 
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interface. The total excess concentration due to non-ionized and 
ionized solute in a surface or interfacial film is 


X = 





Quantitative experimental tests of this equation have not yet been 
made. 


6. Pressure-Area Eelations of Surface Films of Solutions. 

(a) Szyszhowshi' s relation . — For certain solutions of those fatty acids 
which contain from three to six carbon atoms Szyszkowski found an 
empirical relation^ which may be stated thus: 


P= a logic 




where P is the surface pressure, a and ^ are constants for each acid 
but are diSerent for difierent acids, and c is the concentration of the 
liquid in grammes per c.c. 

(6) PA = M . — We assume that Gibbses adsorption equation applies 
to these solutions, which are not ionized. That is, 



® R^ed/ 


by equation (12), where T is the surface teiuiion. As in section 1, 
p. 165, dT = —dP, where P is the surface pressure. Hence 


X— + 


R0 do' 


(23) 


Differentiating SzyszkowsH’s relation gives 

dP _ constant _ S 
3c “ (j8 + c) ~ 

Substituting in (23), we have 



In dilute solutions jS> c and c) = very nearly. Hence 

X ~ cSfR^Bp and xjc is constant when ^ the absolute temperature, 
is constant. Substituting in (23), we find that dPjdc = a constant 
when 6 is constant = say. Hence on integration we have 


P^Kc, 
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plus a constpt wliich is equal to zero. Now x is the number of grammes 
per sq. cm. in the surface. Let one gramme contain n molecules. Then 
nx is the number of molecules per sq. cm. Let A be the area per molecule. 
Then, since nx molecules occupy 1 sq. cm., x= IjAn. Also 

^ Rid do Ryd c' 


Since 


do 


: Z : 


(25) 


Equating tlie two values of x, we get 

R-jfi An 

and 

.... 

n 

R 

where h^-A~ Boltzmann’s constant, 1-372 X 10-“. 

This shows that films of solutions of the shorter fatty acids are 
gaseous m the sense of p. 166. As the length of the molecular 
Cham increases, the behaviour of the films diverges more and more 
ttom that of the gaseous films. In some cases, in fact, they first become 
expanded and then “ condensed ” 


Reference 

F. K. Adam, The Physics aoid Ghemistry of Surfaces (Clarendon Press ( 1930 )). 


CHAPTER IX 


Kinetic Theory of Matter 

1. IntrodHctioji. 

One of the main aims of theoretical physics in the nineteenth 
century was the reduction of the various branches of physics to me- 
chanics and the ultimate explanation of physical phenomena in terms 
of Newton’s laws of motion. The kinetic theory of matter, and m 
particular the kinetic theory of gases, affords one of the best and most 
successful examples of this method of attack. The application of the 
kinetic theory to liquids is discussed below (see p. 196). In the 
case of solids, the results can often be better obtained by quantum 
and thermodynamical considerations.^ On the other hand, the 
classical kinetic theory of gases has suffered comparatively little modi- 
fication f and is therefore discussed here at much greater length. 

Since all gases obey, at least approximately, very simple gas laws 
such as those of Boyle and Charles, it is reasonable to suppose that 
they all possess a common and simple structure. Basically, the kinetic 
theory rests on a still more fundamental hypothesis, the atomic theory. 
The latter dates back to the Greek school of philosophy under Lucretius, 
which maintained that matter is composed of aggregates of hard, 
indivisible, indestructible similar parts, termed atoms. The physical 
implications of the atomic theory were' emphasized in the seventeenth 
century by Gassendi, who suggested that mere motion of 'the atoms 
might explain diverse physical phenomena without additional hy- 
potheses. A further advance was made by Bernoulli, who deduced 
Boyle’s law on the assumption that the pressure of a gas arises from 
impact of the molecules on the wall of the containing vessel. Little 
development occurred in the following century, but the atomic hy- 
pothesis received strong support from chemical theory, particularly 
from Dalton’s laws of the combining powers of the elements. It was 
not, however, until J oule’s classical work in 1848 on the strict numerical 
convertibility of mechanical work and heat was carried out that the 
kinetic theory could expand and assume its present comprehensive form. 

* See, for example, J. K. Roberts, Heat wnd Thermodymmica, Chap. XXI (Biackie 
& Son, Ltd., 1933). 

t See, however, Robi, Review of Scientific Inatruments, Vol. I, No. 0 (Sept., 1035). 
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The first great advances, due to Clausius in 1857 Trjfi r 

y^, were based on tie following assumptions, wluli”® 

basis of any elementary treatment of the kinetic theory; 

j j ® molecules of a given monatomic gaseous plernfaTit o 
regarded as identical solid spheres which move k stStht W? 

p J2%^:iiS. '■ “ ™“'“™ ““O ooMoo is 

of tS "<* tto ™i™e 

tie molSi"' “ otttaotion or repulsion between 

'sssmm 

mean flee path at S.T.P. {standard temperature and pressure W3l tb'^ 
number of moleo* present in unit toWo? 

a probability law. These aspects the lli'e tS™ 


P ^ I 

velocity of £*gafiSm2’ ““f <*0 “om square 

2. Report Meorems mid the Mean Free Path of a 8a. Molecule. 

path of a gas mokcule^t ^heTu^h^ evaluating A, the mean free 

if = — , 

TTCT^P^ * * * * * • (2) 

ar£lti§XivS“‘'S-r“ ??“ loo™, 

uumi» Of ovm-L^Sf^ 


MEAN FREE PATH 
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at tliis stage that the fundamental rule to be observed in tbe treatment 
of probleins by tbe kinetic tbeory is to make tie number of simplifying 
assumptions a maximum. Any reduction in the number of assumptions 
almost invariably involves enormous complication in tbe matkematical 
treatment. In view of present ideas on the electrical structure and 
wave-like character of atoms and molecules^ such detailed treatment 
is not warranted; the billiard-ball atom is only a crude approximation 
to reality. The relation obtained by the more accurate treatment 
usually differs from that obtained by simpler methods only in the 
introduction of some numerical factor, which, however, may be 
essential when quantitative comparison is made with experiment. 

Assuming that all the molecules are in motion with velocities dis- 
tributed according to a probability law, Maxwell obtained the relation 


A 


J. 1 

'\/2 TTG^V 


( 3 ) 


Taking into account also the persistence of velocity on collision, Jeans 
derives the formula 


1 Tai9 

-y/2 


( 4 ) 


Finally, if intramolecular forces are also considered, the formula of 
Sutherland may be obtained: 


where A is a constant varying with the nature of the gas and T the 
absolute temperature. 


(i) Transport theorems: general case. 

Consider a volume of gas, one part of which has some property 
(such as temperature) whose value differs from the value of that 
property in another region of the gas. Owing to the kinetic velocities, 
molecules will be continually passing from one region to the other, 
and a transport of the particular property will therefore be continually 
taking place. In order to determine the amount of the property trans- 
ported across unit area in the gas, the number of molecules passhig in 
any particular direction in unit time is required. The shnplest method 
of averaging this number, known as Joule’s classification, is to consider 
a cube situated in the gas. If the area of a face of the cube is dS and 
V is the number of molecules present in unit volume, then, since there 
are no preferred directions, at any instant one-sixth of the total number 
of molecules in the volume will be travelling towards any one of the 
six sides of the cube. 


* Sutherland, PUl, Jfag., Vol, 36, p. 607 (1893). 
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%^dS~d. 

O 


( 6 ) 

Now on the average, the last collision a molecule mitpc 

ae area iS (n„o«l to tka a-axia) will S'oStldlrarS 

A from dS. Hence 


-4^ A 



dS 


•£rf -^J-vuve 

. represents any property 
winch is being transported 
across the area {%. 1) and 6f 
IS Its particular value at the 
plane dS, the molecules which 
pass in one direction will have, 
on the average, a value of G 

/ i^rs! \ 

and 


given by + 




') 


Fig, t 


those which pass in the reverse 
direction will have a value of 

given by The 

a uniform gradient over th^ V is assumed to have 

p»p««7 «* «« 

■■§i'ods(G+^A- G+^ 

\ dx dx 


LQ-. 


--hvUSA^^. 
^ dx 




(7) 


(ii) 


fa A®a.e paZ”£idi7;rfl„r 

Denote the drift velocity of any layer ptraUel f surface at rest. 

33 by « (fig. 2) Then owiiCT ^ ™ surface at a distance 

of the gaf decreases 3e 

in the reverse direction If an arpa^^ 7 <?^^ approached and increases 
»f velocity LbW Ilf '? Iw ia tie layer 

moltoole/feom l>e aero. Tie 

*^-7 Platolo.^ 
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viscous force actkg along tHe layer. 
Here the property G bemg transported is the momentum mu. HeLe 

applying equation (7), we have Jience, 


AG< = 


\vcdS)m~. 
^ dx 


■F, 


( 8 ) 


force acting across the area d8. How 

iMewton s law of viscosity may be written 


F=r}dS~, 

dx 


(9) 


where/ is the kscous force across an area dS perpendicular to which 

^ere is a velocity gradient dujdx, and 17 is the coefficient of viscosity 
Hence from equations ( 8 ) and ( 9 ) viaoosrey. 

■q — ^vCmX, ( 10 ) 


or, since mv = p, the density of the gas, 

17 : 


ycX. 


( 11 ) 


1 


A much more detailed treatment by Chapman* gives the relation 
~ 2^ treatment by the elementary theory is therefore a 


very satisfactory approximation. 

Experimental determination of tj 
and p and the evaluation of c in terms 
of 0, the root mean square velocity 
(see Ex. 4, p, 279), which in turn is 
given by eq[uatioii (1), therefore affords i j 

a measure of the mean free path X. In 1 

h is wav TVTfl.-VnDCrftll al^/^-nrr.rvr1 J-l, „ J. J! 1 Jl.„ . " J” 






Rest 
Fig. 3 


^ rr vv-fc VJUL.UIV XK/X y u 

gen at N.T.P. X = 1-85 x 10-® cm. 

Examination of equation ( 11 ) 
shows that 17 should be inde- 
pendent of the density of the gas, 
since as p increases with pressure 
A decreases, as is shown by 

KSi" .1 important and unexpected result obtained by 
MaxweU afforded great support for the Mnetic theory of gaseJ 
Maxell demonstrated the independence experimentauj with the 

TbI?T ^ ^ /v rate^pf dampmg is mdependent of the pressure 
The relation fails at high and low pressuresj the reasons for the 
failure are ffiseussed later (p. 185). The relation has been retested 
more recently by Gilchrist, using the concentric cylinder method: the 

* Chapman, Proc. So}/. Soc., A, 7^ 93. p. 1 (1916). 
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efiect had actually been noted as early as 1660 by Boyle, who observed 

that the rate of dampuig of a pendulum was independent of the vao 

pressure. , 

„ Further exammation of equation (11) yields the equally remarkable 
preiction that, m contrast to Hquids, where the 4cosity decrSsS 
rapzdly with rise of temperature, the viscosity of gases increases as 
the square root of the absolute temperature. Experimentally r, is 
found to be proportional to T\ where s varies from 0-6 to 1 according 
to the nature of Ae gas. The explanation Hes in closer consideration 
of the structure of the molecules and is discussed in § 4 (iii), p. 194 

(iii) Coeffidera of Jmt ccmduction of a gas. 

_ We apply the arguments of the preceding section; here the pronertv 
bemg transported is the heat energy of the gas. Hence ^ ^ ^ 

G = mGfT, ^ j2) 

where 0^ and T are the specific heat at constant volume and the tem- 

AG= ^vcXdSmO^~ = AQ, ... (is) 

where AQ is tiie amomt of heat transferred across area dS in unit 
une. Now the equation defining the coefidcient of heat conduction is 

(U) 

where k is the coefiScient of heat conduction and dT/dx is tbA tAm 
perature gradient. Hence from equations (13) and (14) we have 

or hmvcXG^, . . . , _ _ 

pi.». 

sufficiently close to indicate that tfiA close agreement, but are 

predicted^ ition 

More detailed treatment introduces a factor of abmif i x 

ment between theory and experiment still ^ complete agree- 

explanation is partly that t Probably the 

not taking place in equilibrium Thus for a^« ^®oosity problem, the transport is 

by vc/6, whereas the value of c, since it renr^t,fkf^ ! directions is given 
moleoules in a layer at a given distance temperature of the gas 

from high- and low-tempemtl r^S. “ ^ 

* Hercua and Laby, Proa. Boy. Soc., A, Vol. 90 . p. 190 ngig) 
tKaunaluifc and Jtein. f>roc. iJoy. &c.. A, Vol^ 44 . p. 49 ?a 934 ). 
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M with viscosity the coefficient of thermal conductivity is found 
to be mdependent oi fie pieseute, over . moderate laoge aSdto 

mcteaae appmMely aa tie square root of the abeolufe tm~“fare 
m agreement with equation (16). I'BJ-aTrure, 

(iv) Coefficient of diffusion. 

expression for the coefficient of self-diffusion of a gas when 
Merent parts of it are at different densities may be obtaLd froS 
the transport theorem as follows. The property being transported is 
smply the molecules themselves. Hence if . represents the nS>i 
of molecules per imt volume in the immediate neighbourhood of the 
layer d8, the numbers of molecules per unit volume at a distance equal 

to the^mean free path on either side of dS will be /"v-f — AVand 
\~'dx^ respectively. Hence, if we apply Joule’s classification 
tLe^!^’ molecules transported across dS in unit 




An = iAc^dS. 


Now the basic law of diffusion, due to Pick is 


An^D^dS, 


• (17) 


(18) 


where D is the coefficient of diffusion and g represents the density 
gradient across dS. Hence from (17) and (18) we have 

D=iXd. . . . . . . , ( 19 ) 

Equation (19) may be written generally in tbe form 


]) ^ (^{^ 2^2 + V2X1C1) 

3“ v,-|-vs ’ 


fl9a) 


where refers to the coefficient of inter-diffusion of two gases, whose numhe™ 
rlsprcSty.^®' represented by v,. v"t V 

The method commonly used to determine the coefficient of diffusion nf 
two gases is that mtoduced by Loschmidt, in which a long veS da2 
cylmderm separated into two parts by a shding horizontal difph^aSi in 4e 
centre. The denser gas is placed in the lower hah, the lighter gas in the unS 
half, and the diaphragm is then removed. After a know! inteLl of tL?the 
diaphragm is replaced and. the mixtures of gases are analysed, either chemkallv 
or by m^ns of some physical property (e.g. the refractive index). ^ 

An altematwe method, introduced by Stefan, is to determine the chano-e in 
composition of the gas contam^ in a vertical jar, the top of which is left open to 
the atmosphere for a stated period. An extension of this method enables tlm rate 
of diffusion of a saturated vapour in contact with its liquid to be determined 
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by observatioB of tiie rate of evaporation of the liq^nid when the latter is eon- 
tamed in a narrow vertical tube. The tub© and liquid are maintained at a 
constant temperature, a current of gas is sent across the open top of the tube, 
and the rate of faU of the level of the liquid in the tube is observed. The 
method is limited to liquids and is practicable over a small temperature range 
only. 

The experimental results for Hg — Og, Hg — Ng, Ng ~ Og, Hg — COg, and 
He — A show that the variation of Djg with the composition of the mixture is 
very much less than that predicted by equation (19u); various corrections to 
the simple formula, arising e.g. from consideration of the persistence of mole- 
cular velocity after collision, give somewhat better agreement with experiment. 

Until recently, it was necessary to use indirect methods * to determine the 
coefficients of seif-diffusion of gases. The discovery that ordinary hydrogen 
consists of a mixture of two components, ortho-hydrogen and para-hydrogen, 
made it possible to determine the coefficient of self-diffusion of this gas directly. 
The two components have the same density and, broadly speaking, the same 
chemical properties, but they may be distinguished by differences in certain 
physical characteristics, such as thermal conductivity. In the experiments of 
Harteck and Schmidt, f para-hydrogen and ordinary hydrogen were contained 
in two vessels, each about a metre long and separated by a tap. The tap was 
opened for about ten minutes, and the composition of the mixture was then 
determined from the value of the thermal conductivity, using an electrically- 
heated resistance inserted in the gas and the usual Wheatstone bridge arrange- 
ment, as in the Pirani gauge (see § 7 (e), p. 212). 

According to equation (19), the coefficient of difiusion should be 
directly proportional to the pressure, a result which is confirmed by 
experiment. Since p is inversely proportional to T and c is pro- 
portional to the simple theory indicates that D oc Experiment 
shows that D oc where s lies between 1*75 and 2*0; a satisfactory 
explanation has been given by Sutherland on plausible grounds based 
on the kinetic theory. 

It will be observed that by equations (11) and (16) k — 
also, from equations (11) and (19), D = 7]jp. More rigorous averaging 
gives K = and D =^f7}lp, where € and / are constants, each equal 
to about 1*4. Experiment shows that while the value for / is in 
approximate agreement with theory, e is nearer 2*5. The value of 
the kinetic theory, however, lies rather in the general correlation 
which it establishes between diverse phenomena, such as thermal con- 
ductivity, viscosity, and diffusion, than in accurate quantitative 
predictions. 

3. Properties of Gases at Low and Intermediate Pressures. 

The application of the kinetic theory to predict the properties of 
gases at low pressures is of great importance, since the results obtained 
form the basis for the design and operation of pumps and gauges for 
the production and measurement of high vacua. (An account of these 

’®‘See Jeans, Dynamical Theory of Qaaes^ Chapter XIII, p. 334 (C.XJ.P. (1916)). 

'\Zmts.f. ^hys. Ghem., Vol. 21, B, p. 447 (1933). 


IXJ ' GASES AT LOW PRESSURES 185 

is given in §§ 6 and 7, p. 203.) As tiie gas pressure is reduced, the 
mean free path increases, until at intermediate pressures it becomes 
comparable with the linear dimensions d of the containing vessel and 
at low pressures it becomes much greater than d. At low pressures, 
therefore, comparatively few collisions occur between the gas molecules 
themselves, and collisions with the walls of the container become the 
governing factor. 

(i) Viscous forces at very low jyressures. 

Consider two parallel surfaces, of which one is at rest and the other 
moving in a parallel direction with velocity Uq. All the molecules which 
strike the moving surface and then move in the direction of the fixed 
surface ultimately reach it without further collision, since A > d. 
It may be shown that the number of molecules coming from all 
directions and hitting unit area of a surface in unit time is given by 

n = 5VC (20) 

Now all the molecules will communicate different amounts of side- 
ways momentum to the fixed surface, according to the precise nature 
of the interaction between the gas molecule and the molecules of the 
solid. Eor theoretical purposes, however, it is permissible to define 
a fraction /, termed the accommodation coefficient, such that the 
fraction is considered to communicate its entire sideways momentum, 
the remaining fraction (1 — /) being considered to be specularly re- 
flected and to rebound with no transfer of sideways momentum. The 
sideways momentum transferred per second to the surface at rest is 


therefore 

F = Ivcfmu^^ IpcuJ. , . . . . ( 21 ) 
Now from Ex. 5, Chap. IX, p. 279, 

'’““Kssf)’ ■■■■■■ m 

where M is the molecular weight of the gas. Hence 

^=«o35/(^2^y • • . • • (23) 


Equation (23) shows that at very low pressures the viscous force is 
proportional to and the pressure p. These predictions con- 

trast strongly with the laws for moderate pressures, where the viscous 
force has been shown to be independent of p and to vary approxi- 
mately as The value of the accommodation coefficient depends on 
the nature of the gas and the solid, but is usually about 0 * 8 . 

* See Boberts, Beat arid Therrmdynamics, p. 72. 
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(n) Viscous forces at int^mediate ffessures. 

We again consider two parallel surfaces, one of wMcIi is at rest 
and the other mo\dng mth velocity Referring to fig. 3, we find 
that at intermediate pressures the gas may be divided as regards its 
behaviour into two regions. From the fixed surface outwards up to 
a distance equal to the mean free path, the laws obeyed will be those 
for a gas at very low pressures, since from anywhere in this region 
the molecules reach the plate without collision. The efiect produced 
on the plate by molecules with drift velocity in this region is said to 
give rise to external friction. At distances greater than the mean 
free path from the fixed surface, the laws obeyed w^ill be those deduced 
for gases at ordinary pressures, since the molecules in this region will 

collide fr'equently with one an- 

other and will not, in general, 

reach the fixed plate immediately 
after a collision. The viscous 
forces produced in the main bulk 
of the gas are said to give rise to 
''internal” friction. "External” 
friction is again operative for 
distances up to the mean free 
path from the moving plate. 

«««• If the velocity of the layer at 
a distance A from the surface at 
rest is denoted by "external” 
friction is operative for velocities 
from 0 to % and Uq to {Uq — ufj. If the distance between the plates 
is d, the velocity gradient across the interior of the gas is therefore 






i-zX 


‘IT" 


Rest 
Fig. 3 


du 

dx 


Un 


2% 


d—2X 


(24) 


To evaluate the internal and external viscosity coefficients may 
be equated for the layer at a distance A from the surface at rest. Now 




du 

^dx' 


m. 


and if it is assumed that the molecules impinging on the surface at 
rest have on the average the property of those at a distance A from it. 




ivcfmu^ 


(26) 


where jf is the accommodation coefficient for the molecules colhcling vdth 
the fixed surface. It should be observed that in equation (26) Joule’s 
classification ^vc is used instead of the value ^vc. The latter is derived 
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on tlie basis of all possible mean free paths and hence cannot be used 
in an elementary discussion in which the molecules are all assumed 
to possess the property of those at a distance equal to the mean free 
path. Hence from equations (26) and (26) 




2A du 

7^’ 


or the velocity gradient near the plate is 

2 du 
"fix 


A ■ 


(27) 


and is approximately twice that in the interior of the gas. The molecules 
are therefore consi(iered to have, at intermediate pressures, a velocity 
of slip over the fixed surface equal to 


Ui -h 0 

Now from equations (24) and (27), 


A du 

7^‘ 


du 

dx 


Un 


d+2Xi2-f)lf- d+2r 


(28) 


(29) 


where f = A(2 —‘f)lf and is termed the coefficient of slip. The effect 
of lowering the pressure, therefore, has been to increase the distance 
d at either boundary by an amount approximately equal to the mean 
free path. The coefficient of viscosity is therefore reduced in the ratio 




1 + 2|/c?’ 


(30) 


where rjc is the constant value of tj at moderate pressures. The viscous 
force per unit area therefore becomes 

^- ^p^^ d+ 2 ^/r • • • • 


At moderate pressures, where > A, equation (31) reduces to the 
form already given in equation (11). Conversely, at very low pressures, 
where e? <C A, equation (31) reduces to the form 




(32) 


which agrees with equation (21), except for a numerical factor and 
the way in which / is involved. 
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(iii) Effusion of gases through an aferture at low pressures. 

If a partition with, a small aperture separates two regions in which 
the numbers of molecules of the gas per unit volume are and Fg 
respectively, there will be a net flow of n molecules per second from 
one side to the other, where 

n = ’>^2)^9 ...... ( 33 ) 

A being the area of the aperture, and the whole being at a constant 
and uniform temperature corresponding to a mean velocity c. By (22), 


o = 4(^^ 


Hence 

Since 
we have 


n= A( 


* 

RT V 


J RT\ 


Mp 

mv=p=^, 


/M\» 

\etJ ’ 


• • ( 34 ) 


where Q is the mass of gas flowing through the aperture per second. 

The above formula has been verified by Knudsen,^ using platinum parti- 
tions having small holes 5 X 10“® sq. mm. and 6 X 10“® sq. mm. in area and 
2-5 X 10“® mm. and 5 X 10“® mm. thick respectively. The work has been ex- 
tended to high temperatures by Egerton,t who used equation (34) to determine 
the vapour pressures of Zn, Cd, Pb and other metals. 

(iv) Flow of gas through a tube at low pressure. 

If the mean velocity of drift of the molecules is the momentum 
transferred to the whole area ^Ttal of the tube per second is 

jp= X ^Tralmuff (35) 

When a steady flow is in progress, this force must be equal to the 
force due to the pressure difference acting over the two ends of the 
tube. Hence 

TTa^(Pl ~ Pz)=- ^TTOlpCUof, 

and the mean velocity of drift is given by 


«n 


Ipcf 


( 36 ) 


♦Enudsen, Ann. d. PhyaiJc, Vol. 20, p. 179 (1909). 
fEgerton, Proc. Boy. Soc., A, Vol. 103, p. 469 (1923). 
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Tlie mass of gas Q flowing thjougli the tube per second is therefore 

- ^ (Pi - fz) 

' If 

— Pz) /27rM 

2 1 


Q = Tra\ 


f 




RT 


(37) 


Tlie flow of gas tkrougli a tube at low pressures therefore differs con- 
siderably from that at high pressures, being dependent upon a® and 
the pressure difference pg) the difference in the 

squares of the pressures (pi^ — p^^) (see Chapter XII, § 11, p. 254). 

From more detailed considerations,^* for a uniform tube of any cir- 
cumference 0 and area of cross-section the mass of gas streaming 
through per second is given by 


0 = ~ yg) /K 
^ S 1^ 0 j.N RT’ 

8V2 


. . (38) 


which for a tube of circular cross-section differs from that in equation 
(37) only by a small numerical factor. 

Equation (38) has been tested experimentally by Knudsen, using tubes ranging 
from to 10“® cm. in radius and from 2 to 12 cm. long. The results are in 
good agreement with the theory. 

At intermediate pressures conditions are more complicated, the 
general relation for the mass of gas Q flowing through the tube per 
second being given by f 


^ 7Ta^ . .M 


O+f")’ • ■ 


( 39 ) 


where p is the mean pressure and f the coefficient of slip defined in 
equation (29), p. 187. 


(v) Conduction of heat at low pressures. 

It has been observed in § 2, p. 182, that the treatment of heat 
conduction on the simple kinetic theory is not so satisfactory as that 
of viscosity, partly because the quantity transported is a function of 
the gas-kinetic velocity and partly because Maxwell’s distribution law 
is strictly true only for a gas in equilibrium. We consider the conduction 
of heat between two plates at temperatures and since A > d, 
we note that the molecules which leave either plate arrive at the 

* See Roberts, Heat and TJiermodynumimf p. 75, 

fLoeb, Kinetic Theory 0 / GaseSt p. 263 (McGraw-Hill, 1927), 
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opposite plate without disturbance by collision with other molecules. 
The net heat transferred per unit area per second is therefore 


= ipcG,{T^-T^)f. . ... . (40) 


Equation (40) has been tested by Knudsen for a large number of 
gases, and the linear relation between conductivity and pressure 
extends up to 5 X 10“*^ mm. for hydrogen. The quantity of heat trans- 
ferred depends directly upon- the pressure, in contrast to the con- 
ductivity at ordinary pressures, which is independent of the pressure. 
This property is made the basis of the Pirani pressure gauge described 
on p. 212. 

It will be observed that the temperature gradient vanishes; Q is 
therefore no longer dependent on the temperature gradient but depends 
solely on the temperature difference between the two surfaces. 

This may be demonstrated by stretcbing a tungsten wire down the centre of 
a tube in the middle of which a large bulb is blown. The wire is sealed in at the 
ends of the tube and heated electrically to yellow heat. A small side tube leads 
to a vacuum pump. At atmospheric pressure the quantity of heat lost by the 
wire in conduction across the gas to the glass container depends directly on the 
temperature gradient. The wire in the centre of the bulb therefore glows much 
more brightly than that in the narrow tubes. As the pressure is reduced, how- 
ever, the conductivity depends progressively less on the temperature gradient, 
and at low pressures the wire glows practically uniformly along its entire length. 


(yi) Conduction of heat at intermediate pressures^ 

Proceeding as on p. 186, we divide the gas into two regions, that 
up to a distance A from the plates obeying the low pressure law and 
the main bulk of the gas obeying the ordinary pressure law. Evaluating 
the expressions for the heat conducted in the two regions and equating 
the expressions at the boundary at a distance A from one of the plates, 
we find that the temperature gradient at intermediate pressures is 


dT_ 

dx c? + 2A(2^/)//- 



Substitution of this formula in equation (14), p. 182, gives, for unit area. 


^Q = ipcAO^ 


eZ +2A(2 -/)//• 



If > A, that is, at moderate pressures, equation (42) reduces to 
the formula for conduction at moderate pressures, as required, whereas 
at low pressures, where d <C A, equation (42) reduces to equation (40), 
except for a numerical factor and the way in which / is involved. 
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{yii) Thermal effusion at low pressures. 

If a vessel containing a gas at low pressure is separated into two 
regions by a partition containing a small hole and the two regions are 
maintained at different temperatures T-^ and the condition for 
equilibrium is no longer that the pressure shall be the same on both 
sides of the partition. Equilibrium is established when the number of 
molecules passing in either direction across unit area per second is the 
same, that is, when 


by equation (20). Hence the ratio of the pressures is given by 


Ill 

P2 ^2^2^ ^2 ^ ^2 


(43) 


The extra speed of the molecules on the high-temperature side therefore 
balances their lower number, so that as many arrive at the aperture 
per second as from the cooler side. The same relation holds if the 
aperture is replaced by a tube, because in the steady state vc is constant 
for all sections of the tube. 

(viii) Thermal transpiration at intermediate and higher pressures. 


At higher pressures equilibrium at an aperture in a plate occurs 
only when the pressure on the two sides is the same. Hence 

which simply shows that the densities are inversely proportional to 
the absolute temperatures. If, however, a tube separates the two 
regions, conditions are more complicated. Consider any cross-section 
perpendicular to the axis of the tube, the latter being the £C-axis, where 
the mean gas-kinetic velocity of the molecules is c. On the average, 
the molecules crossing the layer per second will be those at a distance 
originally equal to the mean free path. The net number of molecules 
crossing unit area per second will, if we use Joule^s classification, be 


[vc . 9 /vc\ .“| Tvc 3 /vc\. 

^ /^J ~ “ Vx \'6 /^. 

vAc /I 0v 1 9c\ 

3 \ ^ dx c dx/ 


(44) 


p == (45) 

o . 


Now 
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dx 


TT 


+ - tmc 


do 

dx 


(ih+isx 

\v dx cdxf 


(46) 


1 dv 


from 


Since rj = §imXc approximately, if we substitute for ~ 

equation (46) in equation (44), we find that the mass of gas Q flowing 
per second through the tube is 

dp 1 dc^ 


Further, since g oc 


/I ^ _ i_ ^J\ 

\p dx 2T dx / 


Q = TTO^T] 


(47) 


Now if the pressure difference between the ends of the tube is small, 
the application of Poiseuille’s equation for the flow of gas through a 
tube (p. 253) gives 

n ur\ 

Sr, dxM’ 

where M is the molecular weight of the gas. Hence, for the steady 
state, by equating (47) and (48), we have 


^ /I dp 1 dT\ 


rrd^ dp Mp^ 
8if] dx RF 


that iSt 


dp / 2rfT MpaF\ 
dT \ p + iR ) 


or 


dp 

dF 


(49) 


2rfTlp+Mpa^im^ V* * 

At low pressures equation (49) reduces to 

dp _ p 

Hence p is independent of the nature of the gas and varies as as 
has already been shown by equation (43), p. 191. At higher pressures 
dpjdT is observed to be inversely proportional to the pressure and the 
molecular weight of the gas. 
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4. Properties of Grases at, Higli Pressures; tlie Size. of the Molecules. ' 

The failuxe of tie gas laws deduced for ordinary pressures wEen 
applied to gases at low pressures is due to the mean free patE becoming 
comparable witE or greater tEan tEe size of the container. At EigE 
pressures, tEe disagreement between simple tEeory and experiment 
is due to tEe failure of the second, tEird and fourtE basic assumptions 
of Clausius, enumerated in § 1, p. 178. As tEe density of tEe gas 
increases, it is no longer possible to ignore tEe volume occupied by 
the molecules tEemselves or tEe mutual forces of attraction or re- 
pulsion tEat exist between tEem. TEe simple equation pV = ET for 
a perfect gas Eas to be replaced at EigEer pressures by a more general 
equation of state; one sucE equation is that given by Van der Waals: 

(p + Y^iV-b)==ET. .... (50) 

TEis equation will now be deduced from tEe kinetic tEeory and tEe 
significance of the constants a and & will be determined. 

(i) Finite size of the molecules and the significance of b. 

If we represent tEe molecular diameter and radius by a and r, it 
is sEown in tEe solution of Ex. 9, p. 286, tEat tEe mean fcee patE is 
reduced in tEe ratio 


Aq. V — 4(47rr%/3) F — b 

1 "“ y- ~y— . 


Since tEe volume of tEe molecules tEemselves is c = 477r%/3, we Eave 
b = 4c. 


(ii) Forces of attraction and repulsion between the molecules and finite 
time of collision. 

If tEe forces of attraction and repulsion between tEe molecules 
extend over a finite distance from eacE molecule, tEe collision will 
occupy a finite interval of time. Hence tEe number of collisions against 
tEe wall of tEe containing vessel in unit time will be reduced according 
to tEe equation 




1 


(52) 


3(F~6){l + nT)’ * • • 

wEere r is tEe time occupied in one collision and n is tEe number of 
collisions per second. Equation (52) may be written in tEe form 

1 G^ 


p{l + ?^r) : 


3(F-6)' 
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Now % is approximately equal to rra^cv, since tMs represents tEe number 
of encounters made by a molecule of effective diameter a in one second 
if tie otber molecules are treated as points. HencCj since j? = |pC^ 
approximately, we have 

P + 3 /jCWvct = i 


or 


pi- 


ll 


3(“F-6)’ 


and since p oc 1/F, 




i(F-6) = iCJ^ 


(52a) 


(53) 


where a is proportional to the coeflScient of in the second term on 
the left-hand side of equation (52a). 

A more powerful method of attack for such problems was developed 
by Clausius and is known as the Virial Theorem. The subject is dis- 
cussed in Roberts, Heat and Thermodynamics, Chapter XXIJ 

(iii) Dependence of tj on the size of the molecules. 

By the method of dimensions it is possible to deduce the law of 
force between the molecules if the variation of the coefficient of viscosity 
with temperature is determined experimentally. Let the molecules 
repel one another at small distances apart with a force F given by 

F^fjir-% ....... (54) 

where r is the distance between the molecules, s is the required 
power, and /x is defined by equation (64). The coefficient of viscosity 
may be assumed to depend upon m, c, /x and s, hence 

V =f(myC, /X, s) = const, , . . (55) 

Since s is dimensionless, if we write equation (55) in dimensional form 
we have 

ML-^T-^===M^L^T"myD^+^hT-^y. 

Equating indices and solving m terms of s, we have a= (5+ ])/ 
(s - 1), ^ = (5 + 3)/(5 - 1) and y == --2/(5 -- 1). Hence 

(55) 

If it is observed experimentally that ?? a: since Tozc^we have 

2w (s + 3)/(5 - 1) (57) 
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Now for ielium n=P’Q8, hence 5 which inclicates an ex- 
tremely rapid rate of fall in the force as the distance from the molecule 
is increased, such as we might expect for a small, compact unit like 
the helium molecule. For carbon dioxide, however, which has a com- 
paratively loose and open structure, n = 0-98 and hence ^^^ 5*2, 
showing that the force extends over a comparatively large region. 

From some aspects the behaviour of the molecules indicates that 
they may be regarded as having a hard core of radius proportional to 
a quantity denoted by since at Too the molecules will interpenetrate 
at each collision until the cores come into contact. Sutherland suggests 
that the value of a at any other temperature T will be given by 

a^=^aJ{l + AIT), ..... (58) 

where A is a constant. By equation (2), p. 178, therefore, the mean free 
path changes in the ratio 

^/273) 

Ao o/ (l + AjT) ^ • • • * 

where Aq is the mean free path at 0° C. Hence the ratio of the viscosity 
at any temperature T and the viscosity at 0° C. will be 

^_(cA),_ /rY/ M+273 
^0 (cA)o \ 273 ; A + T- ' ' ' 

Formula (60) has been tested for nitrogen by Bestelmeyer and is in satisfactory 
agreement with experiment for temperatures between 90° C. and 300° C. It is, 
however, by no means rigorously obeyed by aU gases, and fails completely at 
low temperatures. 

5. Betermination of Loschmidt’s Number and the Molecular Diameter. 

Since the mean free path is known from Maxwell’s work on the 
viscosity of the gas, a determination of either v ot a and the use of 
equation (2), p. 178, enables us to evaluate both quantities. The value 
of V was :fcst deduced in 1865 by Loschmidt by considering that in the 
liquid state all the molecules are as tightly packed as hard spheres 
can possibly be. The volume occupied by v such molecules is w^/'\/2, 
for the packing will be tetrahedral. Hence if the densities of gas and 
liquefied gas are S and A respectively, we have 

A = ^ 

From equations (2) and (61), therefore, 
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The value obtained was 10^® mols./c.c., a result wMch is now 
known to be about twenty times too low. The value of <7 deduced^ 
about cm,, was therefore about 6 times too great, but the deduc- 
tions were of great value in fixing the order of the quantities involved 

(ii) The Brownian movement and the Idnetie theory of liquids. 

The kinetic theory of matter receives quite independent and most 
spectacular support from the discovery made by Brown in 1827, Using 
the then new achromatic objective, Brown observed that small particles 
about mm. in diameter, such as pollen grains, when held in sus- 
pension in a liquid, exhibit unceasing irre- 
gular motion in all directions. Initially the 
phenomenon was ascribed to vital forces, 
but subsequent work showed that it was also 
exhibited by small particles held in suspension 
in the Hquid inclusions in granite and other 
rocks of great age. Not until nearly fifty 
years after its discovery was it suggested by 
Wiener and later more convincingly by 
Delsaulx that the Brownian movement is a 
visible demonstration of the validity of the 
kinetio theory of liquids. In any small interval 
of time a particle will receive more impacts 
from molecular bombardment on one side 
than another. If the particle is sufficiently 
small, it will therefore execute a small motion 
under the resultant force imtil its path is 
altered by further impacts. The observed 
motion under the microscope is merely the 
resultant path of a large number of zig^iag 
paths which are each too small to be resolved by the microscope and 
the eye. The experiments on the Brownian movement are of several 
tjrpes; of those described below, the first has been applied to liquids 
and the second to liquids and gases. 

{a) Sedimentation equilibrium. 

Sedimentation equilibrium is established when a suspension, 
emulsion, or colloidal solution is contained in a vertical vessel. Under 
the opposing influences of osmotic pressure, which on the kinetic 
theory arises from the bombardment of the molecules, and gravity, 
a definite vertical concentration gradient is established in the steady 
state. Referring to fig. 4, we see that if v represents the number of 
suspended particles per unit volume at a height h above the bottom of 
the container, the increase in osmotic pressure djp due to the increase 
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in the number of particles at a height {h — dli) must be sufficient to 
balance the weight of the particles. Hence 

vmgdh, . ... . , . (63) 


where m is the mass of each particle"^* (all the particles being assumed 
identical) and g is the acceleration due to gravity. Further, 


p =: vkT, 


(64) 


where k is Boltzmann’s constant (p. 166) and T is the absolute tem- 
perature. Hence 

dp^hTdv, ( 66 ) 


and from equations (63) and (65) we have 

- = . ( 66 ) 

V hi 


Integrating between heights and hi, where the numbers of particles 
per unit volume are P 2 and vi respectively, we obtain 

.... (67) 

where N is Avogadro’s number, 6*06 X 10^^ molecules per gramme- 
molecule, and R is the gas constant referred to one gramme-molecule. 

The classical series of experiments on equation (67) was carried out by Perrin 
between 1900 and 1912. Emulsions of gamboge or mastic were subjected to 
continuous centrifuging for a month at the rate of 3000 revs./min., the spherical 
particles being in this way separated into layers containing particles of the same 
size. A drop of the emulsion was then placed on a microscope slide so as to form 
a column about 1/10 mm. high, which was then observed with a powerful objec- 
tive from above. With visual observations it was necessary to limit the field by 
the use of a plate with a fine hole, otherwise at any instant more particles filled 
the field than could be counted at a single glance. Great care had to be taken 
to filter out the heat rays (by using water cells) from the beam of light, which 
was incident in a horizontal direction, .^y inequality of temperature in different 
parts of the emulsion produced convection currents in the liquid, which were 
much greater than the Brownian movement. These precautions are even more 
necessary in the determination of N by the dynamical method discussed later. 

On the average about five particles were visible at any instant and a large 
number of readings were required to eliminate statistical errors. It was found 
possible, however, to reduce the labour by a factor of 200 by using a powerful 
light-source to illuminate the suspension and taking a microphotograph of a much 
larger field. The number of grains present could then be counted at leisure. Owing 
to the high power of the microscope, the thickness of the layer in focus was about 
that of the diameter of the particles; consequently only the number present in a 
very thin layer was observed for one position of the microscope. After sufficient 
readings had been taken the microscope was racked up a distance d measured 

* m is, of course, the reduced mass where allowance has been made for the 
buoyancy. 
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on an accurately graduated vernier and another set of readings was taken, the 
distance (/ig — hi) being determined from the expression jxd, where ps. was the 
refractive index of the emulsion. 

To determine the remaining quantity m of equation (67), the volume and 
density of the grains were obtained by the following methods. 

Ql) Density of the grains. 

(a) Specific gravity bottle. 

(5) Surrounding the grains by potassium bromide of increasing concentration 
until the grains neither floated nor sank, when the density of grains and solution 
was the same. 

(c) Adding potassium bromide solution until the grains did not separate on 
centrifuging. 

Volume of the grains. 

(a) Direct determination of the radius by allowing the emulsion almost to 
dry on a glass plate. The grains were then pulled into rows by surface tension 
and the length of a row and the number of grains contained in it were determined 
with a travelling microscope. 

(h) Application of Stokes’s law (see Chap. XII, § 10, p. 252), 

= jT!:r®(D — d)y, 

where r is the radius of the grains, D and d the density of the grains and liquid 
respectively, v] the coefficient of viscosity of the emulsion, and v the terminal 
velocity;, that is, the velocity with which the “ edge ” of the cloud of grains formed 
by stirring the emulsion descends under the influence of gravity. The terminal 
velocity was a few mm, per day, and the application of the uncorrected form of 
Stokes’s law was considered valid, since the radius of the particles was much 
greater than the mean free path of the molecules in the liquid. 

As a check on the results, the weight of the grains was determined in a number 
of cases by directly weighing a known number of grains which had been made to 
adhere to a glass plate immersed in the solution when the latter was made slightly 
acid. 

From observations on many thousands of grains the final value = 6*8 X iO®'* 
mols./gram. mol. was obtained, a value some ten per cent greater than that 
accepted at present. Using the same method, but with colioidal particles of gold 
and silver, Westgren in 1915 obtained the value AT* = 6*04 x 10®®, which is within 
one-half per cent of the accepted value. 

(b) Einstein and SmoluchowskVs equation. 

In 1905, Einstein and SmoIuchowsM succeeded in deducing a re- 
lation between the mean square displacement of a particle nndergomg 
Brownian movement and the time interval between two successive 
observations. Referring to fig. 5, let a uniform density gradient, increas- 
ing in the direction of the negative rr-axis, be set up as a result of the 
fortuitous accumulation of a large number of particles in that region 
owing to the Brownian movement. We consider only motion parallel 
to the a?-axis and divide the fluid into three shallow layers B, A, C 
at distances — a;, 0, and -f-aj from the origin. The number of particles 
present per unit volume at (7 is i'— Vq — xi^vjdx) if the number present 
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in unit voliime at ^ is i^q. In a given time t a number of particles 
wUl experience a fortuitous variation of their co-ordinates by an 
amount lying between a and a -f <ia. Then 

dv= vf{a)da, . ...... (68) 

where it is required to find the nature of the function /(a). Quite 
generally /(a) must satisfy the two relations 


/(-a)=/(a) (69) 

and 

/ -j-oo , 

f(a)da=l, (70) 

-00 


1 - 1-03 

f{a)da=l, (70) 

-00 



since there are no preferred directions and the particle must be present 
somewhere. 

Applying equation (68) to the slices B and C, subtracting, and 
integrating, we obtain the number of particles crossing unit area of 
the plane at ^ if the integration is carried out (i) over all values of a 
from 0 to C50, since only particles passing towards A can be considered; 
(ii) over values of x less than a, since for a greater value of a? the particle 
will not reach the plane at -4 on displacement. Hence, if the number 
of particles crossing unit area of A in time i is represented by nt, we 
have 

f {a)daj xdx .... (71) 

or, changing the limits, 

• • • - ( 72 ) 
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If a'-* represents the mean square displacement of the particles, since 

00 

I f{a)da = 1, we liave 


1— « 


(73) 


Equation (73) may be put into a more convenient form. Since 

p == vhT 

and tbe force on unit volume is equal to the gradient of the pressure, 
the force on each particle in unit volume is 

nA\ 

^ ~ vdx~ V dx ^ ^ 

Now by Stokes’s law 

F=:^67Tr}rv, (75) 

and the number of particles crossing unit area in unit time is 

n= w (76) 

Hence from equations (73), (74), (75), and (76) we have 

-o RT 


dTrrjrN 


t. 


(77) 


According to Einstein’s equation, therefore, the mean square dis- 
placement increases in proportion to the time which has elapsed since 
the last observation. By a similar analysis, the mean square angular 
displacement which the particles suffer as a result of rotational motions 
arising from the Brownian movement may be shown to be 




RT 

4:7TT^7]N 


L 


(78) 


Equations (77) and (78) have been tested by Perrin by observing the motion 
of particles with a microscope fitted with a transparent squared grating in the 
eyepiece. The rotational motion is followed by means of observations on an air 
inclusion in a particle: mea is a particularly useful substance for this experiment. 
Besides showing that is proportional to t, Perrin observed that the lengths 
of the paths are distributed according to a Maxwellian distribution law. Later 
experiments by Seddig confirmed those of Perrin and extended the range over 
a mass variation of 1 : 15,000. 

The validity of Einstein’s equation for particles suspended in gases was first 
investigated by Ehrenhaft and later by de Broglie. The most celebrated experi- 
ments are those of Milliban, in which an oil-drop is allowed to fall through a gas 
between the plates of a parallel plate condenser. With no electric field present, 
if the drop _is small enough, it may readily be shown by observation wdth a micro- 
scope that oc L To avoid determining r, the drop is allowed to fail under gravity, 
whence, applying Stokes’s law, we have 


67CY3rt; = §7rr*(p — a)g, 


(79) 
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where p and a are the densities of the oil and air respectively. The coefficient of 
viscosity of air has to be determined by a separate experiment (see Chapter XII, 
§ 11, p. 253). If the drop is charged and an electric flMd is applied just before 
the drop reaches the lower condenser plate, the drop may be returned to its original 
position and the reading repeated. Meteher took over 6000 readings with the 
same drop.' ^ ^ . 

The method has the following advantages over that with liquid emulsions? 

(i) a single particle may be observed for hours; 

(ii) identity of a large number of particles is not required; 

(hi) the kinetic theory of gases is better established for gases than for liquids; 

(iv) the displacement is about ten times as great in gases as in liquids, and 
by reducing the pressure it may be made 200 times as great. 


It may also be observed, as is shown by Ising,* that the sensitiveness of 
galvanometers reaches its limit when the suspension is so fine that the suspended 
system has no definite zero, owing to the Brownian movement imparted by the 
surrounding gas molecules. With a sufficiently thin fibre Gerlaoh obtained a 
Brownian movement of over a metre for the spot from a suspended mirror illumi- 
nated with a lamp at a distance of a metre from the scale. Continuing Gerlach*s 
work, Kappler has deduced the value of Avogadro’s number from a photographic 
record of the Brownian movement of the spot of light. Since the system has one 
degree of freedom, by the theorem of the equipartition of energy we have 

ycT, . . . . ... . ( 80 ) 

where 0^ is the mean square deflection and c the restoring couple in the fibre for 
unit angle of twist. The value obtained forW is 6*06 X 10^® and is correct to within 
1 per cent. Care had to be taken to reduce the effect of mechanical vibrations 
and convection currents; the reality of the effect was strikingly shown by the 
gradual decrease in the motion as the gas pressure was reduced. According to 
Tinbergen, currents less than amperes cannot be measured directly even 
with a sensitive instrument such as the Einthoven string galvanometer, owing to 
the Brownian movement. For comparison it may be mentioned that the limit of 
weighing with a chemical balance set by the Brownian movement is lO""® gm.; 
actually the most sensitive instruments are still far from this limit, weighing to 
only 10“® gm. 


(c) Bfillouin's diffusion experiments. 

If v-y and represent tlie numbers of particles per unit volume in 
an emulsion, situated a distance apart equal to the root mean square 
displacement d, in time t the net interchange of particles between the 
two regions is approximately 

W = |a(vi — Vg). (81) 

By the definition of the coefficient of diffusion D 

D t, . . , . . ( 82 ) 

a ^ / 

Hence , , 


* Ann. d. Vol. 14 (7), p. 755 (1932). 


(83) 
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or, from equations (77) and (83), 


if: 


UT 1 




. . (84) 


To test these relations, Brillouin used a suspension of gamboge in glycerine, 
in whieli was immersed a glass plate whioli acted as a perfect absorber for all 
grains coming into contact with it. If v represents the average number of grains 
per unit volume of the emulsion, the number of particles absorbed per unit area 
of the plate in time if •will be 

(85) 


since the probability that the particles will be displaced towards the plate is 
equal to From equations (83) and (85), therefore, we have 

=== iDv% ........ (86) 


i.e. the square of the number of grains collected should be proportional to the 
time. Examination of photographs of the glass plate, taken at regular intervals 
of time, showed agreement with (86) and gave the value 6* * 9 X 10'^® for N. 


(d) Fluctuations in fluids. 

If the actual number of particles present in a given volume is n 
and the average number taken over a long time is ¥i, the average relative 
fluctuation is defined by 



• . (87) 


From the probability calculus, Smoluchowski*** showed that 



( 88 ) 


and hence, since the fluctuation in a volume containing 10,000 particles 
is about 1 per cent, the effect should be observable in fluids near the 
critical point. The effect manifests itself experimentally as critiml 
opalescence. 

The opalescence, which, as we see, is constant with time, is 
explained on the molecular view by the fortuitous gathering of a large 
number of molecules in various places in the fluid, as a result of thermal 
agitation. The groups of molecules are large enough to scatter light 
appreciably, and since they are continually breaking up and forming 
fresh groups, a shimmering opalescence is produced. 


Combining Rayleigh’s formula for the scattering of light by small obstacles 
with Smoluchowski’s investigations on critical opalescence, Keesom f has derived 
the equation 



if i 

18 N 




\—v^{8p/dVf,) 


> 



* See Ftirth, SchwanhiTigserscJieinuTigen in der Physik (Sammlung Viewegt Part 48; 

Brunswick, 1920), f J. Perrin, Atoms (Constable & Co. Ltd., 1923). 
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where i is the fraction of the intensity of the light scattered per c.c.in a direction 
perpendicular to the incident beam, po refractive index of the fluid for 

light of wave-length X in free space, Vq is the specific volume of the liquid, 
and SpI^Vq its isothermal compressibility. Experiments by Keesom and Kamer- 
lingh Onnes on ethylene at 11*18° abs. gave a value for N equal to 7*5 X 10^*^ 
mols. /gramme-molecule. 

(^) Size of molecules from Van der WaaW equation. 

The size of the molecules of a gas may be determined directly in 
two ways from Yah der Waals’ equation, provided the value of N 
is known. Thus, if the critical volume is measured directly, since 

== 3&, by Van der Waals’ equation, and b == § 770 %, a is obtained. 
The method is not accurate, for is difficult to measure experimentally; 
further, the relation F^ = 46 is shown to be in better agreement with 
the experimental results. 

According to Van der Waals, however. 


(p + Y^ 


{V-b) = ET 


(90) 


under any conditions. Hence, if — ( M ) represents tte coefficient 

Po \ -Z® 

of pressure increase of the gas at constant volume, 


Po 


\dT), 7oV ^ 




(91) 




from which the value of a is obtained. Further, if . . 

represents the coeffi.cient of volume increase at constant pressure, from 
equation (90) we have approximately 


ToL vj 


(92) 


The value of a having been obtained from equation (91), the value of 
6 is finally given by equation (92). 


6, Production of High Vacua. 

The maintenance of a high vacuum depends on the freedom of the 
system from leaks; the whole apparatus must therefore be free from 
joins and, in general, consist of glass throughout, or of metal and glass 
directly sealed together where necessary. The speed with which the 
vacuum is obtained, apart from the nature of the pump, also depends 
on the breadth and length of the connecting tubes. Examination of 
equation (37), p. 189, shows that at low pressures the rate of flow of gas 
is mversely proportional to the length and directly proportional to the 

* See Roberts, Heat and ThermodpndmicSf p. 91 et seq. 




cube of tbe radius of tbe tube. Finally, tbe degree of vacuiim obtain- 
able and its measured value will depend on tbe vapour pressures of tlie 
materials in the pump (e.g. oil) and pressure gauge (e.g. mercury) 
respectively. 

The pumps used for tbe production of low pressures may be broadly 
divided into two groups, according as tbeir action is purely mecbanical 
or depends on tbe molecular and kinetic properties of tbe gas. It is 
now possible to obtain meckanical pumps, suck as tbe Geryk ** EX.’’ 
type, wbicb by almost complete elimination of oil vapour* produce 
a vacuum of 10'“® mm. of mercury; again, a mercury pump of tbe 
Sprengel or Topler t 3 rpe, altbougb tedious to use, will produce a vacuum 
of tke same order if a liquid-air trap is inserted between tbe mercury 
and tke vessel wkicb is being exhausted, to prevent access of mercury 



Fig. 6 


vapour to the evacuated system. In general, however, mechanical 
pumps produce vacua only of the order of 5 X 10-^ mm., but their 
use is essential to provide a fore-vacuum or bacldng ” for the mole- 
cular pumps, 

{a) Oenco-Hyvac pump. 

As an example of a convenient mechanicai pump, the Cenco-Hyvae pump 
(figs, 6(a) to (d)) will now be described. The rotor A is mounted eccentrically in 
the cylinder, and four successive positions are shown. In the side of the outer 
cylinder a vane G slides; it is kept pressed in contact with A by means of a spring 
arm D. The vessel to be exhansted is connected to B and the exhaust is through 
the valve at L. The pump is immersed in oil, which is the operative medium in 
the pumping process, as well as a seal against leakage. In the first position in 
fig. 6(a), gas has just been admitted via B to the orescent-shaped space. In the 
second position, the gas is in process of being compressed as the eccentric rotor 
revolves, while ficesh gas is being admitted behind the rotor. Further compression 
follows in stage (c), and finally at stage (d) the valve L opens and the gas is 
expelled. The pump is constructed so as to act in two stages, the first pump being 
operated directly from atmospheric pressure and the second using the vacuum 
produced by the first as its fore-vacuum. The speed of pumping is about 6 litres 
a rniunte and the vacuum attainable about mm. 

♦ In future, mm* will refer to mm, of mercury. 
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(b) Gaede molemlar pump.' 

it Has been sHown in § 3, p. 184, that wHen the mean free path A of 
the molecules is greater than the linear dimensions of the apparatus, 
the molecules acquire the properties of the walls of the apparatus and 
do not dissipate those properties rapidly by subsequent intramolecular 
collisions. If, therefore, the gas molecules in a fore- vacuum are allowed 
to come into contact with a rapidly moving surface, they will to some 
extent acquire the drift velocity of that surface. If the distance between 
two parallel boundary planes is d, one of the planes being fixed and the 
other moving, it may be shown that at low pressures the ratio of the 
gas pressures at two points a distance I apart measured in the direction 
of motion is 

where c is a constant. For a given 
velocity it is the ratio of the initial and 
final pressures which is constant; the 
fore- vacuum should therefore be as high 
as possible. 

The principle of the apparatus is shown in 
fig. 7, where the evacuated system and the 
exhaust are connected to F and Z respectively. 

The cylinder A rotates in the outer cylinder T, 
evacuation resulting from molecules being 
projected along the groove VZ after impact 
with the revolving cylinder A» At a speed of 12,000 revs./min. the vacuum 
attainable is less than mm. with a fore- vacuum of 1-2 mm. 

(c) Mercury vapour pumps. 

As is well known, the passage of a steam or mercury vapour jet up 
the tube AB (fig. 8) gives rise to a vacuum in the system on the right. 
The pumping process depends on the relative rates of diffusion of the 
vapour of the jet and the gas through the porous plug. A large increase 
in efficiency is obtained by the introduction of the vapour trap cooled 
by water or liquid air. The principle was first applied by Gaede, who 
called the apparatus a diffusion pump. The porous plug was replaced 
by an adjustable sht, since it was found that the apparatus has maxi- 
mum efficiency when the width of the slit is approximately equal to 
A, the mean free path of the gas molecules. Further, the maximum 
effect is obtained when the pressure of the mercury vapour is just 
greater than that of the fore-vacuum. Vacua of less than 10~^ mm. 
may be obtained, but while theoretically there is no limit to the vacuum 
attainable, in practice two disadvantages arise: {a) the exhaust speed 
is slow, (6) careful regulation of the temperature of the mercury vapour 
is required. 


(93) 
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By a modification of the Gaede diffusion pump, by which it became 
a condensation pump, Langmuir eliminated both these disadvantages. 
The main advance consists in cooling the mercury vapour thoroughly 
at the jet, so that condensation occurs, back diffusion of the mercury 
vapoiu thereby being completely eliminated. The apparatus has the 
advantage of requiring no critical conditions and the size of the orifice 
may vary over a wide range. 

A convenient form is shown in fig. 9; mercury is heated in the pyrex glass 
bulb A, the vapour rising in the curved tube B, Condensation of the vapour 
is prevented by the asbestos lagging H until the vapour issues from the orifice P. 
The tube L is enclosed in another tube C, which is surrounded by a water jacket 
J fed by the tubes K, The gas is discharged through N, The mercury vapour 
condenses almost instantaneously, very little rising above a point such as M. 




Steam 

Jet 


1 

p 




A 


Porous Plug 


T 


To Sys tem 


\^Trap 


Fig. 8 


The system to be evacuated is connected by the tube B to the liquid-air trap G 
and thence by the cross-tub© P to the tube C, The mercury collects in liquid 
form at D and is returned to the bulb A by the fine tube Jf. The pump is very 
efficient, reducing a pressure of 1 mm. to lO*”® mm. in 80 sec. with a speed of work- 
ing of nearly 4 litres/sec. 

{d) Other processes. 

To push the vacuum below 10"^® mm., methods other than pumping 
must be used. The commonest of these is a sorption process, in which 
the system is connected to a tube surrounded by liquid air and con- 
taining coconut charcoal which has been recently heated. The gas 
is absorbed by the charcoal and a pressure of 10“'^ mm. may be obtained 
in this way. The rate of absorption is monomolecular. Gases such as 
nitrogen, carbon dioxide, ammonia and hydrogen may be readily 
removed. Hydrogen may also be eliminated by its affinity for palladium 
or platinum black. 

Tmces of oxygen and some other gases may be removed by the 
chemical process of '' flashing ’ that is, vaporizing a metal such as 
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magnesium or calcium in a yessel connected to the system; a, compound 
of negligible vapour pressure is formed. Again, thermal processes may 
• be employed; thus nitrogen is slowly removed in the presence of an 
incandescent tungsten filament. Finally, electrical wocesses are available 
either in the form of the glow 
discharge or of impacts of 
electrons obtained theimioni- 
cally. The action is generally 
considered to consist in ioniza- 
tion of the gas atoms or mole- 
cules, after which the ions adhere 
to the walls of the container, 
particularly if the latter is suit- 
ably cooled. 

7. Measurement of Low Pres- 
sures. 

Of the manometers described 
below, those under (c&) and (6) 
are not directly dependent on 
molecular and lanetic properties 
of the gas, but are merely 
refined extensions of methods 
for measuring ordinary gas 
pressures. The remaining pres- Fig. 9 

sure gauges are all based on 
known theoretical laws connecting the measured property of the gas 
with its pressure. 

(a) Mercury manometers, 

A direct extension of the ordinary mercury manometer to the 
measurement of low pressures may be obtained by the use of the 
optical lever. 

Pig. 10 shows an apparatus due to Carver; the mercury cut-off at A is initially 
open, and a tap (not shown) at the top of the gas tube cuts off the system whose 
pressure is required. The gauge is then exhausted as highly as possible and the 
zero reading is observed. The reading is provided by a beam of light reflected 
from the mirror (7, which is pivoted in the holder jSJ on two knife-edges; the mov- 
able portion rests on a steel float D, which rises and falls as the mercury level 
changes with a given change of pressure. The apparatus will measure pressures 
down to 10"“^ mm. and may also be used at ordinary pressures to determine small 
differences of pressure. The pressure may be calculated directly from the dimen- 
sions of the apparatus, or a McLeod gauge may be used for calibration. The main 
disadvantage is the unsteadiness of the zero, due to vibration ripples on the 
surface of the mercury. 

The standard instrument against which almost all manometers are 
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ill practice; calibrated is the McLeod gauge, which depends for its. 
action on the validity of Boyle’s law at low gas pressures. 

Fig. 11 illustrates Gaede’s modification of the McLeod gauge; gas from the 
system whose pressure is required enters the gauge through ^ and fills the gauge 
dOTO to the level of the mercury reservoir. The reservoir G is then raised, cuttino' 
present in the bulb E and compressing it into the capillary extension 
winch lies along the scale The mercury rises faster in the left-hand arm 

and may be made to stand at any arbitrary height in the tube A, above that in 
the closed tube. Then if the gas pressure in the system is p, the volume of bulb 
and capillary F, the final pressure (p -|- E) and 
the final volume Fj, we have 


pF== (pA-E)V^, 


or, since p<^E, 


p. 


EV, 


(94) 




To Gas or 
Vapour 



Fig. 10 



Fig. II 


fixed positions^(5 ^ Whe^t^ reservoir between 

and capillary aie open toX stoC- ’ wK tl, ® ^ 

mercniy always rises to the wi Ji “ reservoir is raised to B, the 

capillary and forming the zero of the scX^^^°'^h dosed 

capillary are of the sninp (The tube A and the closed 

the capK deMorof r; ’ ° di^rences in pressure arising from 

lawbe& XTom; Boyle’s 

voh„. Of 1 ™. “0 ” •k” 


or, since p<^H, 


pF=(p + S)SVo, 


p= 

Jr 


^ . (95) 

The scale RK^ is graduated directly apcorfing to this parabolic law; a large range 
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of prc^ssiires is thus obtained on a relatively short scale. Pressures from 100 mrn. 
to i mm. can be read directly on the manometer M and from 1 to mm. on 
the scale KKi, 

The McLeod gauge measures pressures down to mm., but of 
course the pressures include those of mercury vapour and other vapours, 
unless the latter are removed by suitable condensing traps. 

(&) Mechanical manometers. 

The common Bourdon brass spiral gauge has been applied to the 
measurement of low pressures by Ladenburg and others in the form of 
a spiral of thin glass tubing. The movement of the end of the spiral is 
registered by an attached mirror which allows the use of an optical 
lever. A null method is often used, external pressure being applied 
to bring the mirror back to its zero position: this external pressure 
is recorded by a McLeod gauge placed at a distance. The pressure 
of corrosive gases which attack mercury may be found in this way. 

Alternatively, a type of 
aneroid barometer may be 
used in the form of a 
brass box containing a 
thin dividing membrane of 
copper. One side of the 
membrane is connected to 
a very high vacuum and 
the other side to the system 
whose pressure is required. 

The membrane presses 
against a glass plate, the 
system is illuminated, and 
the interference fringes 
are observed with a mi- 
croscope. The apparatus 
is calibrated against the 
McLeod gauge. 

(c) Viscosity manometers. 

Eeference to equation (23), p. 185, shows that at low pressures the 
viscous force existing between two surfaces in relative motion is 
directly proportional to the pressure of the gas and to the square root of 
its molecular weight. Manometers based on this relation are of two 
types, which depend on (a) the rate of dampiiig of a vibrating system 
suspended in the gas, or (b) the steady torque communicated to a 
suspended surface placed opposite a surface in motion. 

In Coolidge’s quartz fibre rmnonieter (fig. 12) two fine quartz fibres are arranged 
in semi-bifilar suspension and end in a common tip, the vibratory motion of 
CF103) 8 
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wMcli is observed by a microscope with a scale in the eyepiece. If we denote 
the logarithmic decrement,' which is a measure of the total damping, by, X, the 
general relation will be 

a-\- bpMh, . ... . . « (96) 

where a represents the damping due to friction of the support and 5 is constant 
at constant temperature. The quantity a is determined from the residual damping 
when the system is completely exhausted. The apparatus is calibrated against 
the McLeod gauge; the linear relation is valid over the range mm. to mm. 




In Dushmari^ s moUculaT gauge, the viscous drag exerted when a disc G (fig. 13) 
is rotated rapidly at uniform speed close to a similar plate B suspended by a 
quartz fibre D is observed by means of a mirror E, The whole system is con- 
tained in the glass vessel A, and to ensure absence of leaks from the air the disc 
G is rotated by the effect of a rotating magnetic field in the Gramme ring GQ 
on the magnet fixed to the vertical axle F, If is the radius of the upper 
disc, and we consider a circular strip of radii r and r -f dr, the total torque exerted 
by the lower disc, by equation 23, is 



where K is a constant, 9 the deflection produced, v the restoring couple for unit 
angle of twist, and to the angulay "Velocity of rotation of the lower disc. 
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A more correct fomrala given by Dushman * is 



where D is the diameter of the rotating disc O, d and i are the moment of inertia 
and the period of natural oscillation of the disc JB, and k is a constant involving 
the accommodation coefficient. Pressures down to 10”^ mm. may be measured 
with this apparatus, the usual range extending from 10~® mm. By equation ( 98 ), 
the instrument may be used to measure pressure absolutely, but /<? is not usually 
known accurately, so the McLeod gauge is generally used for calibration. 

(d) Radiometer gauges. 

The common CrooJces radiometer may be used to measure low gas 
pressures, but its operation is complicated and still doubtfully under- 



stood, Its use is therefore restricted to qualitative investigation. On 
the other hand, KnudserCs absolute rmnometer rivals the McLeod gauge 
for the absolute determination of low pressures. It has the further 
advantage of measuring the pressures of vapours, but it is much less 
convenient to use. 

The instrument consists of two fixed mica strips heated electrically and placed 
on either side of a third strip suspended by a torsion wire. The radiometer forces 
exert a torque on the suspended strip, measurement being carried out with 
mirror, lamp and scale. 

The torque is proportional to the gas pressure, and the theory of 
the instrument has already been discussed fully in this series.f The 
final relation obtained is 

* Phys. Rev., Vol. 6, p. 212 (1915). 
t Boberts, Heat and Thermodymmica, p. 78 et aeq. 
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DatH^ Ti - T. 


dynes/sq. 


where di is the scale deflection, the distance of the scale from the 
33 iirror, and a, S and D are the area of one side, period of oscillation, 
moment of inertia, and mean diameter of the suspended strip respec- 
tively,^ The range is from 10~^ mm. downwards, and the scale is linear 

except near the higher limit of 



pressure. 

(e) Pirani-Hall gauge. 

Since from equation (40), p. 
190, the quantity of heat AQ 
conducted through a gas at low 
pressure is proportional to the 
pressure, a convenient gauge 
may be based on the change in 
electrical resistance of a heated 
tungsten wire immersed in thegas. 

The general arrangement is shown 
in fig. 14, which shows a modification 
due to Hall and is self-explanatory. 
The gauge may be used in three ways: 
(1) the voltage may be maintained 
constant and the variation of the 
current i with the pressure p may be 
observed, (2) the resistance may be 
maintained constant and the variation 
of energy input with p observed, or 
(3) the current may be maintained 
constant and the variation of r with p observed (Pirani-Hall method). Linear 
relations are obtained with different gases over a range mm. to 10~® mm,.; 
fche apparatus is usually calibrated against the McLeod gauge. 


Fig. 15 


if) Ionization gauges. 

These gauges are based on the dependence of ionization on gas 
pressure. The existence of a linear relation depends on the arrange- 
ment of the apparatus, a satisfactory form being that of Dushman 
and Found, shown in fig. 15. 

The plate, which is in. the form of a grid and occupies the position normally 
held by the latter in a triode, has a potential of about +250 volts relative to the 
filament. The collector of the positive ions, which consists of an outer cylinder 
of molybdenum, has a potential of about --20 volts relative to the cathode. 
The positive ion current is registered by a sensitive galvanometer and is found 
to be linearly related to the gas pressure over a wide range. Experiments with 
argon, the pressure of which was determined simultaneously with a McLeod 

G. W. Todd, PUL Mag.^ Vol. 38, p, 381 (1919). 
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gauge, showed, that the greater the electron’ current, the higher the pressure 
at which the linear relation remains valid. The range is from, mm. to the 
lowest pressures attainable.. 


(g) Effusion gauges, 

Tlie use of effusion gauges is normally restricted to the measure- 
ment of vapour pressures of metals, an adequate account of which 
will be found in Roberts’ Heat and Thermodynamics^ p. 168 et seq. 
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CHAPTER X 


Osmotic Pressure 

L Osmotic Pressure of Solutions. 

Various experiments lead to the view that in some way a substance 
in solution exerts a mechanical pressure on the walls of the containing 
vessel. To demonstrate this it is convenient to use a so-called semi- 
permeable membrane. This is a natural or artificial membrane, possess- 
ing the property of allowing the molecules of a solvent to pass through 
freely, but completely obstructing the molecules of a solute. For 
example, a gelatinous layer of cupric ferrocyanide, 
deposited in a porous pot, acts m this way with 
respect to a solution of cane sugar in water. It 
prevents the passage of the sugar, but freely transmits 
the water. A porous pot cylinder, with a semi-permeable 
membrane of cupric ferrocyanide deposited in its walls, 
is filled with a solution of cane sugar in water. A long 
glass tube is then fixed through the top of the cylinder, 
the joint is made watertight, and the cylinder is made 
to stand in a beaker of pure water. As time goes 
on, it is found that the hquid inside the glass tube 
rises to a considerable height and comes to rest. 
Fig. 1 represents the situation after equihbrium has been reached. 
The cylinder has been adjusted so that the semi-permeable base 
just touches the pure water. Water has entered the cylinder and 
tube tmtil the difference of the two levels has become H cm. A 
hydrostatic pressure of gpH dynes per sq. cm., plus the pressure 
at A, now acts on the inner surface of the semi-permeable mem- 
brane in the base of the cylinder, where p is the density of the 
solution in its final state, A pressure gall, plus the pressure at X or Z, 
acts on the solvent at F, where a is the vapour density. The same 
pressure acts upwards on the lower side of the membrane. It may be 
said that a pressure gH{p — a), applied to the inner surface of the 
membrane or to the solution, prevents more water from entering. 
This quantity is called the osmotic pressure of the solution in its final 
state: 
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' Senii-pernieable membranes and tbe phenomenon of osmotic pressure 
play a great part in connexion with the properties of cells in plants 
and animals. Solutions with equal osmotic pressures, though not 
necessarily with the same solute or solvent, are said to be isotonic. 
In giving medical injections, swelling of the red blood corpuscles is 
avoided by using solutions isotonic with the contents of the corpuscles. 

The osmotic pressure of a solution is often regarded as being 
produced in the same way as the pressure of a gas, that is, it is supposed 
that the molecules or ions of a solute are endowed with motion, that 
they bombard the walls of the containing vessel, and that the osmotic 
pressure is the normal momentum imparted to the walls per sq. cm. 
per sec. In dilute solutions it is supposed that the molecules or ions 
of the solute move about, unimpeded by the presence of the molecules 
of the solvent, and without exerting forces on one another; in fact, 
the solute behaves as a perfect gas would behave if it occupied the 
same total volume as the solution. Other views of osmotic pressure 
have been put forward from time to time, but these will not be con- 
sidered here. 

Experiment shows that the value of the osmotic pressure of a very 
dilute solution of a solute which does not dissociate when placed in 
the solvent is, in fact, that which it would have if the solute were 
a perfect gas occupying the same total volume as the solution. This 
result is known as van^t Hoff’s law, the classical law of osmotic pressure. 
In symbols, it may be written 


Me ~^ w’ 



where P is the osmotic pressure of the solution, F its volume, 6 the 
absolute temperature, M the mass of solute, IF the molecular weight 
of the solute, and R a constant. If P is in dynes per sq. cm., F in c.c., 
M in gm., and IF the molecular weight, R = 8*315 X 10^. Its dimen- 
sions are those of work/temperature or Equation (2) 

may also be written in the form 

P==:kne, . ... . . . . (3) 


where ib is Boltzmann’s constant, equal to 1*372 X and n is 

the concentration of solute molecules in molecules per c.c. In the 
case of solutes where each molecule completely dissociates into v ions, 
van’t Hofi’s law becomes 


PF_^ 
Md "' W’ 



P ^ vhnO^ 


which reduces to 


. . ( 5 ) 
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Wliatever the nature of solutions may be, tEermodynamics enables 
us to deduce various laws connected wdtb tbeir osmotic pressure, 
vapour pressure, &c. Some of these laws will be discussed before we 
consider modern views of the nature of solutions. 


2. The Osmotic Pressure of a Dilute Solution is Proportional to tlie 
Absolute Temperature. 

Consider a quantity of a dilute solution enclosed in a cylindrical 
vessel ABCD (%. 2). Let the latter be provided with a frictionless 
piston, the head of which is semi-permeable in the sense used above. 
Let the volume of solution be F c.c., its osmotic pressure P dynes 
per sq. cm., and its absolute temperature 0. Let there be pure solvent 
above the piston head. During any motion of the piston the solute 



Fig. 2 



is kept in the lower part of ABCD, but pure solvent passes freely through 
the piston head. Let the system be taken through the cycle LMNO, 
which is represented on a PV diagram in fig. 3. (1) Let the initial 
state P, F, d be represented by the point L, when the piston is at 
AB, Let the piston move up very slowly at constant temperature 6, 
so as to sweep out a volume dF, that is, admitting iV c.c. of solvent. 
The point M represents the new state of the solute. (2) Let the piston 
move up a little farther, so that the temperature drops adiabatically 
to 0 — dd, that is, take the solute along the path MN to N. (3) Let 
the piston be pushed down at constant temperature 9 — d9 until 
the volume is represented by the point 0. (4) Finally, let the piston 
be pushed down a little farther, so that the enclosed solution has its 
temperature adiabaticaUy raised by d9, and the point Lis again reached. 

Thus LMNO is a Carnot cycle, in the thermodynamic sense. Its 
efficiency, by a property * of such cycles, is {0 — (0 — d9))jd = ddjO. 

*See Roberta, p. 250. 
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From aiiotlier . point of view, its efficiency is equal to tlie area of tlie 
cycle divided by tlie heat taken in by the substance along LM. The 
area of ' LMNO == the area of LMXY =' LYdV, The quantity LY 
may be written in the form (9P/90)j.(Z0, for it is the change in osmotic 
pressure at constant volume corresponding to a change of temperature 
dd. Hence the area is {dPldd)yd9dV. The solution is so dilute that 
along LM there is no heat of ‘‘ further ’’ dilution to allow for, and 
the only heat absorbed along LM by the solution is that required to 
make up for the work PdV done by the solution and so keep the 
temperature constant. The second expression for the efficiency becomes 
{{^PIdd)ydddVyPdV, Equating the two expressions and clearing 
fractions, we have (dPld6)y = Pj$. By integration, 

logP = log 0 + a constant, 

and 

P=a0, . (6) 

where a is a constant as far as temperature is concerned, but may 
depend on the volume. This result, of course, is part of van*t Hofi’s 
law. 

3. Difference between the Vapour Pressure of a Pure Solvent and that of 
a Dilute Solution. 

Consider the simple arrangement shown in fig. 1 and described 
on p. 214. Let the vapour pressures at points X and F, just above the 
surfaces of solution and solvent, be p* and p respectively. Let the 
densities of the vapour and solution be a and p. Neglect changes in 
vapour density with height. To get from X to F, it is possible to 
proceed in two ways, (1) via the solution and solvent, along the route 
XWY, (2) via the vapour only, along the route XZY, The pressure 
change in going from X to F must be the same along both paths. 
Along XTF F, p = p' + gpH — P, since the pressure is p' at X, rises 
by gpH in going from X to the bottom of the column of solution, and 
then falls by P as the semi-permeable membrane is crossed. Along 
XZF, p = p' + gaH, since the drop in level in the vapour is the only 
cause of change in pressure. Hence g pH — P = p — p' = gaH, 
P= gH{p — a), and pJT = P/(p — a). Thus 


/ jr P<^ 

p~p=gaH= . . . 

p — (T 

. . . 

Since a <ti p, the approximation 

, Po 

■ ■ ■ ■ 

■ . . (8) 

r 

is often used. 
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4. Differeaee between the Boiling Point of a Pure Solvent and that of a 
Bilnte Solution, ^ 

A liquid boils when its saturation vapour pressure is equal to the 
pressure of the atmosphere above its surface. Fig. 4 shows the curves 
connecting the saturation vapour pressure and the absolute tempera- 
ture of a pure liquid and of a dilute solution with the same liquid as 
solvent. Let A represent the boiling point of the pure solvent at 
temperature 0. At this temperature the vapour pressure of the solution 

is lower than that of the 
solvent, represented by the 
point 5. To make the 
solution boil, its vapour 
pressure must be brought 
up to atmospheric pressure. 
This is done if the tempera- 
ture is raised by an amount 
Ad, say, so that the vapour 
pressure p of the solution is 
represented by the point 0, 
where AZ = CM == p. Let 
BL = p\ The curve BO 

connects p' and d. To a 

change in temperature d9, 
there corresponds a change 
of pressure dp'. Hence to a 
change in temperature Ad, there corresponds a change of pressure 
(dp' ld9)A9, which must be equal to p — p'. Thus 


Boiling Pbint 



^Ae 


e 

Fig. 4 


M 


e-f-AB 


A0 = 


dp' Ide • 


( 9 ) 


Assume that the slopes of the two curves near A and B are equal, 
that is, that dpjdd ~ dp' jdO, an assumption borne out by experiment. 
By a relation known as ike first latent heat equation, or Clapeyron’s 
equation,* 

ao) 

dd 

during a change of state, where L is the latent heat in ergs per gramme, 
and and Uj are the specific volumes of the vapour and liquid solvent 
respectively at temperature 6. Hence 


LB: 


p- 




( 11 ) 




* See Roberts, Seat and Thermodynamics, p. 314 . 
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By equation (8), 


p-p' = 


9 

P 


where cr is the vapour density of solvent vapour p the density 

of the dilute solution, and P its osmotic pressure. As the solution is 
dilute, assume that p is the density of the pure solvent. Then p = 1 jv^. 
In equa,tion (11) substitute for p — p' from equation (8), neglect in 
comparison with V 2 , since the specific volume of a liquid is so much 
less than that of its vapour, and replace by 1/a. Then 




p<^Ip 

La/d 


or 



( 12 ) 


In numerical substitutions, P is in dynes per sq. cm., i in ergs per 
gramme, and p in grammes per c.c. Ld is numerically positive, so that 
the solution has a higher boiling point than the solvent. Since P= vknO, 
by equation (5), 


A«=". 

Lp 


(13) 


5. Bifference Ijetween- tlie Freezing Point of a Pure Solvent 'ani tliat 
of a Bilute Solution. 

Tile freezing point of a pure solvent is that temperature at wMch 
the liquid phase of the substance is in equilibrium with the solid 
phase and their vapour pressures are equal If no substance other 
than the vapour occupies the space above the liquid and solid phases, 
all three phases, solid, liquid and vapour, can be in equilibrium, and 
the freezing point is also the triple point. If the vessel is open to 
the atmos|)here, the freezing point is not quite the same as the triple 
point. For example, the ordinary melting point of ice is 0° C., but the 
triple point is C. 

When a solution freezes, only the pure solvent crystallizes out. The 
freezing pomt is lower than that of the pure solvent, and is the tem- 
perature at which the solid phase of the solvent is in equilibrium with 
the liquid solution, that is, at which the vapour pressure of the solution 
is the same as that of the solid solvent. Consider fig. 5, in which .45 
represents the p9 curve of the vapour of the liquid solvent, DB re- 
presents that of the vapour of the solid solvent, and DC the p'9 curve 
of the vapour of the solution. B represents the freezing point and triple 
point of the pure solvent, D the freezing point of the solution. 

Draw vertical straight lines AD3 md BOK through D and B 
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respectively, and iorizontal straight lines DE, AF. Let OK = 0, OH = 
6 — M,. Experiment stows that AB and DC have the same slope. 
Hence AD == BO = — j?'. Hence AD = Pcj/p, approximately, hy 

equation (8), p. 217, where cr is the vapour density, p the density of the 
dilute solution (which is nearly equal to the density of the solvent), 
and P is the osmotic pressure of the solution at 6. Also AD= BG=^ 
BE — OP. DE represents the lowering of the freezing point Ad 
produced by the presence of the solute. BE = DE tmiBDE == 
A6(dpjdd), where dp/dd relates to the vapour pressure of the solid sol- 
vent. CE = DE tan ODE = DE tmiBAF, since AB and DO are parallel, 
=Ad(dpjd6) where dp/dd relates to the vapour pressure of the liquid 



solvent. Hence AD — BE — CE = Ad {^(3p/3^)goiid — (%^/5^)iiq.iiid}* 
Clapeyron’s equation (10) applied to the transition solid- vapour gives 
^P/^^soUd = ^ib/9{'^3 — %)> where is the latent heat of transition 
from solid to vapour, and and % the specific volumes of vapour and 
solid respectively. Now % ^ and % = 1/a, where a is the vapour 
density. Hence (9j?/36)soHd == Lj^z^/d, Similarly {dp/dd)^^-^^^ = L^s^/d, 
where Pgs Is the latent heat of transition from liquid to vapour. Hence 


AD = 6S{L^crj6 — Lz^(tI6^= . L-^^ajd, where is the latent 

heat of transition from sohd to liquid, since near the 

triple point. Equating the two values of ^Z>, we have 

<“> 

An accurate (but indirect) method for measuring osmotic pressure is 
based on this formula. 

6. Measurement of Osmotic Pressure. 

Osmotic pressure may be measured directly e.g. by the method of 
Berkeley and Hartley.* 

*PUL Tram, Boy, Soc,, A., VoL 206, p. 481 (1906), 
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A horizontal porcelain tube A (fig. 6) has a semi-permeable membrane of 
CuFe(0]Sr)6 deposited near the outer wall. The gun-metal case B enclosing A is 
filled witlx the solution under test by the side-tube 0, The brass end-tubes 
D and A? lead respectively to a vertical open graduated glass capillary tube and 
to a tap. The solvent (water) is placed in the porcelain, brass and glass tubes. 
Solvent tends to pass through the membrane, but is prevented by a hydrostatic 
pressure applied through G. When the applied hydrostatic pressure is just equal 
to the sum of the required osmotic pressure and the small hydrostatic pressure 
on the solvent in A, the meniscus in F remains stationary. The membrane ivas 
strong enough to allow osmotic pressures of 130 atmospheres to be measured. 

7. Raoiilt’s Law. 

Raoult’s law asserts that when a solute is added to a solvent to 
form a dilute solution, the fractional drop in vapour pressure (p — p')/p 



is equal to NJN 2 i where and Wg, respectively, are the total numbers 
of solute and solvent molecules present (solute undissociated). 

To prove this, replace p — p' loj hndxjjp by equations (8) 

and (3), where h is Boltzmann’s constant, n the number of solute 
molecules per c.c., <j the vapour density, p the density of the solution 
(and of the solvent; approximately). Further, p^ the saturation vapour 
pressure of the solvent, is given by the equation of state of a perfect 
gas, since the saturated state may be regarded as the last state to 
which the equation of state applies as the substance approaches con- 
densation. Hence pja = E9/W, where W is the molecular weight of 
the solvent, and = RdalW, We thus have (p — p')lp = JenW/Rp. 
Write n = Ni/V, where F is the volume of solution or solvent. Now 
p/W is the number of gramme-molecules of solvent per c.c., if p is re- 
garded as the density of the solvent, Vp/W the total number of 
gramme-molecules of solvent present, and Rfh the number of molecules 
in a gramme-molecule. Hence VpRJWh^ the number of actual 
molecules of solvent present. Then we have approximately 


P ~~N,’ 


(15) 


and NJN2 — %/w2, the ratio of the concentrations in molecides per c.c. 
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8 . ' TWO' Classes of Electroiyt^^^ 

As far as aqueous solutions are concerned, there are two classes 
of electrolytes. The class of weak electrolytes includes those substances 
which when dissolved in water give solutions in which the process of 
dissociation into ions is far from complete. This statement holds even 
when the solutions are very dilute. In this class are many organic 
acids and bases, carbon dioxide, sulphuretted hydrogen, and ammonia. 
The class of strong electrolytes includes those substances which are now 
believed to be completely dissociated into ions in dilute and even in 
moderately strong solutions. To this class belong most neutral salts 
and those acids and altalies which have long been called “strong”, 
for example, HCl, HNO^, H 2 SO 4 , NaOH, KOH. The properties of 
solutions of weak electrolytes are well represented by the classical 
theory outlined on pp. 215-221, but this theory fails to explain the 
properties of solutions of strong electrolyijes. Contributions to the 
theory of such solutions have been made by Sutherland, Bjernun, 
Hertz, Mdner, Ghosh and others, and especially by Debye and Hiickel 
(1923 and onwards). As the theory of the last two authors is now 
generally accepted^ an outline of the elementary part of it will be 
given here. 

9. Modern Views of Osmotic Pressure. 

The classical theory of the osmotic pressure of dilute solutions 
regards it as an effect of the same type as the pressure of gases, that 
is, the value of the osmotic pressure is calculated as the normal momen- 
tum imparted to the boundary surfaces per sq. cm. per sec. by the 
impact of the molecules or ions of the solute. It is assumed that no 
forces exist between the molecules or ions. Debye and HuckeFs theory 
represents an advance somewhat analogous to that made by Van der 
Waals in the kinetic theory of gases. Their theory takes into account 
the forces exerted by ions on one another, due to their electric charges. 
These forces are given by Coulomb’s law of inverse squares, and the 
solvent enters into the calculation because it ills the spaces between 
the ions and the value of its dielectric constant affects the value of 
the forces. Any given ion is more likely to be approached by ions of 
the opposite kmd than by ions of the same kind. This affects the 
kinetic energy of the ions and reduces the osmotic pressure. In 
solutions of weak electrolytes the charged ions also exert forces on one 
another, but as they are relatively few in number compared with the 
total number of undissociated molecules present, the effect of the 
forces is relatively small, and weak electrolytes behave according to 
the classical theory. 
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10. Bebye and Slickers Theory of Strong Electrolytes,* 

It is convenient to describe first the experimental results obtained 
with solutions of strong electrol 3 rtes. Suppose that the actual osmotic 
pressure of a solution is P, and that the osmotic pressure which the 
solution would have if it were completely dissociated into ions is P^. 
Write P/P^= j8; ^ is called the osmotic coefficient of the solution, 
and is determined by experiments on the depression of the freezing 
point, &c. According to the classical theory of solutions, 

I- .... (16) 

where n is the concentration of the electrolyte in molecules per c.c., 
V the number of ions into which each molecule dissociates, and K the 
constant of equilibrium supposed to 
exist between molecules and ions, as 
given by the law of mass action (see 
Ex. 1, p. 280). 

In the case of binary electrolytes 
like NaCl, V = 2 and 1 r~ ^8 == n/2Jr. 

A graph connecting 1 ~ ^ and n for 
such substances ought to be a straight 
line, beginning at the origin and mak- 
ing a finite angle 6 with the axis of n, 
where tan 0=1 j^K. In other cases, 
when > > 2, the graph connecting 
(1 — jS) as ordinate and w as abscissa 
ought to be a curve starting at the 
origin with the axis of n as its tan- 
gent. The actual experimental results 
are in sharp contrast with these. 

Inspection of fig. 7 shows that in aU 
cases the graph connecting (1 jS) 

and the concentration n is a curve leaving the origin in such a way that 
the axis of (1 — jS) is a tangent to it. Thus the classical theory of 
osmotic pressure fads as regards strong electrolytes. It appears on 
closer examination that the states of such solutions are not governed 
by the classical law of mass action. Fig. 7 also shows that for a given 
concentration the value of (1 — depends on the valency of the 
ions of the electrolyte concerned, that is, on the electric charges upon 
the ions. The classical theory fails in that it does not take mto account 
the forces due to these electric charges. In the present exposition of 
Debye and HiickeFs theory it is initially assumed that (1) the solutions 
under discussion have fairly low or low concentrations, (2) the electro- 
lyte is completely dissociated into ions. 

* Debye and Hiickel, PJiysihalische 24, pp. 185, 305 (1923). 
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The classical value of the osmotic pressure of ^ solution is 
P^ z=z vnkdy by equation (5). Let the actual osmotic pressure be P. 
It is required to express P in terms of P^. Consider a volume Fq of a 
solution, enclosed in a cylindrical vessel provided with a piston of which 
the head is semi-permeable, that is, permeable to molecules of the 
solvent but impermeable to molecules of the solute. Let there be pure 
solvent behind the piston head. Consider the work which must be 
done by an external agent, who may be called the operator, to obtain 
F c.c. of solution, starting with pure solvent, working at constant 
temperature and by purely reversible processes. Two convenient 
ways of effecting this change offer themselves, and, by a property 
of the quantity known as the available energy of a system, or other- 
wise, it may be shown that the work done by the operator is the same 
in each case. 

First of all, the solution may be compressed infinitely slowly from 
the state of zero concentration (infinite dilution) and volume Fq to 
the final volume F. The total work done by the operator in this process 

is — / PdV ergs ==lFi, say. Note that in the usual notation of 

thermodynamics, dWi/dV = — -P. Secondly, the operator may start 
with a solution of zero concentration, regarding it as containing ions 
infinitely far apart, and take away the charges from the ions infini tely 
slowly. Then the solution may be compressed from a state of zero 
concentration and volume Vq to the final volume F, the charges on 
the ions being absent. The charges may then be restored to the ions 
infinitely slowly. In this way the solution reaches the same final state 
as before. During the compression, the work done by the operator 

is —J^ PadV = W 2 , say, where P^ represents the osmotic pressure 

calculated by classical reasoning, since electric charges are absent. 
Hence dlFg/fiF = — P^. Let the work done by the operator in removing 
and restoring the electric charges be IF^^. Then since the total work 
done by the operator is the same in the two processes, 

W,^W2+W,. . . . . . . (17) 


Differentiate "with 
This gives 


respect to F, keeping the temperature constant, 

dW^ dW2 , dWj, 

W^W + W’ 


or 


Hence 



P =- Pa 


dW, 

BV 


(18) 
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Thus the {juestion of finding P in terms of is reduced to the 
problem of finding dWj^/dV. The quantity consists of two parts, 
(a) the work % done by the operator in removing the charges from 
the ions when the ions are infinitely far apart, (b) the work 
by the operator in restoring the charges after the final concentration 
has been reached. If we regard the ions as spheres, each of radius 
b cm., charge e e.s.u., infinitely far apart, and immersed in a solvent 
of dielectric constant D e.s.u., the energy of each ion, regarded as a 
charged condenser of capacity Db e.s.u., is e^f2Db ergs. It is this 
energy which is allowed to return to infinity when the ions are dis- 
charged. Thus the work done by the operator per ion is —e^l2Db ergs. 
If in F C.C. of solution there are N ions of each kind, the total work 
is 

^ ergs (19a) 


In calculating the work of restoring the charges to the ions at finite 
concentration, we must take account of the work done in bringing up 
a charge to each ion against the mean potential due to other ions, as 
well as against its own potential. Thus consists of two parts, 
which we shall call % and respectively. The work done against 
an ion^s own potential, by a similar calculation to that just carried 
out, is equal to +e^/2D'b ergs per ion, where D' represents the 
effective dielectric constant of the medium around an ion. 

For the N ions of each land in F c.c. of solution, the total work 




(196) 


In strong solutions =|= D, on account of the proximity of other ions, 
although in dilute solutions D and D' may be assumed to be equal. 

The work done against the mean potential due to other ions is 
much greater than either of the quantities of work just calculated, and 
requires detailed consideration. Assume that the aqueous solution 
under discussion contains a single binary monovalent electrolyte such 
as NaCl or KOI, whose ions carry charges and — e respectively, 
where 6 is 4-774 X 10“^® e.s.u. We now calculate the mean electro- 
static potential which the neighbouring ions produce at a point which 
is about to be occupied by the centre of a given ion. Let there be n 
ions of each kind per c.c. The number of negative ions surrounding a 
given positive ion, when averaged over a certain time, exceeds the 
number of positive ions, because of the attraction of unlike charges. 
The excess is affected by temperature changes. Let ^ be the as yet 
uncalculated resultant potential at a point at a definite distance from 
the centre of a selected positive ion and outside it, due to that selected 
ion and to the rest of the ions. To bring a charge +e there, work 
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ergs must be done by the operator, and —e<j) ergs are required to bring 
a charge -™ e there. We now apply the Maxweh-Boltzmann theorem to 
calculate the average concentration (in time) of ions of each sort in an 
element of volume dV near the point in question. According to that 
theorem, the number of positive ions in this element is where 

k is Boltzmann’s constant, and e is the base of Napierian logarithms. 
A is a constant which is equal to n, since the expression must hold 
when 0 == 00 , a temperature at which we may assume that the ions 
are uniformly distributed, with a concentration n of each kind per c.c., 
and Ae^dV = A dV = ndV, Similarly, the number of negative ions 
in the element dV is Since the ionic charges are +e and 

— e respectively, the net amount of positive charge in the element dF 
is that is, 

e.s.u. per c.c. = p, say. . . (20) 


As this is a problem in electrostatics, Gauss’s theorem holds. Apply 
it to the element dV, which may be regarded as a rectangular paral- 
lelepiped. This gives Poisson’s equation, 


4_ _L 


( 21 ) 


which may be written in the shorter form 

( 22 ) 

In this equation substitute the value of p from equation (20). Then 

(23) 

Assume that the electrical energy e<f) is small compared with the mean 
kinetic energy h9 due to thermal agitation. The exponentials can then 
be expanded in series of terms in so that, neglecting terms in 

^ of degree higher than the first, we get 

approximately. .... (24) 

This may be written in the form L<f> ==: where = Snne^jDhd, 

Debye and Hiickel call Ijx, which has the dimensions of a length, the 
characteristic length of the solution. 

When Poisson’s equation is expressed in polar co-ordinates, and 

* Jeans, Dynamical Theory of Gases, 3rd ed., eq[nation (936) (Cambridge tJiiiversitT 
Press, 1921), 
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,(25) 


when the element of ' volume' dV has the form of a spherical' shell 
contained between spheres of radii r and r + dr, the equation becomes 

1 \d{f'^d^ldT)\_^S7Tne^(f> 

* \’~mf 

(26) 

This tjTpe of element has the advantage of spherical symmetry. One 
general solution of equation (26) is 

9 ^=^ + ^- ..... ( 27 ) 


Since ^ = 0 when r - 


r r 

00 5 this reduces to 


(28) 


This is the potential at a point outside the selected ion. Now in 
aqueous solutions it may be shown that each ion carries with it a 
layer of surrounding water molecules, which increases its effective size. 
Assume that each such ion is effectively a sphere of radius a cm.,*^ 
of which the interior is a medium of ^electric constant D, with a 
point charge +c or — e at the centre. Assume that the potential 
at any point inside this sphere is 

f = ...... (29) 

where B is a constant to be determined. At the boundary of the 
sphere of radius a, two conditions must be fulfilled. For r = a, ^ =: 
and also for r = af d(p/dr= d(f>'ldT. From the first condition, 

^ + B. ... . . 


From the second, 




Da 


; , 


e 

w 


From equations (30) and (31), 
and 


D(l + xa) 
ex 

D{1 + xa)* 


(30) 


iH) 


(32) 


(3E) 


The value of B represents the potential which the surrounding ions 
produce at the centre of the given ion. ejDr is the potential at any 

* The quantity a represents the average value of the shortest distance between the 
centres of the selected ion and other ions of both kinds. The quantity h of p. 225 
is the radius of the actual ion, and b a. 
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internal point due to tEe ion’s own cEarge. WEen m is small compared 
witE unity, tEat is, wEen a; is small and tEe concentration is small, 
tEe value of 5, namely, —exjDQ. + reduces to 


5= ~~ 


ex 

5* 


(34) 


TEe furtEer discussion is limited to tEis case. 

It is now necessary to find tEe work required to bring up a cEarge 
•fe, in elements eacE of value de, from infinity to a point wEere tEere 
is a potential due to otEer cEarges of value B = — exjD, (TEis process 
is a purely matEematical device, since actually tEe cEarge can exist 
only as a multiple of tEe electronic cEarge.) TEe element of work 
done El bringing a cEarge +dc to tEe point is 


Bde- 


exde 


(36) 


Substitute tEe value of x given by equation (24) in (35). TEis gives 
„ , / SrrnX^e^is 

and by integration tEe total work done in bringing up +e is 
— {STTnjBkdf^j^D ergs, tEat is, —e^xj^D ergs per ion, since 
X = {QTTne^jDhOf by equation (24). If in tEe solution of volume F o.c» 
tEere are N ions of eacE kind, tEe total work done in bringing up 
tEem cEarges against tEe potentials of tEe surrounding ions is 




2N^ 

3D 


ergs. 


(36) 


TEis is a negative quantity. It is far greater numerically tEan 
Wi or ^c ?^5 wEere = — Ne^jDb and = Ne^jB'b as given by 
equations (19a) and (196), respectively, for dilute solutions, since D 
and D' are nearly equal. Hence tEe quantity IF^ of equation (17) 
+ + approximately. TEat is, 




2Ne^x 


3D 


ergs, 


and., on substituting x = {^rtne^jDhQ)^ and n = NjVy we Eave 


Hence 


oJD 


SW, (8^iye^/W 

F 3DF^ ’ 


(37) 


( 38 ) 
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if we keep iV constant duiing the differentiation, or 

dW^_eh:N 
dV ~ 

Equation (18) becomes 

P==Pa-^. (39) 

For an aqueous solution of a binary salt of the type considered, 
tbe classical value of tbe osmotic pressure is Pa = vnkO = 2nk6. Hence 


Now tbe osmotic coeiEcient 


Pa J ^DhB^ * V * ' ^ ■ 

Since 

a?cx:#, 1 — jSxni • • * v • 

This relation agrees well with experiment for solutions of low concen- 
tration (see fig. 8). 

IL Solutions of Strong Electrolytes of any Type. 

Consider an aqueous solution of a single strong electroljije, each of 
whose molecules splits up into , Vi ions of types 1, 2, . . . , i 

respectively, with valencies . . . , respectively. Let n be the 

concentration of molecules per c.c. Then the concentrations of the 
ions are nv^, nv^, . . . , nvi respectively. In this case, when Boltzmann’s 
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theorem is applied as on p. 226, the number of ions of class i in an 
element of volume dY is found to be dV , and their contri- 
bution to the total charge per c.c. is If, as before, we 

assume that the index is small and expand the exponential to two 
terms, this charge becomes +nz^i'^e(l z^e^jhd) approximately, and 
the total charge per c.c. due to all classes of ions is 

p = approximately. . . (44) 


Now an undissociated molecule is electrically uncharged. Hence 
HziVie == 0, for it is the sum of the charges on the ions arising out of a 
single molecule. Hence, expanding the expression for p, we find that 
p = UnZiV^e — ne^<l>Zvi%^lhd is given by the second term only, that is, 



ne^^HviZ^ 

^ ~ kd ’ ’ ' 

. . . : (46) 

Poisson's 

equation 4^^/!) becomes 



1 

II 

<1 

. . . . (46) 

or 

II 

<1 

. . . . ( 47 ) 

where 

^2 4:7rne^TiViZ^ 

® ~ Dkd ' ' ' ' 

. . . . ( 48 ) 


The further steps in the theory are the same as for solutions of 
binary salts. As before, the solution of equation (4T), expressed in 
polar co-ordinates, is 



f 



outside the ion. If an ion is supposed to be a sphere of radius cm., 
with a charge z^e at the centre, the sphere being composed of a medium 
of dielectric constant D, then the internal potential at any |)oint may 
be supposed to be 




z^e 

Dr 


+ J5. 


(50) 


B is that part of the internal potential contributed by external ions, 
w.d ZiejDr is that part of the internal potential contributed by the 
ion itself. At the surface of the sphere there must be contmuity of 
field and potential, that is, when f == a,., ^== and dcjyjdr d<f/ jdr, 
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After substituting tbe values of (j> and derived from equations (49) 
and ( 50)5 in tbese boundary equations, we find that 



A 


. . . (51) 


JOL 

0(1 4- mi) 

and 

B = 

z^ex 

D(1 + mi)' 

. . . (52) 

For dilute solutions, 

a»< <C 1 

and B= 

. . . (53) 


As in the case of solutions of binary salts, the work required to 
bring a charge up to a point against the potential of surrounding ions 
is the most important part of Wj^ (see p. 228), and the other quantities 
of work done in discharging the ions at zero concentration and in 
charging the ions against their own potential are neglected in comparison 
with this. To bring up a charge in elements, each of value 2 :^* from 

infinity to a point where the potential is B, the work required is f Bz^de, 

f z^exdejD. The quantity x can be written 
0 

in the form x = Oo, where 0 does not contain e, by equation (48). 
After substituting and integrating, we find that the work required 
is — Czih^jZD ergs = There are Vi ions of this kind per 

molecule, so that the work required to bring up all their charges is 
—ViZ^eHIdD eigs, Hence the total work for all the ions of all 
kinds in iY molecules, is given by 



W 


ergs. 



As before, by equation (18), P = where F is the 

total volume of solution. F enters into the expression for TF^ in the 
factor X == {4:TTne^{^ViZf)jDhdY by equation (48). In fact, NjV 
and TFj^= — —iw^/F^, where P is a factor which does not 
contain ^ or F. Hence = -W^I2V, If in this 

we substitute the full expression for a?, equation (18) can be written 
in the form 


P = 1 47rnc^ 


DMj 6PF’ 



Write Pa == {nEvi)M, for nSvi is the number of ions per c.c. Then 


P = 




QDVJcdn^Vi 
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Now tlie osmotic coefficient j8 = P/P« and N = Vn. Hence 

„ ^ Pa — P ^ 


I 


DM j 'eDMSi// 


Write TtVi = V and n = y X 6-06 X 10^^/1000 == yiV^/lOOO, where y 
is the concentration in gramme-molecules per litre, and iV^ is th© 
number of actual molecules in a gramme-molecule. Then (1 — 
may be written in the form given by Debye and Hiickel, namely, 


l-iS: 


lOOODM 


/ QDM' 


(56) 


Comments . — ( 1 ) This expression show's that (i — (3), with small concentrations, 
depends on the number and valency of the ions, as 
represented by on the nature of the solvent, 

as represented by D, and on the temperature 9. 

(2) (1 — P) is proportional to (yv)^. 

(3) The expression {Sv^s/Zv}! is called the 
factor and may be denoted by v, 

(4) For dilute aqueous solutions at ordinary 
temperatures, D = 88*23 and (1 — p)==: 0*263 d(yv)L 

(5) For KOI, ?;= 1; for K^SO^, t>==: 2V2; for 
LaCNOglg, = 3\/3; and for MgSO^, v — 4V4= 8, 

(6) Fig. 9 shows graphs connecting (1 — p) and 
(yv)!. Curves derived from experiment and from 
the above theory agree well at low concentrations, 
but an increasing divergence appears as the concen- 
tration is increased. The experimental values of p 
were obtained by determining the depression of the 
freezing point in each case. 

(7) Equation (18), wliich is derived from thermo- 
dynamics, is true no matter what detailed theory of 

Fig. 9 osmotic pressure may be adopted. 



12. More Exact Theory. 

If in the equation B = —z^exlD{\ -f xaf} on p. 231, za^ is not very small 
compared with unity, that is, if the solution is not assumed to foe very dilute, 
the theoretical results and the graph agree well with those derived from experi- 
ment up to much higher concentrations. Space will not permit a full account 
of the theory. It will suffice to quote the result for aqueous solutions, namely, 

1— P — 0*263t;(Yv)l/(a;a), . . . , . . (57) 

where a is the mean value of ail the quantities f{za) is a function of za^ namely 

/(«,)= ^ 33 ^ 

The other symbols have the same meaning as in section ii. 

To apply equation (57), Debye and Hiickel take as the mean ionic radius a 
that value of <2 which makes the theoretical value of 1 — p for the highest con- 

* See Debye and Hiickel, Physikalische Zeits., Vol. 24, pp. 185, 305 (1923). 



DEBYE AND HUCKEL’S THEORY 


233 


X] 


ceBtrations coincide with the experimental valne. It is then found that there 
is very good agreement at lower concentrations (fig. 10). The value of the mean 
radiiis for KCl solutions is 3*76 X 10“® cm. 

Even with the more general theory just 
given, various discrepancies between experi- 
ment and theory still persist. When the mean 
ionic radii of the alkali chlorides, calculated 
from the above theory, are examined, it 
appears that LiCi has the greatest diameter, 

NaCl the next, and so on to CsCl, which has 
the least. Erom the X-ray examination of 
crystals, however, it appears that LiCl has the 
smallest diameter, in contradiction to the 
above. At very high concentrations, moreover, 
the value of 1 — p for LiGl decreases as yv is 
increased. Einally 1 — p changes sign, so that 
p becomes greater than unity, and the osmotic 
pressure P exceeds the classical value P^. To 
explain these and other points it is necessary 
to take into account the deformability of the 
ions in strong fields and the presence of dipoles 
in the molecules of the solvent. Fig. i© 
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CHAPTER XI 



DifFusion 

1 . Diffusion in Liquids. 

Tile diffusion or wandering of the molecules or ions of a solute in 
a solution* from a region of high concentration to one of low concentra- 
tion is a process resembling the conduction of heat in a metal from a 
point of high temperature to one of low temperature. Eegarded from 
the macroscopic point of view, i.e. when attention is directed not to 
the behaviour of one particular ion but to the general effect, it is 
irreversible. A portion of a pure solvent, having once become im- 
pregnated with a solute, never again rids itself of the solute, unless 
aided by some external agent. Although in the case of strong electro- 
lytes the molecules are completely dissociated and the ions move about 
separately, yet from the macroscopic point of view it is usual to consider 
the diffusion of the solute as if its molecules remained undissociated. 
For example, chemical analysis of a portion of a liquid taken from a 
particular region gives the concentration of the solute there. 

The quantitative treatment of the phenomenon is based upon 
Fick’s law of diffusion, which is analogous to Fourier’s law of conduc- 
tion of heat and to Ohm’s law of conduction of electricity, all govern- 
iug processes which in a certaiu sense are irreversible. Fick’s law may 
be stated thus: 

....... ( 1 ) 

where Q is the mass of a solute in grammes carried across an area A 
sq. cm. of a surface normal to the direction of diffusion in one second, 
n is the concentration of solute in grammes per c.c. at a point x cm. 
distant from some arbitrary origin, and —dnjdx is the gradient or rate 
of decrease of concentration per cm. in the direction of diffusion. K 
is a quantity called the coefficient of diffusion or the diffusivity of the 
solute in a solution of concentration n. It is found that the value of K 
depends on that of so that the diffusivity of a given solute in a given 
solvent is not constant, but a function of n. As an example of a 
recent accurate determination of jK", an account of Clack’s method 
will be given. 

* !For a brief discussion of diffusion of gases see Chap. IX, p. 183. 
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2.' Measurement of Diffusivity/ Clack’s Method.^: 

Tte object of tMs series of experiments is to measure K for aqueous solutions 
of KOI, XaCI, and KNO 3 , of various strengths. The method is based on Mck’s 
law. Consider the upward diffusion of a solute in a uniform vertical tube FG 
(fig. 1 ). At the base there is a saturated solution, kept saturated by the presence 
of crystals of solute. At the top a slow uniform stream of pure water flows across 
the end of the tube, and, by carrying off the solute as it arrives there, becomes a 
very dilute solution. Let n be the concentration in grammes per c.o. at P, a level 
a; cm. from F and I cm. from the top G, Let p be the density of solution at the 
level P. Let i be the net decrease in mass of the system in grammes per sec,, 
due to departure of solute at the top and arrival of solvent, when the steady state 
has been reached. Let d be the ratio of w, the mass of solvent entering the tube 
per second at G^ and c, the mass of salt leaving the tube per second at G; that 
is, let § = w/g. We may rewrite Pick’s law in the form 



Q dx 
A dn 


(2) 


SohxUon of 
very feelle 
andasnsiant 
(xnceriiraJUort, 


f*wre Solvent 


I 


Clack rearranges this m a form in which direct substitution from experimental 
results can be made. 

( 1 ) Since a? = L — where L is the constant 
fidl length of the tube, dx — —dl and —dx/dn = 
dl/dn^ 

( 2 ) dlldn may be split up into two factors 
(dlfdyi) {d\xldn)i where (x is the optical refractive 
index of the solution at the level P. Both these 
factors can be found by experiment. 

(3) The upward diffusion of solute in the tube 
is not the only effect taldng place in which motion 
of the solute is involved. There is a downward 
flow of liquid in bulk, with constant velocity a; 
cm. per sec., say. This has the same value at 
ail levels. At level P, where the concentration is 
n gm. of solute per c.c., a mass Aw gm. of solute 
per see. flows downwards, on account of this mass 
motion. Further, since the concentration of solvent 
at this level is p — gm. per c.c., A«;(p — n) gm. 
of solvent flow downwards per sec; At the top 
of the tube, the mass of solute leaving the tube 
per second, expressed in two ways, gives 


i 


\p>f 

Sal. SohvUorL 


Fig. 1 


Q — Am. 


Hence 


Q ^ c 4 . Am. 


(S) 


(4) 


Again, the mass of solvent entering the tube per second, expressed in two 
ways,. gives 

w= Av(p — w). 

Hence 


Av ’ 


(p-n) 


(5) 


• Clack, Pros. Phys. Poe.* Vol. 36, p. 4 (1924). 
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Substituting for Av in equation (4), we obtain 

71W 


> = C + ™ 


(p-n) 

Mow 8 = w/c by definition; hence w = c8 and 

ncS 


: c + 


-n) 


(p- 

c(p — 7l> 718"^ 


( 0 ) 


The net loss in mass of the system per second (i) is equal to the loss in mass of 
solute per second minus the gain in mass of solvent, that is. 


i = c — = c — cS = c(l — 8 ), 


Hence 


(1 - 8r 

and if we substitute this in equation (6) it becomes 

(l^8){p^nr 


m 


( 8 ) 





Thus equation (2) can now be transformed, on inserting this value of into 

« 

This is the equation used by Clack. 

We have now to describe the experimental ar- 
rangements used in obtaining the various quantities 
in this equation. The cell, of which a front elevation 
and a plan are shovm in fig. 2, consists of a rect- 
angular tube of height about 5 cm., of width about 
1 cm., and of depth in the other perpendicular 
horizontal direction about 4 cm. It is made of 
glass plates, and fits at the bottom into a glass box 
containing air-free saturated solution and crystals 
of the solute under investigation. Above the box, 
but outside the tube, are compartments containing 
distilled water, and the level is 5 mm. above that 
of the central tube. An inlet tube for distilled 
water and an exit tube to carry off very dilute 
solution are added. It takes about 12 days for 
the system to reach a steady state fulfilling the 
above theoretical conditions. A special device is 
used to keep the flow of water steady at a rate of 
about 50 o.c. per day. A thermostat keeps the 
temperature of the whole system constant at about 
18-5^0. . 

In a preliminary series of experiments the cell 
was suspended from a balance in a large tank of 
distilled water, all the conditions being as described above, and the change in 
weight per second {q was directly determined. It is left to the student to prove 


7BJOm- SLtVATWN 


JD 


Fig. 2 
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perpendicular to the plane of fig. 2 (see fig. 3). The beam is refracted in a vertical 
plane and pursues a curved path, whose form is that of a catenaiy. It finally emerges 
in a downward direction, making an angle a with the horizontal. It can be 
sho™ that 

dix _ sina 

5 ?"“ i * ^ ' • ' • • ‘ ^ ^ 


where t is the horizontal thickness of the cell. 

The quantity sin a is determined by a special optical arrangement (fig. 4). 
Monochromatic green light from a mercury arc (X = 5461 A.U.), emerging from 
a horizontal slit §2? ^ rendered parallel and horizontal by a lens and then passes 
through two horizontal slits, each 0*25 mm, wide and 1*3 mm. apart, in a vertical 


that the quantity t, defined on p, 236, is equal to — ^o)/^s where Nq 
and N are the concentrations of solute at the top and bottom of the tube. 
Nq m very small, but the neglect of Nq introduces an error of about 2 per 
cent in i and K, in the case of a solution of KCl in water. The quantity S is equal 
to (D — N)I{Z — N)y where D is the density of saturated salt solution in grammes 
per c.c,, jY is the concentration at the bottom 
of the tube, and ^ is the density of salt 
crystals. To prove this, note that S = gain 
of water/loss of salt, in any time (p. 236). 

Let Fj, Uj be the volumes of solution and 
salt not in solution, respectively, in the cell 
at any iustant, and Fg, Ug the corresponding 
volumes at a later instant. The loss of salt 
in the iuterval = amount of salt at the be- 
ginning less amount of salt at the end = 

F^iV + — - F2A/' — v^Z. The gain of water Fig. 3 

= amount of water at the end less amount 

of water at the beginning = F2(D — N)— Vi{D — N), The quotient 3 = gam 
of water /loss of salt reduces to (D — N)I{Z — N), since Fj + Fg-f = 
total volume of the cell = a constant. 

Further, dp/d? is the rate of increase of the refractive index of the liquid with 
depth. To measure it, a narrow beam of monochromatic light iacident hori- 
zontally is made to traverse the cell (which is 4*2 cm. in thickness) in a direction 
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screen j5. B next passes through the experimental ceil O and falls on a lens L^, 
which causes the light to converge to the focal plane of an eyepiece E, An observer 
looMng into this eyepiece sees nine sharp horizontal interference fringes, for the 
two narrow slits act as sources, and the rest of the optical system is akin to that 
used in the well-known biprism experiment. The central fringe, which can always 
be identified, is used as a fiducial mark. The observer can control the height of 
the slits in ^ by turning a knob K, Observations are commenced with B as 
high as possible. It is then gradually lowered, and the fringes suddenly become 

visible in the eyepiece. The eyepiece 
is adjusted until the central fringe is 
on the cross-wire, and the scale 
verniers fixing the heights of the 
eyepiece E and slits D are read. The 
sHts are lowered until three fringes 
cross the cross-wire, moving upwards, 
and then E is raised until the central 
i I — ^1 fringe is once more on the cross-wire, 

jt, I 1 when scale readings are again taken. 

In this manner, by movements cor- 
responding to a shift of three fringes, 
the bottom of the cell is finally 
reached. A similar series of readings is 
taken with the cell full of distilled 
water, to eliminate the effect of 


of Lens 

Lens 3 

Cknlral Fringe ibr 

Horizontal Reys 




^Ceydral Fringe 
forJncUned Rays 



Fig. s 


imperfections in the cell. The difference of corresponding readings of the 
eyepiece in the two cases gives a quantity h, and from fig. 5 we see that 
tana= hJE, where F is the focal length of the lens Since a is very 


small, tana hjE and 


dl ' 


h 

Ft* 


( 11 ) 


for a particular known value of L 

The quantity dyL/dn is obtained by means of a Rayleigh interferometer for 
solutions with the various values of n; n, the concentration at any point of the tube, 
is obtained as follows. The values of diifdl, obtained as above, are plotted as 
ordinates of a graph, with values of I as abscissse. First, as a check, the total 
area under the graph between the straight lines 2=0 and 1=^ L, where L is 


the full length of the tube, is measured. This area 




di‘^ 




the 


where p-jy is the refractive index at the bottom of the tube, where 2 = X, and 
is that at the top, where 2=0. As and are already known with great 
precision, the agreement of the two values serves as a check on the method. 

If this is satisfactory, the area under the graph between the straight lines 

2=0 and 2 = 2 is measured. This area is e22 = p,^ — From 

result the value of the refractive index p.^ at any level 2 is easily obtained. A 
table of values is constructed. In a similar manner p„ is obtained in terms of n 
by means of a graph in which values of d\L/dn are ordinates and values of n are 
abscissae. The area under the graph between vertical lines » = 0 and n^n 

i^n — {^o> where is the refractive index of solution of 

concentration 71 and po is the refractive index of pure water. As po is accurately 
known, p„ is easily obtained for various values of n. When the tables of (a) yL„ 


r(p)an = 

Jq \dnJ 
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and ^and (5) and tz, are compared, interpolation enables a table of corresponding 
values of ^ and I to bo obtained. From the various quantities obtained as above, 
values of X, the diffusivity, are obtained at various concentrations Eesults 
are shown in %. 6. 

iV'ofe.— The trend of the results for aqueous solutions of KCI is similar to that 
for NaGL Starting at a certain finite value for the lowest concentrations measured, 
K soon decreases to a minimum 

value, and then undergoes a — r — r t 

slow steady rise. Jh the case 

of KNOg there is a slow decrease | 

of if to a minimum, which is 

scarcely passed at the highest 

concentrations. , 

3. Osmotie Pressure' and 

Diffusion. '' 

ioo\ ■- I 

Case 1. Solvtion with un- ^ 

7 * • . 7 7 . 7 NORMALITY H Gm -Eg: per LW'e — *- 

dissociated solute only. 

Fig. 6 

The osmotic pressure 

and the difEusivity of a solute in solution are connected in the 
following way. dP^en the concentration of solute at one point A is 
greater than that at another point S, the osmotic pressure is also 
greater, by van’t Hofi’s law. The osmotic pressure may be regarded 
as a force giving the dissolved molecules an acceleration from one 
point to another point where the concentration is less. Consider 
the forces due to osmotic pressure, in the direction of increasing a?, 
on an elementary cylinder of 

solution of unit cross - section x xt dx 

(fig. 7). At A the force is P /\ \ 

dynes, where P is the osmotic / \ \ 

pressure. At B it is —{P + p pj [ ^dx 

(dPjdx) dx} dynes, and the net ^ ^ 

result is (—dPldx)dx dynes. If \ / / 

n is the concentration of mole- \ / / 

cules in this cylinder, the total Fig.-y 

number is ndx, for the volume is 

dx c.c. Hence it appears that ndx molecules experience an accelerating 
and diffusing force to the right, of value {—dP ldx)dx dynes, so that 
the force per molecule is 



Suppose that the motion of the molecules is impeded by retarding 
forces, such as the viscosity of the solvent, so that they acquire a 
constant terminal velocity, and that is the retarding force on each 
molecule when it is moving with a constant velocity of 1 cm. per sec. 
Pi is also the driving force necessary to produce a terminal velocity 
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of 1 cm. per' sec. ■ Hence a force of {—lln){<lP jdm) dynes produces a 
terminal velocity of (—llF^n){dPldx) cm. per sec. Tlie number of 
molecules crossing unit area near A per second is tlie number enclosed 
by a cylinder of lengtii equal to tlie velocity and of cross-section 
1 sq. cm. It is therefore 

— i ^ molecules per sec. « » , . (13) 
F-^dx ^ ^ d 


Now by van’t Hoff’s law P = nW, where h is Boltzmann’s constant, 
and this law holds for such solutions. Hence the number of molecules 
transferred .across unit area per second is ( — h6jF-^{dnldx)^ and their 
mass is {—mhd IF^{dnldx) gm., where m is the mass of a molecule. 
This mass is also given by Fick’s law of diffusion. In the statement 
of that law on p. 234, the mass per c.c. is represented by n. Here we 
shall denote it by % to avoid confusion, for we have used n for the 
number of molecules per c.c. Fick’s law becomes Q = —KAdnJdx, 
Also % = nm and Q = —KAmdnjdx. The mass transferred per unit 
area per second is —Kmdnjdx. On equating the two values of this 
mass just obtained we find that 


Z: 


M 


. (14) 


Case II. Solution with one electrolyte, dissociated into two monovalent ions. 

Let the velocities of the cation (+) and anion (— ) in a unit 
electric field, that is, the mobilities of the ions, be TJ and F cm. per sec. 
respectively. Each ion is driven along by the osmotic pressure like 
a molecule in case I above. As in that case, the force per cation is 
(—ljn){dPjdx) dynes, where n is now the concentration per c.c. of 
each kind of ion, and P is the total osmotic pressure of the solution. 
Again, the velocity of a cation due to the osmotic pressure is 
{—ljF^n)(dPldx), that is. 


and that of an anion is 


UdP 
n dx' 


n dx 


(15) 


(16) 


As a rule U 4= F, so that if the osmotic pressure were alone responsible 
for the driving forces on the ions, the two kinds of ions would become 
separated. Another force, however, is called into play. For example, 
if an aqueous solution of HCl were placed at the bottom of a column 
of water, the hydrogen ions, the cations, would have a mobility U 
exceeding the mobility F of the chlorine anions. The liquid in such 
a vessel as is shown in fig. 8 would become positively charged near the 
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top and negatively charged near tie bottom, owing to tlie more rapid 
movement of tlie hydrogen ions towards the top. An electric field 
would thus be set up, which would reduce the velocity of the faster 
ions and increase that of the slower ions. A final state would be reached 
when the two kinds of ions travelled at equal rates, without separation. 

Assuming this to occur, we may calculate the coefficient of diffusion. 
Let the electric field at any point in the solution, in the Ox direction, 
be X e.s.u., = —dEjdx e.sM.y where E is the potential at that point. 
A monovalent ion at such a point experiences a force +edEldx dynes, 
according to the sign of its charge. Since the velocity of a cation 
under unit force is U cm. per sec., a force —edEldx produces a terminal 
velocity of —UedEldx cm. per sec. Similarly, the 
terminal velocity of an anion is -{‘VedEjdx cm. per sec. 

The total velocity of a cation due to both osmotic +“trTTT 

pressure and electric field is —TJiljn.dPjdx+edEldx) 

cm. per sec., and of an anion — . dPjdx — edEjdx) 

cm. per sec. We may assume from both experimental 

and theoretical considerations that the number of ions of 

each kind crossing unit area per second is the same, 

dNjdt^ say. This quantity is also equal to the velocity of g 

the ions concerned multiplied by their concentration, for 

it is the number of ions inside a cylinder of unit cross-section and 

length equal to the velocity. Hence 


Eliminate dEjdx, This gives 


According to van’t Hoff's law, if all the n molecules per c.c. were 
ionized, each giving one ion of each kind, there would be altogether 
2?^ ions per c.c. and the osmotic pressure would be Pa=^2nM, But 
as has been mentioned above on p. 223, the actual osmotic pressure 
is P= where jS is a factor less than unity for dilute solutions. 
Then 

( 19 ) 


and from equation (18) 

dN AfihdVV dn 

(U+V)dx • * — • 

Let the mass of each cation and anion be % and gm. respectively. 
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Tiiea tke total mass crossing unit area per second in one direction is 

4:^WTJV{m-^ + Mq) dn 
(U+V) ■ ^di 


ipWVVm dn 

w+w^^ 


gm. per sec.. 



where m is the mass of one molecule of the solute. As in case I, Fick’s 
law gives the mass crossing unit area per second as —Z€?%/dir = 
—Kmdnjdx, since % = nm. By comparing the two equal masses we 
find that 


4:^hdUV 

(?7+Fy 


( 22 ) 


4. !nterdi£fusion of Solids. 


Though true solids have a definite crystalline structure, that is, 
a definite space lattice, it is found that two solids placed in contact 
diffuse into one another. Further, a solid metal A diffuses into a 
different solid metal B much more readily than it does into a second 
portion of A itself. Fick’s law, —KAdnjdx, applies to solids, 
and the value of the diffusivity K has been obtained in certain cases. 

Eoberts- Austen investigated the diffusion of solid gold and other metals into 
lead. The lead was in the form of a cylinder 7 cm. long and 1*4 cm. in diameter. 
In one case a thin plate of gold was fused on one end of it in such a manner 
that immediately after the fusion the gold did not penetrate more than a milli- 
metre into the lead. Then the cylinder was kept for about a month in a constant- 
temperature enclosure, at a temperature below the eutectic point of lead-gold 
alloys, that is, below their lowest melting point. After this the cylinder was 
cut up into slices of equal thickness, and the quantity of gold in each was 
determined by chemical analysis. The balance used weighed to 2 X 10““® gm. 
From the masses of gold in the slices, K was calculated by a method which is too 
long to reproduce here. In recent experiments by Seith and others, the apparatus 
was similar to that of Roberts-Austen, but the concentration of the diffusing 
metal in the slices was measured by the method of quantitative spectral analysis. 

Groh and Hevesy used a novel method in their determination of the coefficient 
of diffusion of solid lead in solid lead, that is, the self-diffusivity of lead. To a 
rod of ordinary pure lead, 1*5 cm. long, was fused a rod, 0-5 cm. long, of 
Joachimsthal lead, which is a mixture of three isotopes, namely, ordinary lead, 
uranium lead, and radium B. Of these, radium B alone is radioactive. The 
electron shells of all three isotopes, and therefore the “ sizes ” of the atoms, were 
assumed to be the same. In effect, the conditions as regards diffusion were the 
same as if ordinary lead were diffusing into ordinary lead. The time allowed for 
diffusion was about 400 days. Then the rod which was originally ordinary lead 
was cut into slices, and the a-ray activity of each slice was measured by means 
of an a-ray electroscope. These a-rays came from the polonium formed by 
radioactive disintegration of the radium B which had diffused, and hence the 
mass of the latter in each slice could be calculated. It was assumed that the pro- 
portions of the three isotopes diffusing were the same as in Joachimsthal lead; the 
total mass of diffused lead in each slice was calculated, and hence the diffusivity. 


CHAPTER XIT 


Viscosity 

1. Hewton’s Law of Viscous Flow. 

Wlien a liquid flows over a fixed surface such, as AB (fi.g. 1), it is 
found experimentally that a layer JD at a distance x+ dx from AB 
flows with a velocity greater 
than that of a layer at (7, a 
distance x from AB, If the 
difference in the velocities of 
the two layers is dv, the 
velocity gradient between Q 
and D will be dvjdx. As a 
result of this relative motion 
of the layers, internal friction 
or viscosity arises. Newton’s 
law of viscous flow for stream- 
line motion (as opposed to 
turbulent flow) is 

,, # = 

where F is the tangential viscous force between two layers of area A 
a distance dx apart, moving with relative velocity dv. The quantity 
rj is termed the coefficient of visoosiiy oi the liquid. 

2. Fugitive Elasticity. 

There are two theoretical modes of approach to problems involving 
viscosity. The first is by analogy with the elastic properties of solids, 
and the second by consideration of the implications of the kinetic 
theory of matter. The former mode of approach is more applicable 
to the discussion of the viscosity of liquids and the latter to the viscosity 
of gases. 

Maxwell considered that a liquid possesses a certain amoimt of 
rigidity but is continually breaking down under the shearing stress. 


v-hdv 
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The analogy is emphasized by the formal similarity between the two 
■equations 

stress P P 

Bigidity n = . . (2) 


strain (shear) d dyjdx^ 

. stress P 

iscosi j If]-- gradient dvidx 


(3) 


A liquid is therefore regarded as exerting and sustaining a certain 
amount of shearing stress for a short time, after which it breaks down 
and the shear is reformed. Let the rate at which the shear breaks 
down be proportional to its value 6, and be given by Xd. If y is the 
displacement, 0= dyjdx, and the rate of formation of shears = 

^ ^ (^y\^ 

dd\dx/ dx\dt/ dx 


Thus 


dx 


( 4 ) 


when the steady state of flow of liquid has been reached. Hence from 
(2), (3) and (4), 

, = J ...... . . (6), 

The quantity 1 /A is termed the time of relaxation of the medium and 
measures the time taken for the shear to disappear when no fresh 
shear is applied. 

i . ^ 

P O 

'3. Methods of Determining ?)• 

All the methods used for determining 17 require the flow to be stream- 
line. The necessary and suflolcient conditions for this criterion to be 
fulfilled will be considered later (p. 247). 

The main methods available for determining the coefficient of 
viscosity of liquids fall into two groups, the first involving the measure- 
ment of the rate of flow of a liquid through a capillary tube, and the 
second involving observation of the motion of a solid body moving 
through the liquid. 


^^^ 4 ; Flow Methods: PoiseuiUe’s Formula. 

The following formula for the volume of liquid flowing per second 
through a cylindrical tube of circular cross-section is due to PoiseuiUe. 
Its validity rests on three conditions: 

(1) there must be streamline flow; 


POISEUILLE’S FORMULA 


Xll] 


24s 


(2) the pressure must be constant over any cross-section, that is, 

no radial flow must occur; 

(3) the liquid in contact with the walls of the tube must be at rest. 


Z 


A 


r irv 


ip 


We assume that these con- 
ditions are satisfied and that a 
steady flow of liquid is in pro- 
gress. Let the velocity of the 
liquid (fig. 2) at a distance r 
from the axis be % then the 
velocity gradient will be dvjdT 
and the tangential stress ridvldr. 

If a pressure difference p exists 
between two points in the tube ____ 
a distance I apart, the force 
causing motion of the volume 
of the cylinder of liquid of radius t is Trpr^. 

Hence, equating this accelerating force to the retarding viscous 
force, we obtain the condition for steady flow, namely 

dv , 


Fig. 2 


PttT^ = — -jy ^ ^tttI 


or 


dv 

dr'' 





The velocity gradient is therefore proportional to r, the distance from 
the axis of the tube, and vanishes on the axis. 

At the wall of the tube r = a and v = 0: integrating from r = a 
to r f, we have 

4:7jIv 


f2=: 


or 




( 7 ) 


The profile of the advancing liquid is therefore a parabola. 

The volume of liquid dQ flowing through the tube per second between 
the radii r and r-j- dr is given by 

dQ = 2'7Trvdr. 


Hence the total volume of liquid flowing through the tube per second is 
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An accurate and convenient method for determining 7) by Poiseuiile’s metliod 
is shown in the accompanying diagram (fig. 3). A long piece of glass tubing 
2 to 3 mm. in diameter iS' selected and tested for uniform bore by observing the 
length of a thread of mercury in various positions. When about 50 cm. of tubing 
which does not vary in bore by more than about 3 per cent has been found, the 
tube is cut. Two small crosses are then made on the tube about 30 cm. apart, 
after which, by rotating a pointed file (using turpentine as lubricant), two small 
holes are bored at these points. They are judged to be large enough when a fine 
needle will pass freely through them. Two T-pieces are then constructed from 
tubing about 5 mm. in diameter and these are slipped over the narrower tube. 
The centres of the T- tubes are adjusted so as to lie over the fine holes in the central 



tube, and the joints between the two tubes are then sealed vdth wax so as to 
render the system watertight. The T-tubes are connected to two upright glass 
tubes forming a manometer, and the pressure difference over the distance I is 
thus measured directly. The remainder of the apparatus is shown in the diagram, 
the part on the right being a device to maintain a constant head of water. 


to FoiseuiUe’s Formula. ^ 'V^ 

With the apparatus described above Poiseuille's formula requires no correc- 
tions if the fiow of liquid is slow^* the experimental conditions approaching 
the ideal as the pressure-holes are diminished in size. In many experimental 
arrangements, however, the excess pressure is often regarded as that due simply 
to the head of water at the inlet end. Two sources of error must then be 
considered: 

^1) Accelerations occur near the inlet to the tube, the velocity distribution 

* If the flow is fast, a correction for the kinetic energy imparted to the liquid must 
be made, as is explained in (2) below. 
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being non-nniform until a short lengtii of the tube has been traversed. To correct 
for this a quantity mb must be added to Z, where % — 1»64 approximately; 

/(2) The pressure difference between the two ends is used partly in com- 
municating kinetic energy to the liquid and not wholly in overcoming viscous 
resistance. 

An approximate value of the correction for the latter may be obtained in 
the following way. The kinetic energy given to the liquid, of density p, per 
second is 

Jpy* 2Tcr^?®^^r = Tcp j' r(a^ — r^fdr 

The work done in overcoming the viscosity is pQ; the total loss of energy pei 
second is therefore 

^ <“) 

If the total external pressure is p^, then 


P = - ; 


This correction has been tested experimentally by Hagenbach, by Couette, 
and by Wiiberforce, but it is only approximately true, and according to some 
authorities (Edser), the correction'is twice that given by (9). In the form given 
here it implies a radial pressure gradient at the end cross-section of the tube. 
The correction should be where m is found experimentally to be 

approximately unity; its value must be obtained by calibration, if accurate 
results are required. 

The complete corrected formula is therefore 

■Kp^a* mQp „„ 

^~8Q(l+l-Ma) S7t{l+h64a)' ' ' ' * ' ' 


.'f-f 

*6:^rltical Velocity, 

Poiseuille’s formula is valid only so long as the flow of liquid in 
the tube is streamline. This condition is fulfilled at low velocities 
and for tubes of small radius. It is convenient to remember that for 
a tube 60 cm. long, of bore about 3 mm., the pressure difference between 
the ends of the tube must not be greater than about 3 cm. when water 
is used. The velocity (F^) at which turbulent flow sets in is termed the 
oritical vdocHiy. It can be shown by the method of dimensional analysis 
that F. = Ml pa, where ij is the coefficient of viscosity of the liquid, 
p its density, and a the radius of the tube. The quantity k is terraed 
Reynolds’ number and generally has a value about 1000. The relation 
between the volume of liquid Q and the pressme p is shown in fig. 4. 

At low velocities, that is, when the motion is streamline, Q is 
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proportional to p, in agreement witli Poiseuille’s relation. As tlie rate 
of flow is increased beyond the critical velocity, however, the quantity 
flowing through increases less rapidly and soon becomes independent 
of the viscosity of the liquid and dependent mainly on the density. 
When the motion is quite turbulent, the quantity flowing is nearly 
proportional to the square root of the pressure. The pressure 
difference is now used up in overcoming the turbulent motion and 
communicating kinetic energy to the liquid. The fact that the rate 
of turbulent flow is independent of the viscosity explains the rapid 
flow of viscous lava from volcanoes. The effect may be demonstrated 
in the laboratory by introducing a small quantity of coloured liquid 
along the axis of a tube. While streamline flow is in progress, the 

coloured liquid is drawn out into a 
thin filament parallel to the length 
of the tube. As soon as turbulent 
flow sets in, the filament becomes 
wavy and spreads out, the coloured 
liquid eventually filling the entice 
tube. 

It may be shown, by a simple 
extension of the theory leading 
to Poiseuille’s formula, that the 
presence of an axial wire, of dia- 
meter only 1 /lOOO that of the tube, 
should reduce the flow by about 
16 per cent. Lea and Tadros experi- 
mentally found that the reduction 
was much less than this, except 
when the radius of the core approached one-half the radius of the 
tube; then theory and experiment were m good agreement. With a 
core present, the critical velocities are much lower, and local tur- 
bulence at the boundary of the core co-existing with streamline flow 
in the bulk of the liquid in the tube is found to account adequately 
for the discrepancy. 



Fig. 4 


7. Accurate Determination of yj. 

To avoid the use of the uncertain Hagenbach correction, the standard vis- 
cometer is made in a form suggested by Couette: the following arrangement is 
used at the Beichsanstalt (fig. 6). 

The liquid flows from the reservoir A through the two capillaries 
which are connected in series, to the outlet F, where the volume is measured. 
When the whole apparatus is immersed in a temperature hath, the liquid may be 
introduced through the air escaping through the tube J/. A device supplies a 
steady flow of compressed air to the reservoir through the tube L and thus keeps 
the pressure constant as the liquid level sinks. The pressures at the ends of the 
two capillaries are given directly by the heights and \ of the liquid in the 
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tubes Jfi, Jf 2 heights are determined with a cathetometer. Since 

the correction is the same for both tubes, we have 


7T j?2) - c^2^(:P2 ‘ 




K 4 

The expression takes a much simpler form if % ~ but this is difficult to 
realize experimentally. 

Viscometers which are simple to use but which require calibration are available 

commercially in a variety of 
forms. The type invented by 
Ostwaid is described here (fig. 6). 

The liquid, which is initially 
introduced through A into the 
bulb R, is sucked into the bulb 
C through the capillary X until 
a mark is reached. The 
time t taken for the meniscus 
to fall vertically under gravity 
from to m 2 is then observed. 
Since with such an arrangement 
the effective pressure difference 
is proportional to the density p 




Fig. 6 


of the liquid, the Poiseuille formula, together with the Hagenbach correction, 
may be written 

( 13 ) 

t 

*This figure, together with figs. 6, 8, 9, 11, 12, 13, 14 of this chapter, are taken 
from Wien-Harms, Eandhuch der Experimentalphysik (Akademische Verlagsgeseilschaft, 
Leipzig). 
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where A and 'B are constants which must be determined with two liquids of known 
viscosity. The instruments are generally so constructed that the correction term 
may be neglected; a single calibration is then sufficient. 

To determine the viscosity of molten metals, an instrument of the Ostwaid 
type is generally used, the flow tube being constructed of quartz or silver. The 
passage of the meniscus past two fixed points is recorded electrically. For non- 
conducting liquids, a cylindrical metal reservoir may be connected as a cylindrical 
condenser in an oscillating circuit. The change in capacity produced by the 
change in level of the meniscus of the contained liquid serves to indicate a given 
volume change. 


8. Other Methods for Measuring 

The second general method of measiuiiig viscosity, in which a 
body moves in a liquid, has many variations, which may be classified 
as follows. 

(1) The rotation viscometer. 

(2) Maxwell’s oscillating disc. 

(3) Stokes’s method, by the damping of a pendulum vibrating in the 
liquid. 

(4) Damping of a solid sphere vibrating about a diameter and 
immersed in the liquid. 

(6) Damping of the vibrations of a hollow sphere filled with the 
liquid. 

(6) Stokes’s falling-body viscometer. 

Methods .(1) and (6) will be considered here in detail. 


9. The Eotation Viscometer. 

Consider two concentric cylinders of radii a, 6, the space between 
them being filled with the liquid whose viscosity is required (fig, 7). 

If the outer cylinder is rotated 
with uniform velocity, a torque is 
communicated to the 'inner cylinder, 
the magnitude nf which ^ may" ;,be'. 
registered by suspending' ■. it from ''a;'" 
torsion' -wire. ' We consider-: "the'' 
'motion 'of , any concentric'',;,;' cylinder'; 
of liquid of 'radius^ f;'.'let';'its:'angulai,;; 
velocity of rotation 'be 'm./ ,'Then;the'" ■■ 
velocity ' 'gradient at,' this'''p,oiat',','Wiil' ' 
be".'. 



d 

dr 


(rco) = a)+ r 


dco 


(14) 


The first term on the right-hand 
side represents the angular motion 
which the layer would have if no viscous slip occurred; the second 
term is responsible for the viscous stress introduced, and if we apply 
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Newton’s law, the viscous torque P over unit length of tlie surface of 
the cylinder will be ' ' ■ ' ■ 

V=‘2mrf^. ...... ( 15 ) 


When the steady state is reached, this torque must be equal to that 
exerted on the inner cylinder. Hence, integrating equation (15) and 
using the conditions r = a, n>= 0, and r = h, O, where O is 
the angular velocity of the outer cylinder, we have 


The torque over the base of the inner cylinder has been neglected in 
this treatment; in practice the correction is eliminated by measurements 
with two different lengths of .cylinder immersed. Representing the 
torque on the base by/(R), we have, for depths of immersion and Zg, 


(6® — a®) 


'Qy^-a?) 


h+m- 


Hence 


The torque may be measured in two ways: (i) by the twist produced 
in a suspension of known rigidity; (ii) by using a fixed external cylinder 
and measuring the angular velocity of rotation of the internal cylinder 
when a known couple is applied. 

As typical of the first method, we shall consider HatscJieFs viscometer (fig. 8). 

A wooden cylinder A is suspended by a torsion wire B from a fixed support <7. 
The outer coaxial cylinder D is rotated by the pulley (?, which is coupled to an elec- 
tric motor. The space E may be used to provide an electrically heated water-bath. 
The cylinders F and F' are introduced to act as guard rings, and end corrections 
for the cylinder A are thus avoided. 

In Scarlets Tnethod, a diagram of which is given in fig, 9, the inner cylinder a 
is pivoted about a vertical axis 6 and rotates under the couple provided by the 
weights in the scale-pans c. The couple is transferred by cords passing over 
frictionless pulleys cZ to a drum e. The outer cylinder / can be raised or lowered 
by rotating the ring g. The speed of rotation is determined with a stop-watch, 
by observing the transits of the point i over the circular scale h. The apparatus 
is stopped or released by raising or lowering the stop h 

As in the case of Poiseuille’s formula, the validity of application 
of the theoretical formulse to the experiments with the rotation vis- 
cometer depend on the condition of streamline flow. The relation 
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between O and F is shown in fig. 10. When O is small the motion 
is streamline and F is proportional to O; when turbulent motion first 
sets in the relation becomes irregular. At higher speeds F becomes 
approximately proportional to Q?. The relations are therefore exactly 
similar to those which exist between the quantity of liquid flowing 

per second through a right cir- 
cular cylinder and the pressure 
difference between the ends. 

Taylor ^ has investigated the 
transition from streamline to 
turbulent motion for concentric 
cylinders. Above the critical 
velocity, the liquid contains heli- 
cal vortices situated at regular 
intervals parallel to the axis of 
rotation and at a distance apart 
approximately equal to (6 ■— a), 
measured in the same direction. 

Eeynolds’s method for in- 
vestigating turbulent motion has 
been improved by Andrade and 
Lewis, f who substitute colloidal 
particles for the usual colouring 
matter. The method has two 
advantages: (i) the velocity dis- 
tribution may be found by illu- 
minating and photographing with 
a Imown exposure, since each 
particle traverses a distance pro- 
portional to its velocity; (ii) since 
interdiffusion does not occur, the phenomena may be observed for 
any length of time. 



10. Stokes’s Falling-body Viscometer, 

From hydrodynamical considerations of a perfectly homogeneous 
continuous fluid of infinite extent, Stokes derived the relation ^Trriav 
for the viscous retarding force F which is exerted on a sphere of radius 
a moving with uniform velocity v through a fluid with coefficient of 
viscosity r/. For a sphere falling under gravity, the relation will be 

^TTrjav = — a)g^ (18) 

v'here p is the density of the sphere and a that of the liquid. Since the 

* Taylor, Phil Trans., A., Vol. 223, p. 289 (1923). 
f Andrade and Lewis, Jmm, Bel Inst, Vol, i, p. 373 (1924). 
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terminal velocity -u may be measured from the time “of transit between 
two fixed marks on the sides of a vertical glass tube, this furnishes 
a convenient method for finding '> 7 . 

If the total height of the liquid contained in the tube is divided 
into three equal parts, the centre division being used for the velocity 
determination, Ladenburg has shown that in order to correct for the 
finite extent of the liquid, the equation should be 


_ 2 (p — 1 

~ 9 V (1 + 2-4a/ii)(l + 3-3a/A)’ 


where R is the radius of the tube and h the total height of the liquid. 
Consideration of the deviations from Stokes’s law which occur during 




the fall of small drops through gases is of great importance, since 
Millikan’s experiment for the determination of the charge on the 
electron is based on this principle. 


11. Viscosity of Gases. 

All the methods considered for the determination of the viscosity 
of liquids are applicable to gases if certain modifications are made 
in the experimental technique and in the associated formulas. 

(1) Extension of Poiseuille's Mdhod, 

As a liquid is assumed to be incompressible under the conditions 
of the experiment, the equation 
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whicli is a differential form of equation (8), p. 245, may be integrated 
directly. For a gas, however, the density will decrease along the tube, 
and we have now to express the fact that the mass and not simply 
the volume traversing any cross-section is constant. If p represents 
the density and Q the volume passing any cross-section per second, 
pQ = constant or pQ = constant, since the density is proportional to 
the pressure. Then if pj is the pressure at the inlet of the tube and 
is the volume entering per second, 

= • • • m 


or 


/ PiQi 


dx- 


8rj , 


pdp, 

h. 


where Pq pressure at the outlet. Hence 


piQi 


-(Pi 


16r]l 




(21) 


The complete formula, when the Hagenbach correction and also the 
slipping which occurs at the sides of the tube are taken into account, 
has been shown by Erk * to be 




Tra^ 




(ft’-rf)(l + ^)-g|(» + log.a), (22) 


where | is a constant for the particular gas and is termed the slipping 
coefficient. 

The experimental arrangement due to Schultz© is shown in fig. 11. The gas 
is contained in the spheres a and h and is passed through the capillary k at constant 
pressure by raising the mercury c up the scale d. The volume of gas passed is 
recorded electrically as the mercury passes the points / and g. 


(2) Ranhine's Method. 

There are many experimental methods for determining the viscosity 
of a gas by means of a pellet of mercury which slides down a vertical 
tube and forces the gas through a capillary tube during the descent. 
A convenient arrangement due to Rankine is shown in fig. 12, 

A capillary tube K and a wider tube D are joined as shown to form a closed 
system. A drop of mercury E slides between two fixed marks A and B in the 
wide tube and thus traverses a volume Q, which is equal to the volume of gas 
which flows through the capillary tube. The general equation coimeoting 35 , the 
time of fall of the drop, and m, its mass, is 



(m — a)’ 



Erk, Zeiis.f. techn. Phgs., Vol. 10, p. 452 (192D). 
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wliere a and p are constants, tlie former depending on the surface tension and 
being commoniy knoTO as the sticking coefficient. It may be eliminated by per- 
forming experiments with pellets of two different masses. The effective pressure 
difference is given byp= where A is the area of cross-section of the fall- 

tube. Hence if we neglect the Hagenbach correction, formula (21) becomes 
approximately 

■n==^'(i + A\ ( 34 ) 


Since p is constant, the apparatus is convenient for comparing the viscosities of 
different gases. Alternatively, steam or liquid at a known temperature may be 


circulated through PQ and the variation of viscosity with temperature may be 
investigated. 
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wlien p changes to p dp isx time dt. Hence 


.Blit 


jpQj = approximately^ 


^ _ Tza^p^ — p^^) 

l^l * 


where Pq is the atmospheric pressure. Hence 


TzaH _ 
167}/Q 


-f 


Pi+Pa 


(Pi + ^Po) Pi 

pi - J>„2 2po (Pi + 2po) P 2 


'P2+P0 dp 


• = - — io^ 



If the slipping coefficient is also considered, we have 

. (25) 




miH ""V ‘ r/ 

lo<T (g a + -P ») gi’ 
“(gi + S^ig. 



(4) Maxwell's Oscillating-disc Viscometer, 

The rotation viscometer of Hatschek (pp. 251-2) may be applied 
directly to the determination of the viscosity of gases. 

As typical of the viscometers dependent on damping, Maxwell's 
oscillating disc will now be described; the rate of damping is approxi- 
mately proportional to the viscosity of the gas. In instruments of 
this type the expansion of the gas which is inevitable in the flow 
methods is avoided, and it was with the oscillating disc that Maxwell’s 
prediction from the kinetic theory, that the viscosity should be in- 
dependent of the pressure, was verified. The viscosity of gases at very 
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low temperatures has beeu determined with a recent form of the 
apparatus due to Vogel * (fig. 14). 

A thin giass disc was attached by a nickel wire to the mirror 5 , the whole 
being suspended by a fine platinum wire from the hook k A rotation head e 
enabled the zero to be set easily. The fixed plates were clamped by the clamps 

to two fixed pieces MM, The gas was introduced through F and the apparatus 
was set in operation magnetically by means of the astatic pair of magnets ff. 
While the lower part of the apparatus could be 
immersed in any desired temperature bath, the 
platinum suspension was sufficiently distant for its 
elastic properties to remain constant. 

The theory of the instrument is complicated 
and invoices many uncertain corrections, so that 
the method is suitable only for comparison and not 
for absolute measurements. The corrections may 
be awoided to some extent by the use of a guard 
ring. , The method has useful applications in the 
determination of the viscosity of molten metals, 
since the inertia of the liquid is large and the mass 
movements of the liquid are small; hence the size of 
the vessel is unimportant and the use of a guard 
ring becomes unnecessary. The flow methods lead 
to considerable error unless precautions are taken 
to avoid oxidation, and the apparent viscosity is 
often greatly increased by the formation of a skin 
of impurities on the surface of the flow tube. 

M^^riation of the Viscosity of Fluids with 
Pressure. 

(1) Liquids, 

Little work was done on the variation of 
the coefficient of viscosity of liquids with 
pressure before Bridgman (p. 84). 

In certain qualitative features be- 
haviour of all liquids, except water, is similar, 
aTthbugh there are large quantitative differ- 
ences. The viscosity of liquids increases with Fig. 14 

pressure at a rapidly increasing rate. Eefer- 

ehce to Chapter V shows this to be unusual, most pressure effects 
diminishing as^ the pressure is increased. The behaviour of water 
is exceptional. Between 0° C. ^and JO® C. there, is . a minim um vis- 
cosity at about 1000 kg. /cm.^. At 30° 0. and 75° 0. experiments 
showed that the minimum had disappeared, and a regular increase 
of viscosity with pressure was observed. No really satisfactory 
theory of the variation of the viscosity of liquids with pressure has 
yet been proposed. 



* H. Vogel, Ann, d. Phydhy Ser. 4, Vol. 43, p. 1235 (1914), 
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(2) Gases. ■ ' 

It is stown ill Cliap. IX (p. 181) that accorcHiig to the M 
theory of gases the coeflB.cient of viscosity should be independent of 
fche pressure at ordinary pressures. At low pressures, on the other 
hand, when the mean free path of a gas molecule becomes greater than 
the linear dimensions of the containing vessel, the kinetic theory shows 
'(p. 186) that should be proportional to p. Both predictions are in 
good agreement with experiment. At very Hgh pressures, Bridgman has 
shown that the coefficient of viscosity of gases increases with increasing 
pressure. The problem has recently received independent investigation 
by Boyd, who has shown that the Hagenbach correction becomes 
increasingly important at higher pressures. 

Highly purified nitrogen and hydrogen and mixtures of the two were passed 
through a steel flow tube at pressures up to nearly 200 atmospheres. The maxi- 
mum relative increase in the viscosity of nitrogen was 25 per cent, of hydrogen 
10 per cent, and of the mixture 20 per cent. Further work by Michels and Gibson, 
using nitrogen up to a pressure of 1000 atmospheres and over a temperature range 
0-100° 0., shows agreement with a comprehensive theory of molecular attraction 
developed by Enskog. The expression vj/p, where p is the density, decreases to 
a minimum at p = 400 X 10~® gm./c.c. and then increases indefinitely. 

Variation of Viscosity of Fluids with Temperature. 

(1) Liquids. 

The viscosity of liquids d§j^.eMea, 2 apidly with rise of temp6rati]i.e. 
For water, the viscosity at 80*^ C^. is jonly one-third of its value at 1010. 
Although the relationship has been the subject of many investigations, 
no satisfactory simple formula has been suggested which expresses the 
connexion vdth any great degree of accuracy. The empirical formnla 
of Slotte, 



where a and jS are constants, is only in approximate agreement with 
experiment, while a modification 

(i-f 

where A, B and 0 are constants, is cumbersome and does not apply 
to the important practical case of oils, which are mixtures of chemical 
compounds not easily separable.' Owing to the lack of a satisfactory 
theory of liquids, no theoretical relation of any value had been derived 
until the recent work of Andrade .* 

On Andrade’s theory, a liquid is considered to consist of molecules 
vibrating under the influence of local forces about equilibrium positions 
which, instead of being fixed as in a solid, are slowly displaced with 

* Andrade, ThU Voi. 17, p. 698 (1934). 
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time. Tile liquid state is Iiere regarded as being closer to tlie solid 
state tlan to tbe gaseous state. At extreme libration (compare 
Lindemann’s tbeory* of fusion^) a molecule of one layer may momen- 
tarily combine witb one of an adjacent parallel layer, supposed to be 
moving past it witb a drift velocity given by tbe bulk velocity gra- 
dient, tbe combination being of extremely short duration but sufficing 
to ensure a sharing of momentum parallel to the drift. If the frequency 
of vibration of a Hqiiid at the melting point is taken as that of the solid 
form at the same temperature, a coefficient of viscosity can be calculated 
for simple substances in the liquid state which agrees closely with the 
experimental value. Communication of . momentum takes place only 
if the mutual potential energy, probably determined by the relative 
orientation of the approaching molecules, is favourable. Under the 
influence of local intermolecular forces the molecules tend to be simi- 
larly orientated within very small groups, the boundary and molecular 
population of each group changing continually. The tendency to 
orientation which is favourable for interchange of momentum is dis- 
turbed by the thermal agitation. On this basis the formula 

rjv^ = (28) 

is derived for the variation of viscosity with temperature, A and c 
being constants and v the specific volume. This formula agrees 
closely with experiment for all liquids so far examined, except water 
and certain tertiary alcohols. It applies to ordinary associated liquids 
as well as to non-associated liquids, although the meaning to be 
attributed to the constant c is somewhat different m the two cases. 

(2) Gases, 

The viscosity of all gases increases with rise of temperature. Edr a 
discussion of the results reference should be made to Chapter IX, p. 181. 

IL Viscosity of Mixtures and Solutions; Variation with Chemical 
Constitution. 

A large number of experiments have been made on the viscosity 
of mixtures and of solutions, but no general laws have resulted in 
either case. With some solutions the viscosity is less than that of the 
pure solvent, while with others it is greater, reaching a maximum for 
a certain concentration. With mixtures, the viscosity is generally less 
than the arithmetic mean of the viscosities of the components of the mix- 
ture. Again, the dependence on chemical constitution is anything but 
straightforward; experiments by Pendersen on the ethers show a very 
general decrease in viscosity with increasing molecular weight, although 
many exceptions occur. 

Rexseence ■ 

G. Baxr, A Monograph of Viscoimtry (Oxford University Press, 1931). 


* See Roberts, Heat and Therrmdynamioa, p. 445. 


CHAPTER XIII 


Errors of Measurementj Methods of 
Determining Planck’s Constant 

1. IntroductioE, 

In making measurements wMch. are intended, to be as accurate as 
possible, tbe experimenter attempts to elminate ail tbe sources of error 
in Ms metbod. All sources ot systematic enof are first removed. If tbe 
readings are then taken with tbe Mgbest possible precision, tbe nn-' 
certainty principle of. Heisenberg asserts, that uncertainties will still 
remain even if tbe observer and tbe apparatus are ^' perfect A full 
discussion of this principle cannot be given bere,* **' but it may be 
mentioned that uncertainties still remain in measurements of length, 
velocity, momentum, &c., even if tbe apparatus is '"perfect’’. Other 
accidental errors, bigger than those just mentioned, arise in all 
measurements, because the personal judgment of tbe observer is 
employed, for exam.ple, to estimate tbe coincidence of two linear 
graduations, or of two events in time, or of analogous things, and tbe 
estimate made is always faulty to a greater or less degree. It is with 
these accidental errors that we are particularly concerned in tHs 
chapter. To deduce tbe most accurate ” value of a quantity from 
a set of experimentally measured values different methods are 
available, according as tbe quantity sought (a) is tbe quantity directly 
measured, (6) satisfies a linear relation, or (c) satisfies some other 
relation. 

Tbe theory of these methods is in many cases based on tbe Gaussian 
theory of errors. Although doubt has recently been thrown on the 
application of the theory to physical calculations, it is still accepted 
by most authorities. 

2. The Gaussian or Normal Irror-distribution Law. 

Suppose that a large number n of experimental values of a single 
quantity, x^, ojg, . . . , Xn, have been found, all of wMch are equally 
reliable and free from constant or systematic error. It may be shown 

* See e.g. Born, Atomic Physios, p. 86 (Blackie and Son, Ltd., 1936). 
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on. plaugiible grounds tliat tlie most accurate value x is that of the 
average Ox arithmetic mean, defined by, , , , + x^)ln. Let 

the quantities === -- x, d 2 === &c,, be calculated. The 

quantities d^^ cZg, &o., are called residuals^ deviations or divergences. 
The total number of the residuals is equal to n, the total number of 
observations. Consider the number dn of residuals whose numerical 
value, independent of sign, lies between two limits 2 ; and z + dz. The 
Gaussian error-distribution law asserts that in all cases 

dn=: Ane-^^^'dz, (1) 

where A and h are constants. 

Since the total number of residuals equals n, and their possible 
range is from 2 : = 0 to 2 ; = oo, 

fdn =n= An f 
*'0 *^0 ^ 

Hence A = hl^/n md 

dn = nhe-’‘'^'~ (2) 

Y7T 

The constant h is called the measure of precision."^ If h is 

large, the residuals are crowded more closely towards the value 2 ero; 
i£ A is small, the residuals are spread over a large range. Thus h has 
different values for different sets of results. 

Tests of the truth of the Gaussian error-distribution law include 
{a) one by Bessel, using 470 observations by Bradley, of a certain 
astronomical angle. There is very good agreement between the actual 
and Gaussian values of dn, in various ranges z to dz, except when 
z is very large. More large residuals are found experimentally than 
are predicted by theory. (&) Birge (1932) made 500 settings of a cross- 
wire on the centre of a wide spectrum line. The distribution of the 
residuals was in good agreement with the Gaussian law, even for large 
residuals, (c) Astronomical observations by Merriman, 300 in number, 
gave a strictly Gaussian distribution of residuals. 

According to Campbell, f on the other hand, the Gaussian theory 
has for many years been held m such superstitious reverence that no 
effort has been made to accumulate data by which a decision might 
be made between Gaussian rules (of which the above is one) and possible 
alternatives. He agrees, however, that Gaussian rules lead in certam 
circumstances to permissible results, and that they have long been 
employed with apparent success. 

A graph representing the normal or Gaussian law of error-distri- 
bution is shown in fi.g. 1. 

* It must not be confused with Planck’s constant of action, also denoted by h. 

t Measurement and GalcuTation, pp. 162-163 (Longmans, 1928). 
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3. Measurement of a Single Quantity^ ProteMe Error* 

Suppose that a large number n of experimental determinations oi 
a single quantity have been made. Let these be iTg, . . . , It is 
required to calculate the most accurate value of a? given by the 
experiments. 

Method /. — One convenient and permissible procedure is to arrange 
the n values of &c., in ascending order, and if n is odd, simply 

select the middle quantity as the required most accurate value of 
X. This quantity is known as the median. If n is eveij, select the two 
middle values of x and find their mean. 

Method IL — The usual method is to proceed as on p. 261 and find 
the average or arithmetic mean a? = {% + ^^2 + • • • + This 

is more laborious than Method I. 



Such a result is often stated thus: the most accurate value of the 
quantity sought is a; + a. For example, MillUran announced his value 
of the electronic charge as (4-774 + -004) X 10“^® e.s.u. The symbol 
a usually, though not always, indicates a quantity known as the 
probable error or dispersion of the arithmetic mean. It is appended to x 
in order to give a quantitative estimate of the dispersion, range, or spread 
of the set of experimental investigations. If the values x^, x^, . . . , 
are spread over a wide range, the precision of the measurements is 
not so great as if they are spread over a narrow range. In a large set 
of results, half of the errors exceed and half fall short of a certain 
quantity 's/n a. The probable error a is defined thus: it is a num- 
ber such that the arithmetic mean x is just as likely to be in error 
by a number falling short of a as by a number exceeding a. Or, it is 
just as likely that the true value of x lies within the range oi x — a 
to X a outside that range (sometimes referred to as the fifty per 
cent zone). Or, again, the odds that the true value lies within the 
range a; — 6a to a? + 5a are 1000 to 1, which is reckoned as a certainty. 
The quantity 5a is called the maximum error. In Millikan’s case, the 
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probable error is O-OO^ and tbe maximum error is 5 X 0-004 = 0-02, 
so that tbe odds are 1000 to 1 tbat tbe true value of e lies witbin 
tbe range (4*754 — 4*794) X 10*'^® e.s.u. and not outside it. 

According to tbe Gaussian theory of errors, tbe probable error is 
calculated as follows' Ha^g obtaineff^ mean x, we 

calculate tbe residuals == Xi — x, dg = ^2 then tbe 

sum + + • • • + = S#, say. Then 

— <'> 

where n ia the total number of values.* Tbe approximate value 

o = W 

is sufficiently accurate for most purposes. Tbe quantity +'\/^d^/n 
is called tbe stmdard_deviatig^ or mean deviation from tbe arith- 
metic mean. Thus tbe probable error is 2/3V^ times tbe standard 
deviation. Another expression given by Gaussian theory for tbe 
probable error is 

^_:8453 6 ^ ^ 

n Si n — I 6n V ^ 

It appears that not all authors, when stating a result in the form a? ± 
mean thereby that a is the probable error. Some authors intend a to .meai 
the standard deviation. f It is therefore essential to find out exactly what each 
author means by the statement that his result is a; ± a. Engineers dimension 
their drawings in the form a; zfc a, meaning by x the nominal dimension and 
by the tolerance or allowable margin of error either way. 

4. Probable Error or Dispersion of a Single Observation. 

After making tbe n observations Xq, . . . , Xn, suppose that one 
more observation is made. Where is it likely to Lie? A quantity 
called tbe probable error or dispersion of a single observation, exists 
such that it is equally likely that the new value obtained differs from 
tbe true value by a quantity exceeding ^ as by a quantity falling 
short of j8. Theory gives 

j8 ==: aVn, (6) 

It can be shown that tbe probable error of a itself is 
or, as is sometimes stated, tbe fractional probable error of a itself is 
O^mdlnK 

* Proofs of formulsB (3), (5), and (6) are given in Whittaker and Robinson, The 
Calculus of ObservatioTLS, pp. 205, 206 (Blackie and Son, Ltd., 1929). 

f See remarks by Baker, Proc, Phys, 8oc., Vol. 46, p. 283 {1933), 
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5, Tlie WeigMiEg of ' Observations. 


When mor^ confidence can be placed in one measured quantity 
than in another, it is said to have more weight. The question arises, 
how is this to be taken into consideration quantitatively in calculating 
the most accurate value of a physical quantity from a set of experi- 
mental values? 

Consider a case in which a large number of values aq, a'g, . . . , 
of a single quantity have been obtained by experiment, and suppose 
that if equal confidence could be placed in all the values the arith- 
metic mean would be chosen as the most accurate ’’ value of x. 
What is to be done if equal confidence caniiot be placed in all the 
values? Some authors, e.g. Campbell,'^ say that observations should 
never be weighted. ‘‘ The accuracy of a given set of observations, if 
they are sufficient in number, can never be improved by combining 
them with less accurate observations. If their number is insufficient 
it should be increased. ... It is quite common to see a value for 
some important constant obtained by the combination of the results 
of many different workers, some of whose experiments were obviously 
less valuable than those of others. I can see no justification for this 
procedure ; if the experiments that criticism shows to be the most 
trustworthy do not give a trustworthy result, then no trustworthy 
result is available.’’ 

While ideally it may be desirable to increase the number of accurate 
observations and reject all those of lesser precision, practical con- 
siderations of time and expense are by many authors considered to 
justify the inclusion of the more doubtful results, if they are given 
suitable weight. 

One method, which is sometimes used but seems unsatisfactory, 
is to assign numerical iutegers w^, * 5 to each quantity • 

respectively, basing the values of . . . on a pinely intuitive 

estimate of the relative confidence to be placed in Xi, . . . . For 
example, in a certain case it might be considered that twice as much 
confidence could be placed in % as in ccg? (^3, . . . , and values 
Wi = 2 , == 1 , ^3 = ... might be assigned to Xq, ... 

respectively. These numbers . are called the weights of 

aq, ajg, . . . respectively. In the general case, after the w’-eights are 
assigned, a quantity 


% + ^2 d” • • • ^ 



caUed the weighted mean^ is calculated. 

Another procedure is to combine results obtained by different 
observers as follows. A certain observer announces the result of his 


* MeamreTnemi and Calculation^ p. 167. 
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measiirements of a certain quantity as % + a^; another inyestigator 
gives Ms result for the same quantity as % + a 2 , a third as Xq + as, 
and so on. Assume that ag, . . . are the respective probable errors 
of the arithmetic means. To combine these results, begin by calculating 
the weights Wg? • * • the different results, which on Gaussian 
theory are given by l/« 2 ^ and so on. The final 

most accurate value of a; is taken to be 


X, 


^2^2 " f " * 


which can be written in the form 




^1/^1 + ^2/^2^ + 


l/a,2+l/a/ + 


Hwx 
1110 ' 


( 8 ) 


( 9 ) 


Before we combine results in such a way, a test ought to be applied 
to see whether such a combination is permissible. According to Birge,* 
the test is that the quantity Z = 0*6745{SwS^/(IV' — 1)}^ ought to be 
equal to unity, except for statistical fluctuations. Here = Xi — 

Sg = ajg — ... , where x^^ is the weighted mean, as in equation (8), 

Wji . are the weights l/ai\ l/ag^ . . . respectively, 

• • • j und N is the number of independent sets of results 
which are to be combined. Provided that Z does not differ from unity 
by a quantity exceeding OATOD/iV'^, the combination of results is per- 
missible. If Z differs from unity by five times 0A769/A^, there is only 
one chance in a thousand that such a deviation is due to mere statistical 
fluctuation, that is, the odds are 999 to 1 that constant or systematic 
errors are present in one or more sets of results, and it is not per- 
missible to combine them. 

It may be shown that the value of the weighted mean Xj^, given 
by equation (8), has a probable error 

a = 0^m4:6{i:wSy{N 2)S^p, 

where the symbols have the meanings just given. 

6. Calculation of the Constants in the Linear Law + c. 

Suppose that it is known that ‘‘ exact ” values of two quantities, 
X and y, obey a linear law of the form y = mx-}^ c. Suppose also 
that a large number of pairs of values of x and y have been obtained 
experimentally. It is required to find the “ most accurate values 
of w and c, the constants in the equation. If exact values of x and 
y were available, two pairs of them, and ccg, j/g, would be sufficient 
to determine exact values of m and c. As, however, the values available 
are only experimental, another procedure must be adopted. Various 
methods are regarded as permissible. 

*Birge, Phys. Bev., VoL 40, p* 207 (1932). 
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(i) OmpMcal Method,— A grapli connecting a? and f is plotted, 
each point being plotted immediately after each, single pair of obser- 
vations is made. The straight line which lies most evenly among these 
points is determined by a black thread or a transparent ceilnloid rule 
with a central straight line engraved upon it. Immediate plotting 
reduces the number of observations needed. The most accurate values 
of m and c are given by the tangent of the angle of slope and the 
intercept on the y-axis respectively. The accuracy of this method 
is limited, because there are practical limits to the accuracy with which 
an angle or a length can be measured. The accuracy is also afiected 
by the scale of the graph, a large scale being better than a small one, 

(ii) Method of Zero Sum (Mayer’s or CampbelFs Method).— In 
mal^g the experiments, one of the two quantities w and y is usually 
arranged or set at some value, the other being allowed to come as it 
may. For example, in measuring the coefficient of linear expansion 
of a rod, the temperature may be set at de&aite values, and the length 
allowed to come as it may. The present method of obtaining the most 
accurate values of m and c is as follows. 

Arrange the values of the set quantity, which may be taken as x, 
in ascending order of magnitude, .... Write down equations 

in the order + c, — mx^ + c, .... Suppose that in all 

there are n equations. If n is even, add the first ta/2 equations together, 
obtammg a single “ normal ” equation of the form = mXi + nc/2, 
where + • ■ • -^ yniz and Z, = % + ajg + . . . + a;„/ 2 . 

Add the second group of n/2 equations together, obtaining a second 
normal equation of the form Tg = mZg + nc/2. Then solve this 
pair of simultaneous normal equations for m and o in the ordinary way. 
We get 



2(Z,rg-ZgF,) 
n{X,~-X,) ■ 


( 10 ) 


If n is odd, add the first {n — l)/2 equations to the next equation 
(the middle one of the set), multiplied throughout by 1/2, to get a 
single normal equation. Add the middle equation multiplied by 1/2 
to the remaining {n — l)/2 equations to get a second normal equation. 
Then solve the two normal equations for m and c in the usual way. 

The arithmetic of this method is fairly quick, but it gives different 
values of m and c according to which of the two experimental quantities 
we arrange ” or '' set 

(iii) Gaussian Method of Least Squares , — The deviation of any two 
observed values y^ from the straight line y^mx-j-c may be 
written as c + mx-^ — y^. For several pairs of readings, the 
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which happen, SI ** ^ ^ coefficiejt of c 
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two normal equation, ‘,T ” i 7 = % SSlve the 

H^ations thus obtained for m and c; tHs gives 


m ■■ 


nX,r, - ¥,.x, 

nXj^^ - Zi . Zi ’ 




( 11 ) 


( 12 ) 
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a 
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0-6745 
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have been,; m As before, the law is known to be of the form 
y==mx+ 0. Its, graph is a straight line. Find a point X, Y which 
may be called the centroid of all the points, i.e. find A == S»/n, 

r = Ity/n. Next, divide the n values into two sets as follows. Let 

i of them have values of x less than Z, the other n — i having values of 
aj greater than Z. Find the centroid of the i values such that » < Z, 
i.e. find Jjxji and Sy/i for these i values. Let Sic/i = and Sy/i = 

Also find the centroid of the remaining n — i values, for which let 
— i) = Zg and 'Zyj{n — i) = Y^, Assume that the best value 
of m is (Yg — Yi)/(Z 2 — Zj), which is the slope of the straight line 
joining the points (Z^, Y^), (Zg, Yg) on a graph. Assume that the 
best value of o is the value of c given by putting Y = mX + c, i.e. 
c == Y — mZ, where (Z, Y) is the centroid of all the points and 
m^{Y,^Y,)l{X,-^X^). 

7 . Probable Error of a Function of Quantities Measured Experimentally, 
The values of many physical quantities are calculated by substi- 
tuting experimental values of various measurable quantities in a 
formSa; for example, the viscosity of a liquid is calculated from 
Poiseuille’s formula nq ^ Trpa^jBQl (p. 245 ). AU the quantities p, a, 
f, t, and i are measured in some way. The value of each has its own 
probable error. What is the probable error of the result that is obtained 
for-j^? 

To put tHs in more general terms, if a quantity Z is a function of 
a;, y, 2, . , . , and if the probable error of x is of +a2, of z, 

. . . , what is the probable error a of the value of Z obtained by cal- 
culating /(a;, y, 2, . . .)? Theory indicates that 



where df/dx means the partial derivative of /(a;, y, z, , . .) with respect 
to X when y,z,,,. are treated as constants, and so on. 

For example, the volume F of a cone is Let the probable errors of r 

and E ba aj and ag respectively. Since F = Tzr^Ej^, dV f dr = and BY jdE 

== 7rr2/3. Hence = 4Tc^r2H^a//9 + Other exercises for solution 

are given on p. 281. 

8. Determination of Planck’s Constant, 

The determination of the most reliable value for Planck’s constant 
of action h by Bond and by Birge, which is described later, affords a good 
example of the application of the method of least squares. The de- 
scription of Bond’s work is preceded by a short account of the other 
main methods of determining A. It has been found necessary to assume 
a fair knowledge of sub-atomic physics on the part of the student^ 
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siiice proofs , of the various formula'' used would lead us beyond the 
scope of this book/^' 


9. Method based on Bohr’s Theory of Atomic Structure* 
According to Bohr’s theory of atomic structure, 


27rV 




where is the Rydberg constant for infinite mass, and its units are 
cm e is the electronic charge in absolute e.s.u,, and ejm is in absolute 
e.m.u. Further, 


R^=R 


/l + — ), 

A 


where is the observed Rydberg constant for hydrogen, m is the rest- 
mass of an electron, and the mass of the nucleus of a hydrogen atom, 
that is, of a proton. 

This may also be written in the form 

F 


== 1 1 


J. 


{H — m)elmy 


where F is the value of the electric charge associated in electrolysis 
with one gramme-equivalent of any ion, in absolute e.m.u., that is, 
the value of the faraday in e.m.u., and H is the mass of a hydrogen 
atom in grammes. Hence, since 


we have 


R^c^elmf 


h 


=[ 


27rV 

c^{elm)R^{l + Fj{{H- 


m)(e/m)j] J 


(13) 


The most accurate value of c yet obtained is that of Michelson 
(1927), namely, c == 2*99796 X 10^^ cm. sec.-^. In making the numerical 
calculation, the errors afiecting e are far more important than those 
affecting the other quantities. Millikan’s value for e, as corrected by 
Birge, is used. 


10. Ionization Potential Method. 


The ionization potential hitherto most accurately determined is 
that of mercury by Lawxence.f Its value is given as 10*40 + 0*02 
international volts {=F', say). To reduce F' to absolute e.s.u, of 


* See e.g. Wilson, Modern Physics; Bom, Atomic Physics (Blaokie & Son, Ltd., 
1935). 

t Phys. Rev., Vol. 28, p. 947 (1926). 
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potential difference, it is not permissible simply to divide by 300. 
Allowance must be made for the fact that tbe international volt is 
1*00046 absolute volts and that c, the velocity of light in vacuo, is 
2*99796 X 10^® cm. per sec. The relation between h and the ionization 
potential, measured in absolute e.s.u. of potential difference, is 


or 


kv = e¥ 



V 


eXV 
c ' 


where A is the wave-length corresponding to the ionization potential 
of mercury; c and F are in absolute e.s.u,, v in vibrations per second, 
and A in cm. As 

^ F X 1*00046 X 108 




cAF X 1*00046 X 10^ 


* . ( 14 ) 


11. X-ray Continuous Spectrum Method. 

This method is analogous to the last, but makes use of X-rays. If 
the intensity wave-length diagram of the continuous X-ray spectrum 
of any anticathode is examined, it is found that the point where the 
curve cuts the wave-length axis is constant, no matter what the nature 
of the anticathode is, provided the applied potential is constant. It 
is assumed that the corresponding frequency of the X-ray beam is 
connected with the full applied potential F by the relation 

Jip 

. . . . . . (15) 
or 



Here F and e are in absolute e.s.u., A in cm. and c in cm. per sec. In 
this case A is measured by regular reflection from a calcite crystal, using 
Bragg’s law, namely, A= 2c? sin d, where d is the lattice constant of 
the crystal. The most accurate values for A available are those by 
Duane, Palmer and Yeh (1921), and Wagner (1920). 

Hence 

, 2cFe?sin0 
c ■ 

, 2eF<^ X 108 X sin 0 X 1*00046 

h = ^ ^ : ( 17 ) 

where V is the potential applied to the X-ray tube in international volts. 
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12. Pliotoelectric MetEod. 

In tMs metliod use is made of Einstein’s law, namely, 

(18) 

wHcE connects P, tlie work required to extract an electron from a 
metal, witk F , tke retarding potential, and v, tke frequency of tke 
incident radiation. On differentiating and rearranging, we have 

I-:-* 

In the^ accurate work of Lukirsky and Prilezaev (1928), the critical 
potential V\ at which light of frequency v sets up electron emission 
from a metal, is measured for a large number of values of v, and for 
several metals. A graph connecting F' and v is plotted. Its slope mves 
dr/dv. 

As before, the potential as measured is F' international volts, and 
F == F' X 1-00046 X 10^ /g e.s.u. Then 


and 


A __aF _ 1-00046 X 10^ 3F 

e dv c dp 

^ 1-00046 X 108 X edr 

A— — 

C CP 


( 20 ) 


13. Wien’s Displacement Law Method. 

It follows from Wien’s displacement law concerning full or black- 
body radiation that * 


Ac 

^max ^ = a constant == 

kp 


( 21 ) 


where A^ax is the wave-length corresponding to the peak of one of 
Planck’s spectral distribution curves, 9 is the temperature of the full 
radiator concerned, h is Boltzmann’s constant, and ^ is the positive 
root of the equation 




0; 


( 22 ) 


jS = 4'9651 to four places of decimals. Hence 

e 


h ~ 


■Ne’ 


( 23 ) 


^ Roberts, Heat and Therrmdynamies, p. 393. 
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wiiere R is the universal constant for one grannne-moleculo of a perfect 
gas and iV” is the number of molecules in a gramme-molecule. Among 
the quantities present in this equation N is the one whose value is 
known least accurately, its value being given by the relation Ne == 
where F is defined as in equation (13), p. 269. 

14, ' Stefan’s Law Method. 

Stefan’s fourth power law ^ may be stated as jS = a6\ where B is 
the total energy contained in rays of all wave-lengths emerging from 
an aperture in the walls of a full radiator per sq. cm. per sec., d is the 
absolute temperature of the full radiator, and a is a measurable constant. 
Further, h is connected with cr by the relation 



Perhaps the most accurate value of a yet obtained is that of Hoare 
(1928), namely, o-== 5-735 X 10~® erg cm."^ deg.-^ sec.~^. The quan- 
tity e is introduced through Boltzmann’s constant k = R/N = RejF, 

15. Eddington’s Method, 

According to a theory of Eddington (1929), 

hr '■ ■ ■ 

»= i*'- w 

If this is true, 

A= 2747r|*, (26) 

where e is in absolute electrostatic units. According to Birge (1932), 

the most accurate value of the numerical constant in equation (25) is 
not 137, but 137-369 + 0-048. 

16. Bond’s Method. 

Having noticed that the various formulae connecting Ti and e can 
be written generally as a power formula 

: (27) 

where and n are constants, Bond (1930 and 1931) used the method 
of least squares in conjunction with 36 sets of independent results 
to find the most accurate value of A n being given, and thence the 
most accurate values of h and u. As presented by Birge, the method 
is as follows. 


See Roberts, Beat aiftd WherimdymmicSf pp. 379, S93. 
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Write equation (27) in the form 

An = lie-^. , ... . . . (28) 

This is of the form 

A„==f{h,e) = lie-\ (29) 

Let eg, hg be any pair of known values of e and h which are known to 


be not far from the true values. Write 

e = Bg ~f" Ac, . t « . • . (30) 

A = ^0 -f- AA. . • . . . . (31) 


Apply Taylor’s theorem, namely, 

/(A, e) =f{hg, eg) + AA + Ae + negligible terms. 

Now 

(l)..r O.-r 

/(A, e) = A„— hgCg-” + eg~”Ah — nhgeg-^"-^^^ Ae. (32) 

Introduce a new parameter A„ = A^eg”, i.e. insert A„ — A„eo“” in (32). 
When reduced to the simplest form, equation (32) becomes 

A„ = A-(^)k, (33) 

which is of the form y — c+ mx, where y=hn,c—h,m— —hgAejeg, 
x=n. ^ 

The 36 observations included 14 values of A„ corresponding to 
n—ij2>, 9 values of A„ corresponding to n = 41$, and 13 values of 
A„ corresponding to ro = 5/3. When each of the 14 observations was 
given equal weight, the arithmetic mean value of A„ derived from 
them was 6-5473 X 10~®^; the 9 values gave A„ = 6-5364 X 10-®’, and 
the 13 values gave A„ = 6-5395 X 10“®’. The problem to be solved was 
then as follows. 

Given three equations 

6-6473 X 10-®’ = A — (A„Ae/eo)3/3, 

6-5364 X 10-®’ = A — {hoAejeg)4[Z, 

6-5395 X 10-®’ = A — (AoAe/eo)6/3, 

to find the most accurate values of A and hgAejeg and hence of e by 
the method of least squares. The first equation was given the weight 
14, the second 9, and the third 13, since the equations were based on 
14, 9 and 13 values respectively. 

(FlOS) 
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: Now when it is required to find the constants in the ^ e 
yz=zmx+G, given values of weight ^ 2 ? 

jTg, 2/3 of weight , the method of least squares (p. 267) gives 

__ ^wyliWx^ — HwxLwxy 

YtwLwx^ -- (^wx)^ * * * * 

and 

__ llwTiWxy — ^wxHiWy ^ 

'LwY.wx^- {llwxf ’ • * ’ • • 


with a probable error in c of 


0-6746 


/SwS^Y 

\n-2) 


and a probable error in m of 


0-6745 


/EwS^Y 

\n-2) 


Hwx^ 
'EwEwx^ — 


I Ew 

[Zwltwx^ — (^wxf 


Here = 3 and 8 is the deviation of each of the three values of 
given above from that calculated with the values of c and m calculated 
from equations (34) and (35). 

Using Bond’s data and these equations, Birge obtained TiQLejeQ^ 
(0*0119 + 0*0071) X lO”^'^, and using Ao= 6*547 X 10”^^ and 
4*770 X 10~^® e.s.u., he obtained 

h = (6*5575 + 0*0096) X 10-27, ^ ^ (4-7787 + 0*0052) X lO-^^^ e.s.u. 


The value of e here obtained was independent of that obtained by 
Millikan’s oil-drop method, which does not involve h. By taking the 
oil-drop result into account as well, by adopting what he believed to 
be the best arbitrary system of weighting, by using the most accurate 
results available in 1932, and by applying a method of calculation 
resembling the one just described, Birge obtained as his values 

h = (6*5442 + 0*0091) X 10-27, ^ ^ (4-7677 ± 0*0040) X 10“^« e.s.u. 
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Birge, Physical Review, Vol. 40, pp. 228-261, 319-320 (1932). 

Brunt, Combination of Observations (Cambridge University Press). 
Whittaker and Robinson, The Calculus of Observations (Blackie & Son* 
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EXAMPLES 


CHAPTEE I 

1. Determine the time of oscillation of a drop of liquid under surface-tension 
forces, 

2. Obtain Poiseuille’s equation for the volume of viscous liquid flowing per 
second through a cylindrical tube of circular cross-section. 

3. Find by dimensional methods how the viscous force of resistance to the 
fall of a sphere under gravity depends on the radius of the sphere, its terminal 
velocity, and the coefficient of viscosity of the fluid through which it is rnoviug. 

4. Show that the quantity of heat lost per unit length per second per degree 
temperature excess from a long cylinder of diameter d submitted to forced con- 
vection in a fluid of thermal conductivity Ky thermal capacity per unit volume 
c, kinematic viscosity v, moving with relative velocity v, is given by JET/iT = 
F(cvdlK) ./(cv/Z). 

5. Determine the rate of radiation of energy from an accelerated electron. 

6. Show that if the linear dimensions of the entire apparatus used in deter- 
mining by a torsion balance (see Chapter III, p. 35) are changed, the sensitive- 
ness of the apparatus remains unaltered. 


CHAPTER II 

1. Assuming the earth to be a perfectly homogeneous sphere, spinning with 
angular velocity D about its geographic axis, prove that the angle between a 
straight line drawn from a point P on the earth’s surface to the centre and a 
line drawn from P in the apparent direction of the force of gravity is approxi- 
mately equal to sin2P/2(firQ + cos^L) radians, where L is the latitude 
of P, P is the radius of the earth, and is the force on unit mass at P due to 
attraction only. 

2. Assuming that the earth consists of a sphere of radius P and mean density 

pi, enclosed in a thin concentric spherical sheU of matter of thickness A and mean 
density pg, prove that gi/g^ 2 f of gravitational acceleration at a point 

on the outer surface to that at a point on the surface of the inner sphere, is 
{1 — 2A/P 4- SAp 2 /Ppi} approximately. (Airy’s mine experiment.) 

3. Referring to p. 17, prove that Du Buat’s correction term y is equal to zero 
if Bessel’s condition of symmetry of external form is fulfilled. 

4. Referring to p. 18, prove that if the knife-edges are equal cylinders the 
radius disappears frona the expression for T, 


EXAMPLES 


276 

'5, ReferriBg to p. ' lS, prove that if the knife-edges are not eqnal . eylinders^ 
../then, g(T-j^ -f' == 4* 'where and 5^2 measured,, times of 

oscillation about the two knife-edges. (Pierce’s correction.) 

■6. Referring to p. , 18, prove that if the support yields a distance e to a horizontal 
force of one dyne, gT'^l^iz^ = + 1^2 + 

7. Referring to p. 18, prove that if two pendulums, of symmetrical external 
shape, are of equal weight but have different lengths, and have transferable 
knife-edges, then 

g{T^ •— T2^)/47r^ 5= ^ — Ig. (Defforges’s correction.) 

8. Prove equations (39), (40) on p. 28, i.e. 

R sin 20 = and R cos9 = 

9. Verify equation (3), p. 13, by direct substitution, i.o. show that 

6 = cos {(c® — h^)h + 9} 

is a solution of the equation 6 + 260 4 = 0. 


CHAPTER III 

1. Defining the normal flux of force through an element d8 of a surface drawn 
in a gravitational field as the product of the normal component F cos 0 of the 
force on unit mass and the area d8, prove Gauss’s theorem as applied to gravita- 
tion, that the total outward normal flux of force over any closed surface is — 4 tuG 
times the mass enclosed. 

2. Show that a thin spherical shell of attracting matter of thickness a?, mean 
radius r, and uniform density p has the same external field as if all the mass 
were concentrated in a single particle at its centre. Hence prove that a sphere 
composed of concentric shells, not necessarily all of the same density, acts in the 
same way. 

3. Apply Gauss’s theorem to find the gravitational field (force on unit mass) 
and potential at points (a) inside the central cavity, (6) inside the material, and 
(c) outside of a thick spherical shell of matter, of radii r and r 4- a, the density of 
the matter being p. 

4. Let the mean density of a non-uniform sphere be p^, and the density of 
its uniform crust be pg. Find the force on unit mass placed at a point h cm. from 
its surface, inside the crust, the external radius being E cm. [h <C ^). 

5. Referring to Boys’ experiment for measuring G, calculate the value of the 
angle 9 (p. 34) corresponding to the maximum displacing moment, given the 
values of Jkf, m, Z, r and c as on p. 35. 

6. Referring to Boys’ experiment, calculate the moment of the restoring 
couple due to the attractions between spheres at different levels, for a given angle 

38', and prove that it is negligible compared with that due to attractions 
between spheres at the same level, using the values of if, m, r and c on p. 35. 

7. Consider two torsion balances of Boys’ type, in one of which all the linear 
dimensions, including those of the large and small spheres, are n times as great 
as those in the other. Let the mateial of the spheres be the same in each case, 
but in the second let the suspension fibre be changed so that the period is the 
same as that in the first. Prove that the angle of deflection is the same in the 
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two eases. Hence show that with a small balance it is possible to use relatively 
bigger ‘‘ large spheres ” than are practicable with large balances. 

8. (ci5) What are the dimensions of the quantity ^2 in HeyFs experiments 
(p, 36)? (h) What is the effect on the period of oscillation of increasing the linear 
dimensions of ©very part of the apparatus to n times th.ir original values? 

9. What must be the velocity of a body if its mass when moving is 10 per 
cent greater than its mass when at rest? 

10. Finds to 0*005 per cent, the percentage change in mass of a body whose 
velocity is one-twentieth of the velocity of light, as compared with its mass at 
rest. 


CHAPTER IV 

L A uniform beam is clamped at one end and supported on the same horizontal 
level. Find the bending moment and the shearing stress at any point and also 
the maximum depression. 

2. A uniform beam is clamped horizontally at one end and has a given con- 
centrated load W and a couple G at the other end. Find the bending moment. 

3. A uniform weightless beam clamped horizontally at one end has a con- 
centrated load W at a point A at a distance a from the fixed end. Find the 
depression at a and at the end of the beam. 

4. A light rod is supported symmetrically on two knife-edges a distance 1/2 
apart, where I is the length of the rod. Two weights, each of value W, are 
suspended from the ends of the rod, and a weight w is attached to its centre. 
If the centre and the two ends all lie in the same straight line, find the ratio W/w. 

5. Find the energy stored in a beam which is clamped at one end and free at 
the other if the load is w per unit length. 

6. Find the energy stored in a light beam as in (4) but with a concentrated 
load W on the end. 

7. Find the energy stored in a stretched wire. 

8. Find the energy stored in a stretched flat spiral spring. 

9. Find the time of angular oscillation of a loaded spring. 

10. Show that the depression of (1) a rod with a weight attached to one end, 
(2) a flat spiral spring, due to the shearing force, is negligible compared with that 
due to the bending moment and torsion respectively. 


CHAPTER V 

1. Show that for perfect gases the ratio of the adiabatic to the isothermal 
elasticity is equal to y> ratio of the specific heat at constant pressure to the 
specific heat at constant volume. 

2. Deduce equation (17), p. 82. 

3. Deduce equation (21), p. 83. 

(F !03) 
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CHAPTER VI 

L Suppose that at timei.= 0 a seismic wave of the form ? = ^0 sin col arrives 
at the vertical pendulum seismograph of pp. 92-5. Assuming that damping is 
negligible, prove that 

a __ 5o{siuco^ -f ^ sin?i]&} 

_ 1 ) ^ 

whore A = — k , oc = and n has the meaning in the text. 

2. Draw a graph coimecting the angle of lag of the vertical pendulum seismo- 
graph of p. 92 behind the seismic wave and a, where a = nim, 

3. Find the angle of lag in the following special cases: 

(a) CO great, a very small. 

{&) n = CO, a == 1. 

(c) CO very small, a very great. 

4. Prove that when the damping coefficient h is great, the sensitiveness of the 
seismograph is greatest when the natural period of the instrument is great and 
that of the seismic oscillations is small. 

5. With reference to the method of finding the depth of a seismic focus, 
described on p. 97, prove that if a graph is plotted with new variables Y = vH^ — 

X =5 2v% it will be a straight line. Show how to obtain tQ and d from such a graph. 


CHAPTER VII 


1. A spherical soap bubble of radius r deflates itself by expelling the air 
within it through an orifice of cross-section A sq. cm. Prove that the time 


taken for the radius to fall to zero is 


2 V2Tr jpr- 




where p is the initial density 


lA M T’ 

of the air within, and T is the surface tension of the soap solution. 

2. A bubble of gas resting on the surface of a liquid has the form of a segment 
of a sphere. Its precise form is governed by the law that the potential energy in 
the surface, due to surface tension, is a minimum, consistent with the condition 
that the volume of the segment is constant. Prove that the bubble takes a hemi- 
spherical form. 

3. A small spherical bubble of radius r is accidentally formed at a certain 
depth below the surface of a liquid. Show that if the bubble contains nothing 
but the saturated vapour of the liquid it & unstable, that is, it will not return 
to its initial size, if for any reason it undergoes a slight change of radius. Then 
find the minimum pressure of the gas which must be present in order that the 
bubble may he stable. Relate this to “ bumping and “ steady boiling 

4. A large drop of mercury rests on a horizontal plate. Light from a horizontal 
bright filament in a distant lamp falls on the curved side of the drop. The reflected 
beam enters a horizontal telescope. The vertical height of the latter is adjusted 
imtil an image of the filament coincides with the horizontal cross-wire of the 
telescope. The source is displaced vertmally through a distance 2 : and the experi- 

It ( A' 

ment is repeated. Prove that «; = 2 y — ^sin — — sin where T is the sinface 
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tension and p tJi© density of mercury, and A, A' am the angles made with the 
vertical by the normal to the surface of the drop at the point of incidence of the 
light, in the first and second cases. (The incident and reflected beams and the 
normal are in the same vertical plane.) 

5. A cylindrical film of indefinite length, mean radius and (small) thickness 
di contracts under the influence of surface tension, starting from rest. Prove 
that the time it takes to contract to a cylinder of mean radius rg is 



where T is the surface tension and p is the density, 

6. A liquid rises in a tube of any shape under the action of surface tension 
and reaches equilibrium. Prove that the weight of liquid contained in a cylinder 
bounded by the free surface of the liquid, by the general level of the liquid outside 
the tube, and by vertical generators drawn from the curve of contact of liquid 
and solid down to the general level, is equal to the line integral of the vertical 
projections of the surface tension acting all round the curve of contact. 

7. Using the theorem in Example 6, prove that if two adjacent parallel plates 
inclined at an angle A to the vertical dip into a liquid, the height through which 
the liquid rises in the narrow space between the plates is independent of the 
angle of inclination A. 

8. Allowing for the spherical cap, calculate the depression of the mercury 
inside a circular tube of radius r below the general level outside. Calculate the 
approximate percentage error in the value of the surface tension obtained by 
using the elementary formula and taking the depression as that measured to 
the top (umbilic) of the meniscus, when the tube has a diameter of 1 cm. 

9. Obtain the equation of equilibrium of a needle floating on a liquid, regard- 
ing the needle as a long cylinder, and assuming an angle of contact equal to zero. 

10. Assume that the excess pressure on the haBide of any gas balloon is 

+ T 2 /E 2 , where Eg are the principal radii of curvature and 
are the tensions in the surface membrane normal to the principal sections. Prove 
that if the balloon is a figure of revolution 


CHAPTER IX 

1. Determine the root mean square velocity of a hydrogen molecule at N.T.P.; 
the density of hydrogen at 0° C. is 0-09 gramme/litre. 

2. Show that the gas constant B represents two-thirds of the kinetic energy 
of the molecules of a gramme-molecule of the gas at U ahs. 

3. Prove that y> the ratio of the specific heats of a gas at constant pressure 
and constant volume respectively, is given by y = 1 + 2/a;, where a; is the number 
of degrees of freedom of a gas molecule. 

4. Prove that the mean velocity c and the root mean square velocity 0 are 
connected by the relation c/(7 = (8/37 c)^. 

5. Show that pc = 4p{ilf /27rET)i where If is the molecular weight of the gas. 

6. Show that, owing to the finite molecular diameter a, the mean free path 
is reduced from that appertaining to point molecules in the ratio Xcr/X == 1— 2a/3X. 


z8o 
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. „7. Deduce Dalton’s Lw of. partial pressures, i.e. that tlie total pressure exerted 
by a mixture of gases is equal to the sum of the pressures which they would each 
exert individually if they alone occupied the given volume, on the basis of the 
kinetic theory of gases. 

8. Show that the mean velocity of molecules emitted from a small aperture 

in the side of an enclosure at temperature T is 0^= where Jf is the 

molecular vreight of the molecules. 

9. Prove that the constant d of van der Waals’ equation is equal to four 
times the volume of the molecules. 


CHAPTER X 

1. Using the symbols on p. 223, prove that for a dilute solution in which a 
fraction cc of the molecules are dissociated, each into v ions, 

1 — p = (v — - l)<x^n^^yvK, 

2. Referring to pp. 226-7, prove that 1/a; is that distance in which the 
potential in the neighbourhood of an electrode dipping into a solution containing 
ions diminishes to 1/s of its value at the surface (s being the base of Kapierian 
logarithms). 

3. Prove that for an aqueous solution of a single monovalent binary salt at 
0° C., 1 — - p = 0*203(2y)t, where y is the concentration of the salt in gramme- 
molecules per litre and I? for water is 88*23 e.s.u. 

4. Discuss the analogy between the corrections to the perfect gas equation 
introduced by van der Waals, and those to van’t Hof’s equation introduced 
by Debye and Hiickei. 

5. Prove that m an aqueous solution of an electrolyte of any t3;q)e at 0® C. 

X — 0*229 r^, where T ~ is the valency of an ion of type i, and y^. is 

the gramme- molecular concentration per litre of those ions. 


CHAPTER XI 

L Using fig. 1, p. 235, prove that the differential equation representing the 

diffusion of a salt in solution along a cylinder is == it being assumed 
that there is no lateral escape of the salt. 

2. Using fig. 3, p. 237, prove equation (10), p. 237. 

3. A very tall narrow cylindrical vessel, of length D, is half filled with a 
solution of concentration n^, and at time ^ = 0 the upper half is filled %vith 
pure solvent. Show that the concentration at any height x above the bottom, 
at any subsequent time #, is 

» = ^ COSO* + oosSaa: + . . . }, 

where ot = and X, the diffusivity, is independent of the concentration. 
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CHAPTEE-XII 

L Tiie end of a capillary tube, whose bore is a circular cylinder of radius 
f cm., is dipped in a liquid, the axis of the cylinder making an angle 8 with the 
vertical. The viscosity of the liquid is 73. The tube is open at both ends and 
the bore is moistened beforehand with the liquid. The liquid rises in the tube. 

Prove that the velocity with which the liquid ascends the tube is 

at any instant, where p is the density of the liquid, x is the instantaneous length 
of the column of liquid, and I is the final length when equilibrium is reached. 

2. Two flat circular discs of radius a are mounted coaxially, parallel to one 
another at a distance d apart, and the lower one is rotated with constant 
angular velocity o). Neglecting edge corrections, find the torque communicated 
to the upper disc if 73 is the coefficient of viscosity of the medium surrounding 
the discs* 

CHAPTER Xm 

1. In a certain experiment the following values of the mechanical equivalent 
of heat were obtained: 4T 69 X 10^ 4-180 X 10^ 4*184 X 10^ 4*181 X lO'', 
4*180 X lO’’, and 4*175 X 10^ ergs per calorie. Calculate the arithmetic mean 
and its probable error, 

2. Sherratt and Awbery obtained the following values of the velocity of sound 
in the air in a certain tube: 527*7, 527*1, 527*9, 527*3, 527*9, 527*6 and 527*6 
metres per second. Calculate the arithmetic mean and the probable error. 

3. G. y. Boys made nine observations on the mean density p of the earth. 
Pour of them were made under favourable conditions, giving p = 5*5291, 5*5268, 
5*5306 and 5*5269 gi’ammes per c.c. respectively. The other five results, made 
under less favoui'able conditions, were p = 5*5213, 5*5167, 5*5159, 5*5189 and 
5*5172 grammes per c.c. respectively. Calculate the arithmetic mean and its 
probable error, using (a) the first four results md (b) all nine results. (Boys gave 
p = 5*527 as the best value to be derived from experiments and did not 
calculate a probable error. See his comments in Dictionary of Applied Physics^ 
YoL III, p. 282.) 

4. Six different methods give the following values of Planck’s con- 
stant: (6*547 ± 0*011) X 10“-27, (6*560 ± 0*015) X lO-^?, (6*550 ± 0*009) X 
(6*543 ± 0*010) X 10-27, (6*548 ± 0*015) X 10-27 and (6*539 ± 0*010) X 10-27 
erg secs. Calculate the weighted mean of these results and its probable error. 

5« A right circular cylinder has a length I cm., which is measurable with a 
probable error ±ai, and a radius r cm., which is measurable with a probable 
error of dbocg. What is the area of its curved surface and what is the probable 
error of that value? 

6. On the flat face of a hemisphere of radius r ± there stands a right circular 
cone, whose base has the same radius r di and whose height is ^ ± ag. Find 
the volume of the whole body and its probable error. 

7. Ferguson and Miller measured the specific heat of benzene at various 

temperatures. In one set of experiments their results -were: = 0*3993 at 

22*61° C.; >8= 0*4025 at 25*62° C.; /8= 0*4092 at 30*69° C.; /S' = 0*4220 at 
39*51° C.; 8 — 0*4264 at 43*93° C.; 8 == 0*4321 at 48*56° C. Assuming that 
8^ a+h{t— 20), where t is the temperature, calculate a and h by the method 
of least squares. 



ANSWERS AND HINTS FOR 
SOLUTION 


Chap. I. 

1 . Take surface tension, density, and radius of drop as yariables: t cc 1 / 2 . 

2. Take coefficient of viscosity, radius of tube, and pressure gradient down 
tube as variables: ¥ = Tcpr^/S^Tj. 

F Bnriva. 

4. Take 0, x, d, c, v, and v as variables. 

Chap. II. 

1. Calculate tbe force due to motion of P round a circle of latitude. Find 
the sine of the angle required, neglect small terms, and use the binomial theorem. 

2. Express as the sum of the attractions of the inner sphere and of the 
shell, using the law of gravitation. Use the binomial theorem to obtain approxi- 
mations. 

Chap. in. ■ 

1. Consider the flux through dS duo to a single particle. Introduce the solid 
angle subtended by dS, 

2. Apply Gauss’s theorem. 

3. (a) Zero. (h) 4:nGp{B^ - 7^}/SBK (c) 4:7tOp{(r -f a)^ - f^}/BEK 

4. WTvp^Ghil + app. 

5. 38'. 

6. Moment of couple is 2GMndrsmc^/{h^ + l^ -f ys -f 2Zf 0039 }®^, where h 
is the diflerence in level. 

7. Obtain an expression for 0 from the various equations on pp. 34, 35, 
Write nl for &c. 

8. (a) -|-2 of mass, —1 of length, 0 of time, (fi) Ho effect. 

9. c/3‘B16. ' 

10. 0125 per cent. 

Chap. IV, 

1. End conditions are 2 ^ =: = 0 for x =^ 0, = 0 for a: — I. 

Q = — ^Ix + F == w{^l — x). 

Maximum depression when By = 0, given by — ^Ix + W) = 

283 . 
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2. 0^= (0+ Wl)— Wm at any point' x. Also when .x^ 

y= By =z 0; , if 01 = siope at a;= /, qAh^ tanOi == ({7 + IFI)I — and 0| 
may b.e written approximately for tan 0j. 

qAB 
P 


G = 


■ {y^iei - nx) - m^(2l - 6a:)}. 


S. qAWD^y= lf(a— a:). 

If = depression at A and = depression at end of beam, 
qAIPy^ = = Wa^{ll2 - a/ 6 ). 

4. Let the reaction at each of the knife-edges be R. Consider separately (1) 
the portion of the rod between the mid-point and a knife-edge, (2) the portion 
between a knife-edge and the nearest end of the rod. 

For ( 1 ), equation (12) becomes 

qAIPD^y =R{II4: - a;) - W(IJ2 - x), 

where x is measured from the centre of the rod. 

For (2), equation (12) becomes 

qAkW^y = Wz, 

where z is measured from the end of the rod. 

For the two sections, the boundary conditions at the knife-edge must give 
the same slope By. 

Answer, W/w == 5/22. 

5. Rending moment at distance x from free end is G = Hence from (33) 

■ ^ ^r- 


V: 


6 . F=i 

7. iWx, 


-dhe.ee F=iTr,, 


9. If the tangent to the lower end of the spiral is twisted through an angle 
9 , the bend per unit length is 9 /^. To produce this bend, a couple G = ,qA]p 
must be applied. Hence if and are the moments of inertia of bar and spring 
respectivdy. 


ih^h) 


dP 


■^qA¥, 


which Is of the form 


^9 

dP ‘ 


; Hence . 


-m® 9 , where np = 

(^5 + h)l 


-VS— 


5 + ^via? 
qv:B^I4=l ■ 


10 . (a) Bod. From Ex. 3, depression due to bendiQg=yi=^^^. Depression 
due to sheaxing stress = y^ = ^ . I Hence ^ for a square section. 

Sides, P= 62 / 12 . ^ ^ ^ 

Hence ^ X , and sinoe 6 < I, ^ y^. 
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{&) Spring. Depression jTi due to torsion — ^WaHjTznR^; depression due 

,%o sheM ^ Wll%nR\ 

, Hence a;2/% == and .since £i;2<C % 

Chap. V. 

L Use the equations pv = h, pv^ = to deduce the two compressibilities. 
Chap. VI. V 

3. (a) 3= n (5) w/2; (c) S== 0. 

Chap. VH. 

1. Introduce a sjunhol for the velocity of efflux. Assume that the loss of 
potential energy during an elementary contraction is equal to the gain of kinetic 
energy of efflux in the same time. Eliminate the velocity of efflux between two 
equations. 

2. The flat face of the segment does not enter into the expression for the 
surface energy. Find the conditions for a minimum surface tension and constant 
volume by elementary calculus methods. 

3. Write down the equation of equilibrium of the bubble as far as pressures 
are concerned, and consider the effect of a slight change of radius. 

4. Begin with the equation of the meridional profile curve of a large drop. 

5. The total mass of the annular cylinder remains constant. The loss of 
potential energy of the film is equal to its gain of kinetic energy. Introduce a 
symbol for the radial velocity. 

* 6, Write down the weight of an elementary cylinder of height dz and upper 
surface dS. Use the differential equation of the free surface (equation (4), 
p. 102) to change the form of the expression, and integrate. Introduce an ex- 
pression for the difference dS' dB, where dS' is an element of a surface 
obtained from S by marking off points along normals to S, at a constant distance 
dn from B. Use this expression to change the form of the expression for the 
weight of the cylinder. 

7. Write down expressions for the two quantities mentioned in Ex. 6 and 
equate them. The angle of contact is not equal to zero. Use the height measured 
in the centre of the narrow space. 

8. Use Archimedes’ theorem to find the area of the curved surface of the 
cap and hence its volume. 

9. Assume contact aU round the lower part of the cylinder. Apply the 
equation of the profile curve of a right section of the system (see p, 103). Include 
a term for the upthrust on the immersed parts. 

10. Draw a central section through the axis of revolution, and consider what 
are the priucipal radii of curvature. Find one of them from the figure and use 
equation (4), p. 102, to find the other. Note that in a rubber or other membrane 
the tension is not the same in all directions. 

Ohap. IX. 

1. 1700 metres/sec. 

4. Use Maxwell’s law of distribution of velocities. 

5. If a represents the most probable velocity of the gas molecules, MaxweFs 
distribution law may be written 
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wlier© Fae is t.lie fraction of the N molectiles present whose velocity lies between 
c and G + dc^ and k Is Boltzmann’s constant. The mean SijTiare velocity of the 
molecules issuing from a small aperture in a uniform temperature enclosure will 
he ' 




’ 4F 




since 0/ ~ 


J^N,7.cc‘ 


•5 where N^qC is the number of molecules emerging , with 


velocity c. Inside the. enclosure = Sa/2s hence 0/ =» 4/30^ = 4JbT/m. 

6 « The average distance of approach of two molecules is 
/’?r /2 27rvo® sin^ O cos 6 2 


8 . The product of and the number of molecules in the emitted beam, 
that is, must be integrated from zero to infinity and divided by .the .integral 
of the number of particles issuing with velocity c; hence " 


r 4N 

Jq a® 7r ^ 


X c X c^e 


9. The average distance, of approach of two spherical molecules is 2 a/3, by 
Ex. 6 , where a is the diameter of the molecules. Hence the mean free path 
is shortened, compared with its value for disc-hke molecules, by the amount 
5 ^^ = X — 2a/3. Hence, using tins expression and equation ( 2 ), p, 178, we have 

1 .2a/3 _ ^ 2 Tca®» F 4(-f Ti:r®») 

^ ^ ... 

;'€]a:AF..';X.''s'.. ■ ' 

1 . Apply the law of mass action to prove that = ^(l — c£)j then 

prove that P = Z 0 {?^(i — a) + vaw.}, from van’t Hofi’s law, and evaluate 

3. As in problems on conduction of heat along a bar, consider the solute 

3^1 d^fh ' ' 

entering and leaving a slice of thickness, dii;..' .Hence' deduc ^ =, The 

solution % =s cospa? is appropriate here. Apply the boundary and 

initial conditions and use Fourier’s theorem. Note that at the bottom of the 
'du 

tube -j" = 0 , for all values of t. 


Chap. XH. 

1 . Write down PoiseuiHe’s equation as applied to the column at any instant, 
and also an expression for the pressure difierence on the two sides of the heml- 
ppherical meniscus. The lower end of the tube only just enters the liquid. 

2. Find the elementary torque acting on an annulus of radii r and r + dr. 

The total torque r = 
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:chai?. xiil 

1. (4-178 dz 0-001 ) X 10^ ergs per calorie. 

2. 587*59 i 0*07 metres per second.' 

3. (a) 5*5283 dz 0*0005 grammes per c.c. 
t (b) 5*5226 it '0*0012 grammes per c.c. 

4. (6*5466 dz 0*0017) x 10~^^ erg/secs. 

5. Area = 2'n:ri sq, cm. 

Probable error oc = 27 v{r^oci^ + 

6 . Tolimie = ^ {2r® -t hr^}. 

Probable error a == ^( 27 :r^ -f -f- « 

7. 8 = 0*3956 -P 0*001287(i - 20). 
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Ablett’s method, 143. 

Absolute manometer, Knudsen’s, 211. 

— units, I. 

Acceleration' due to gravity, 12-31. 

Adam, 165, 169, 176. 

Adam and Jessop, 140, 142. 

Adams. See Bashforth, 

Adiabatic elasticity, 75. 

‘‘Adsorption, Gibbs* formula, 171. 

— negative, 170 at 

— positive, 170 et seq. 

Airy, mine experiment, 33, 275. 

Amagat, 79, 81. 

Andrade, 258. 

Andrade and Lewis, 252. 

Andrews, 74. 

Angle of contact, 99. 

paraffin wax and water, 143. 

solid and liquid, 142. 

Angle of shear, 48. 

Angular oscillations of a loaded spring, 68. 
Austin and Thwing, 43. 

Avogadro, hypothesis, 178, 

— number, 197. 

Awbery, 267. 

Axes of strain, 50. 

Baker, 263- 
Bakker, 164. 

Balance, chemical, Poynting’s, for G, 41-3. 
sensitivity, 201. 

— torsion, of Boys, 33-5. 

; , . EotVOS,; 24-7 . : ■ ■ 

Heyl, 3S“7, 

Zahradnicek, 38-41. 

Banerji. See Ghosh. 

BarteiL Set Mack, 

Barton, rigidity modulus, 69. 

Bashforth and Adams, 115, 132, 133. 

Beams, and Young’s modulus, 68. 

— bending of, 53. 

— energy in bent, 61. 

— solution of problems, 55. 

— transverse vibrations, 64. 

— ^ under distributed loads, 53. 

Bending moment, 53. 

and deflection, 54. 

Berkeley and Hartley, 221. 


Bernoulli, 146. 

— on kinetic theory, 177. 

Bessel, and Kater’s pendulum, 18, 261. 
Bestelmeyer, 195, 

Bifilar gravimeter, 22. 

Birge, 268. 

— Eddington’s constant, 272. 

— value of e, 269. 

Bjerrum, 222. 

Blue sky, dimensional theory, 10. 
Bohnenbeiger pendulum, 17. 

Bohr, atomic structure, 269. 

— surface tension, 152. 

Boiling point, elevation of, 218, 

Bond, 268. 

— Planck’s constant, 272-4. 

Bouguer, mass of earth, 33. 

Bourdon gauge, for high pressures, 79. 

— for low pressures, 209. 

Boyd, 258. 

Boyle, 78, 177, 182. 

Boys, G by torsion balance, 33-5, 276, 281. 
Bradley, astronomical angle, 261. 

Bragg, X-ray reflection, 270. 

Braun, measurement of G, 35, 37. See 
Hartmann, 

Breaking stress and strain, 47. 

Bridgman, 66. 

— behaviour at high pressures, 84-5. 

— compressibility of liquids, 83. 

— compressibility of solids, 82. 

— high pressures, 78, 79. 

— viscosity and pressure, 257, 258. 
Briilouin, diffusion experiments, 201-2, 
Brown. See Harkins. 

Brownian movement, 196-201, 

Brunt, 274. 

Bubbles, pressure inside, 135. 

— stationary, and surface tension, 136-9, 

I 54 * 

— surface tension (Jager), 130. 

Bulk modulus, 48. 

— liquids, 83-4. 

— solids, 81-2. 

Campbell, II. 

— linear law, 266. 

— on Gaussian theory, 261. 
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Canton. 78. 

Capillarity, 99-164. 

— theories of, i S9”64. 

Capillary rise of liquid in tube, 113. 

— waves or ripples, 145, 

Cary and Rideal, lay. 

Cauchy, constants in linear law, 267. 
Cavendish, and <?, 33, 

Cenco-Hyvac pump, 204. 

C.G.S, units, I. 

Chapman, 181, 

Charles, 177. 

Cheng. See Harkins* 

Clack, diffusion constant, 235-9. 

Clausius, 178, 193, X94. 

Coefficient of diffusion of gases, 183-4, 

— of liquids, 234-42, 

— of solids, 242. 

Coefficient of viscosity. See Viscosity* 
Coincidences, method of, 21. 

Compound pendulum, 15. 

Compressibility, 78-85. 

Concentration gradient, 234. 

Condensation pump, Langmuir’s, 206. 
Condensational waves, 89. 

Condensed films, 166. 

Conductivity (heat) of gases at intermediate 
pressures, 190-1. 

at low pressures, 189-go. 

— — on kinetic theory, 182. 

variation with pressure, 85. 

Constants in a linear law, 265. 

Contact, angle of, 99, 140-4. 

Convection, dimensional theory of, 275. 
Goolidge, 209. 

Cornu, 33. 

— and Poisson’s ratio, 72. 

Couette, 247, 248. 

Critical velocity, 247-8, 252. 

Crookes’ radiometer, 2 1 1 . 

Curvature and surface tension, 99. 
Cylindrical films, stability of, 149. 
Cylindrical tube, change of volume under 

pressure, 79-81. 

conduction of heat in, 19 1-2. 

rise of liquid in, 1 1 3-5. 

— viscous fluid in, 188-9, 244-50, 253-6. 


Dalton, chemical combination, 177, 

— partial pressures, 280. 

Damped oscillations, 13. 

Damping due to viscosity, 209, 250, 256-7. 
Datta. See Ghosh* 

De Broglie, 200. 

De Haas and Hatfield, 75. 

Debye and Hiickel, 223-33, 280, 

Defforges, 276. 

Delsaulx, 196. 

Density of the earth, 33. 

Derived units, 2, 3. 

Deviation, standard or mean, 263. 


Diffusion, 234-42. 

— Pick’s law of, 234, 

— and osmotic pressure, '239. See Co.- 

effident of Diffusion. 

Dilatation, 51. 

Dilute solutions, boiling point, 218. 

freezing point, 219. , 

osmotic pressure, 216. 

— , — vapour pressure, 217. 

Dimensional analysis, 2-8. 

— examples, 8-1 1, 275. 

— extension, 7. 

— uses and limitations, 4. 

Dimensions, 7. See Units. ^ 

Disc, oscillating, and viscosity, 256. 

— rotating, and viscosity, 210. 

Dispersion of a single observ^ation, 262-3. 
Displacement, Wien’s Iaw% 271. 

Dissociation of electrolytes, 222-33. 
Distortional waves, 90. 

Dorsey, 105, 154, 155. 

Drop at end of tube, 119—22, 136-9. 

Drop weight method for surface tension, 
122, 123. 

Du Buat pendulum, 17, 21, 275. 

Duane, Palmer and Yeh, X-rays, 270. 
Duffield, 19. 

Dushman, molecular gauge, 210-11. 
Dushman and Found, ionization gauge, 212. 

Earth, mass and density of, 32-3. 
Eddington, 8. 

— on Planck’s constant, 272, 

Edser, 247. 

Edwards, 255. 

Effusion gauge, 213. 

— of gases, 188. 

— thermal, 191. 

Egerton, 188. 

Ehrenhaft, 200. 

Einstein, photoelectric effect, 271. 

Einstein and Smoluchowski, Brownian 
movement, 198-201. 

Elastic constants, determination of, 66-77. 

optical methods for, 71-7. 

• — ■ — relation between, 50, 

Elasticity, 46-77. 

— and temperature, 74, 

— elongational, 87. 

— fugitive, 243. 

— isothermal and adiabatic, 75. 

Electrolytes, Debye and Huckel’s theory, 

223-9. 

— solutions of strong, 229- 33. 

• — two classes, 222. 

Ellipsoid of strain, 49. 

Energy, equipartition of, 166. 

— free, 157. 

— in strained body, 61-62, 

— mass and, 44-5. 

— surface, of film, 156, 157. 

Enskog, 258. 
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EStvos, surface tension and temperature, 
156. . 

— torsion balance, 24"-7. 

— - units, 29. 

Epicentre, 86, 96. 

Equilibrium of liquids, solids, and gases 
-in' contact, 140-2. 

Equipartition of energy, 166. 

Equivalent simple pendulum, 16. 
Equivoluminal waves, 90. 

Erk, 254. 

Errors of measurement, 260-74. 

Euler, theoiy of struts, 56. 

Ewald, Poscbl and Prandtl, 145, 164. 

Ewing extensometer, 67. 

Excess pressure, 135-6. 

— ^ and films, 99-101. 

Expanded films, 168-9. 

Extensometer, Ewing’s, 67. 

Ferguson, 105. 

— bubbles and drops, 139. 

— surface tension and temperature, 155. 

— surface tension of metals, 120. 

Ferguson and Kennedy, 117-9. 

Ferguson and Miller, 281. 

Ferguson and Vogel, 107. 

Fick’s law of dififussion, 183, 234, 240, 242. 
Fifty per cent zone, 262. 

Films, and excess pressure, 99-101. 

— condensed or coherent, 166. 

— expanded, 168. 

-^gaseous, 165. 

— stability of cylindrical, 149-51. 

— surface, 165-76. 

— surface, of insoluble substances, 165. 

— surface, of solutions, 170. 

— thermodynamics of, 157, i 

Flexural rigidity, 53. I 

Florentine Academy, 78. 

Flow. See Cylindrical tube. 

Flow, Newton’s law of viscous, 243. 
Fluctuations, in fluids, 302-3. 

Focus, 86. ' ' ■■ ■ ■ . ■ ' 

— depth of, 96-7. 

Formulse, dimensional, 3. 

Found. See Dushman. 

Fourier, 234. 

F. P.S.';umts, I. ' ^ 

Free'' energy, 157. ' ■ 

Freezing point, depression of, 219. 

Fugitive elasticity, 243. 

Fundamental units, r. 

g, , 

— changes of, with direction, 24. 

— measurement of accurate, 17. 

at sea, 18. 

relative, 20. 

— time variation of, 22. 

G , 33-43* 

— Boys’ method, 33""S* 


G, Heyl’s method, 35-7, 

— possible variations in, 43. 

— Poynting’s method, 41-3. 

— Zahradnicek’s method, 38-41. 

Gaede molecular pump, 205. 

Galitzin seismograph, 95-6. 

Galvanometer, and Brownian movement, 

201. 

— construction of, 61. 

Gases, diffusion of, 1 83-4. 

— effusion of, 188. 

— flow of, tlirough tubes, 188-9. 

— heat conduction of, 183-3, 189-90, 

190-1. 

— high pressure, 193-5. 

— kinetic theory of, 177-2 13. 

low and intermediate pressure, 184-93, 

— molecular diameter, 195. 

— thermal transpiration of, 19 1-3, 

— viscosity of, 180-3, 253-7, ■ 

Gaseous films, 165. 

Gauges, high pressure, 79. 

— 'low pressure, 207-13. 

Gauss, I. 

— application of theorem, 226. 

— law of error-distribution, 260. 

— least squares, 266, 283. 

— precision, 261. 

Geometrical moment of inertia, 53, 
Geophysical prospecting, 97-8. 

Gerlach, Brownian movement, 20 r, 

Ghosh, 222. 

Ghosh, Baneiji and Datta, 148-9. 

Gibbs, adsorption formula 171. 

— ionized solute, 173. 

Gibson. See Michels. 

Gravitation, constant of, 32-45, 

— relativity and, 44-5. 

Gravity, acceleration, 12-31. 

— gradient, 27-9. 

— potential, 24, 276. 

— survey, 20-1. 

— time variation, 22-4, 29-31. 

— variation with direction, 24-7, 

— waves, 145-8. 

Groh and Hevesy, 242. 

Guest, combined stresses, 52, 

A, Planck’s constant, 268-74, 

Hagenbach, 347, 248, 258. 

Hall, See Pirani. 

Harkins and Brown, 122-3. 

Harkins, Young and Cheng, 126-7. 

Harteck and Schmidt, 184. 

Hartley. See Berkeley. 

Hartmann and Braun, 130. 

Hatfield. See de Haas. 

Hatschek, 251. 

Hecker, 19. 

Heisenberg, uncertainty principle, 260, 
Hengler, 29. 

Hercus and Laby, 182. 
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HertZf 222. 

Hevesy. , See Croh» 

Heyl, 35-7. 

High pressures, gases, 193-95. 

measurement of, 79. 

production of, 78-9. 

solids and liquids, 84-5. 

High vacua, measurement of, 207-13, 

production of, 203-7. 

Hoare, 272. 

Hooke’s law, deviations from, 46-8, 
Horizontal directive tendency, 27-9. 
— • pendulum, 29-3 1. 

— seismograph, 95-6. 

Horton, 75. 

HiickeL See Debye, 

Inclined plate, rise of liquid, 102-5. 
Interdiffiision of gases, 183. 

— of solids, 243. 

Interface, shape of, 10 1-2. 

“ — surface tensions at, 144-5. 
Intermediate pressures, 184. 

-conduction of heat, 190. 

— . — thermal transpiration, 19 1-2. 

-viscous forces, 186. 

Intrinsic pressure, 162. 

Invar pendulum, 20. 

Ionization gauge, 212. 

Ionized solutes, 173-5. 

Irrotational waves, 89. 

Ising, 201, 

Isogams, 28. 

Isotonic, 215. 

Jager, 130-5. 

Jeans, kinetic theory of gases, 179, 
Jessop. See Adam, 

Jets and surface tension, 151-4. 

Jolly, 41. 

Joule, 7* 

— elasticity, 76, 

— kinetic theory, 177, 179, 183, 191. 

Kamerlingh Onnes, 203. 

Kannaluik and Martin, 182. 

Kappler, 201. 

Kater’s pendulum, 17-8. 

Keesom, 203. 

Kelvin miiror, 43. 

Kinetic theory of matter, 177-213. 
Knudsen, 189, 190, 211-312. 
Krigar-Menzel, 41. 

Kmpp’s alloy, 23. 

Laby. See Herciis^ 

Ladenburg, 209, 253. 

Lame, 79. 

Langmuir condensation pump, 206, 
Laplace, constant of, 105. 

— theory of capillarity, 159-63. 

Lea and Tadros, 248. 


I Least squares, 266-7. 

Lenard, surface tension, 128-30. 

Lewis. See Andrade, 

Lewis, G. N., ionized solutes, 173-5. 
Limit, of crushing, 48. 

— of elasticity, 47, 

— of proportionality, 47. ^ 

Linear law, constants of, 265-8. 
Liquid-expanded films, 168. 

Liquids, capillarity, 99-164, 

— compressibility, 83-4. 

— diffusion, 234-42. 

— viscosity, 243-59. 

Loeb, 189. 

Long waves, 92. 

Longitudinal waves, velocity of, 86-9, 
Loschmidt, diffusion of gases, 183. 

— number, 195-203. 

Love waves, 91. 

Low pressures, 184. 

— conduction of heat, 1 89. 

— effusion of gases, 188. 

— flow of gas, 188. 

— measurement of, 207-13. 

— production of, 203-7. 

— thermal effusion, 191. 

— viscous forces, 185. 

Lucretius, 177. 

Lukirsky and Prilezaev, 271. 

Mack and Barteil, 144-5. 

Macleod, 158. 

McLeod gauge, 208-9. 

Maclaurin’s theorem, 24. 

Main shock, 92, 

Majorana, 43. 

Mallock, 8r. 

Manometer, for high pressures, 79. 

— for low pressures, 207-13. 

— quartz fibre, 209-10. 

Martin. See Kannaluik, 

Mass, of the earth, 32. 

— and energy, 44-5. 

— electromagnetic, 1 

— length and time, 1. 

— unit of, 2. 

Maximum error, 262. 

Maxwell, kinetic theory, 178, 179, 180, 181, 
195. 

— oscillating disc, 250, 256, 285. 

— viscosity, 243-44. 

Mayer, 266. 

Mean free path, 178, 180-1. 

Mean square displacement, angular, 200, 

— ■ — linear, 200. 

velocity, 179. 

Membranes, semi-permeable, 214-5. 
Mercury manometers, 207-9. 

— vapour pumps, 205-6. 

Merriman, 261. 

Metals, elastic properties, 47-8. 

— interdiffusion, 243. 
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Metals, viscosity, 257« , 

Metric system, 2. 

Michels and Gibson, 258, 

Michelson, 269. 

, Millikan, 200, 2S3, 262, 269. ' 

Milner, 222.. 

Mine experiments, 33, 275, 

Mitchell, 33. 

Moduli of, elasticity, adiabatic and isother- 
' mal, 75""7. 

• - definition, 48-9. 

— — determination of, 66-74. 

— relations between, 50-2. 

— — variation of, 74-5. 

Molecular diameter, 195-203. 

— gauge of Dushman, 210. * 

— pump of Gaede, 205. - 

— size, 193-203. 

— theory of capillarity, 1 59-64. 

Myristic acid, spreading of, i27-8. 

% Necking, 48. 

Neumann’s triangle, 141-2* 

Neutral axis, 53, 

— filament, 53. 

Newman, 213. 

Newtonian constant of gravitation, 32-45. 
Newton’s law of gravitation, 32. 

— law of viscous flow, 243. 

Nitrogen, viscosity of, 258. 

Normal equations, 266-7, 

— • law of error, 260-1. 

— stress, 46. 

Nouy, Lecomte du, 126. 

Oil drop, method of Millikan, 200, 269, 273. 
Opalescence, critical, 202-3. 

Orientation of surface molecules, 166-9. 
Oscillating disc, 256-7. 

Oscillation, centre of, 16, 93. 

Oscillations, compound pendulum, 15. 

— damped, 12-3. 

— of springs, 62, 64, 284. '■ 

— pendulum, '30— i, 

— simple pendulum, 12-3. 

Osmotic coefficient, 223. 

— pressure, 214-33. 

, — ' — and- Brownian movement, 196-7. 

" — and diffusion, 239-42. , 

■ ' electrolytes, 222-3. 

— — laws,. 2x4-33. 

„ * — —measurement, .221. 

temperature,, 2 1 5-7, 

Ostwald viscometer, 249-50* ' 

F waves, 86. 

Packing, in films,' 167* , | 

— tetrahedral, "195. 

, ■ Palmer. ' ,'See' 'Duane,. , . ■ ■ 

Farachor, 158. 

■ Pedersen, 152. 

'■ Pendent drop, ■. i, 1 9-22.' ■ , ■ 


Pendersen, 259, 

Pendulum, bar, 15. 

— compound, 15, 

— corrections for, 17-8. 

— damping of, 250. 

— half-seconds, 20. 

— horizontal, 29-31. 

— Kater’s, 17. 

— rigid, 15. 

— simple, with friction, 12-3. 

— von Sterneck’s, 20. 

— wdth finite amplitude, 14. 

— with large bob, 14. 

— yielding of support of, 276. 
Permeability, gravitational, 16. 

— magnetic, 8. 

Perrin, Brownian movement, 1 97-201. 
Phillips. See Poyntmg. 

Pierce, 276. 

Piezometers, 83. 

Pirani-Hall gauge, 184, 190, 212. 

Planck’s constant of action, 260, 268-74, 
Plasticity, perfect, 46. 

Plate, force on, in a liquid, 1 1 1-2. 

— rise of liquid along, 102-5. 

Plates, rise of liquid between, 105-8, 108-11. 
Poiseuille’s equation, 102, 244-50, 253-4, 
268. 

corrections to, 246-7. 

— — extension to gases, 253-4, 275» 286. 
Poisson’s equation, 226. 

— ratio, 49, 70-1. 

by optical interference, 72-3. 

Porter, ii. 

Pdschl. See Ewald. 

Potassium salts in solution, diffusion of, 239. 

— — osmotic pressure of, 323, 229, 232. 
Potential, electrical, in a solution, 225-32. 

— gravitational, 24, 276. 
thermodynamic, 171. 

Poynting and Phillips, 43. 

Poynting’s balance method for G, 41-3. 
Prandtl, 60. See Ewald. 

Precision, Gaussian measure of, 261. 
Pressure and diffusion of gases, 184. 

— and surface films, i66, 175-6. 

— and temperature of gases, 191-2. 

— and viscosity, 181. 

— effusion of gases at low, 188. 

— gauges, 79, 207-13. 

— high, 78-9. 

— in bubbles, 130-3. 

— intermediate, 184-92. 

— intrinsic, in liquids, 1 62. 

— ^measurement of low, 207-13. 

— of surface films, 165-70, 175-6. 

— on curved surfaces, 99-102. 

— ^osmotic, 214-33. 

— osmotic, and diffusion, 239-42. 

— properties of matter at high, 84-5, 193. 

— thermal eflFusion at low, 191. 

— thermal transpiration and, 191-2. 
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Prilezaev. See Lukirsky. 

Probable error of a function, 268. 

— -—of a single observation, 263. 

— — of the arithmetic mean, 262-3. 

Profile curve, 204, 105, 108, 109, no, 114. 
Prony,. 17. , , 

Prospecting, geophysical, 97-8., 

Pumps, high vacuum, 203-7. 

Push waves, 89. 

Radial displacement, 79-81. 

Radiation and gravitation, 44-5^ 

Radiometer gauges, 212-12. 

Radium D, diffusion of, 242. 

Radius of gyration ,53. 

Ramsay and Shields, 156. 

Range of molecular action, 162-3. 

Rankine method for viscosity > 254-5. 
Raoult, law of, 221. 

Rayleigh, 20, 11, 91, 105, 113, 127, 148, 252, 
202, 238. 

Regnault, compressibility of liquids, 83, 
Reichsanstalt apparatus for viscosity, 248-9. 
Relativity and gravitation, 44-5. 

Relaxation, time of, 244. 

Residuals, 261, 

Resisted motion, 8-9. 

Reversible pendulum, 17. 

— thermal effects, 75-7. 

Reynolds* number, 247, 252. 

Richarz, 42. 

Rideal. See Cary. 

Rigidity and viscosity, 244. 

— flexural, 53. 

— modulus of, 48, 52, 69, 70, 72. 

Ring, puli of, on liquid, 225-7. 

Ripples and surface tension, 145-9. 
Roberts, 85, 156, 177, 185, 203, 222, 223, 

2x6, 218, 259, 272. 

Roberts-Austen, 242. 

Robi, 177. 

Robinson. See Whittaker. 

Rotating cylinder viscometer, 250-2. 
Rydberg constant, 279. 

S waves, 89-90. 

St. Venant, 60. 

Salt domes, 97-8. 

Satterley. Sqq TuttU. 

Scattering of light and critical opalescence, 
202-3. 

dimensional analysis, 10. 

Schaffernkht. See Tomaschek. 

Schmidt. See Harieck. 

Schultze, 254. 

Searle, measurement of Young*s modulus, 
66-9, 71. 

— rigidity modulus, 69-70, 72* 

— rotation viscometer, 252, 253. 

Seddxg, 200. 

Sedimentation equilibrium, 296-8. 

Seebach, 96-7. 


Seismic foci, 96, 97. , , 

— waves, 86-98.'. 

Seismographs, 86, 92-6. 

Seith, 242. 

Self-diffusion in, gases, 183-4. 

. — in lead, 242,' 

Semipermeabie .membranes, 224-5. , ® 

Sentis, 121-2. 

Sessile drops and bubbles, 105, 136-9, 154. 
Shake waves, 90. 

Shape of drops and bubbles, 105, 136-9. 

— of, films, 149-51. 

Shaw, 43. 

Shear, 48. 

Shields. See Ramsay. 

Similar speeds, law of, 9. 

Similarity, dynamical, 3, 4. 

Simple pendulum, 12-3. 

Sky, blue of the, 20. 

Slip, coefficient of, 287, 254. 

— of molecules,; '■.',287. '.V,: ■: 

Slotte, 258. 

Smoluchowski, 198, 202. 

Soap bubble, excess, pressure in, ,135-6. 
Sodium salts, diffusion of, 239. 

Solids, bulk modulus of, 81-2. 

— compressibility of, 78-82. 

— contact of, 140-4. 

— diffusion of, 242. 

— elasticity of, 46-77. 

Solute, dissociated, 222, 240-2. 

— undissociated, 215-32, 239-40, 

Solutes, ionized, 173-5. 

Solutions, colloidal, 196. 

— Debye and Hilckers theory of, 222-33. 

— diffusion and osmotic pressure of, 239- 

42. ^ ^ 

— diffusivity of, 234-9. 

— dilute. See Dilute Solutions. 

— Gibbs* equation for, 171-3. 

— isotonic, 225. 

— surface films of, 170. 

— surface tension of, 171-3. 

— vapour pressure of, 217. 

Sorption of gases, 206. 

Southwell, 57. 

Sphere, attraction of, on cylinder, 159-64. 

— electromagnetic mass of, 1 1. 

Spiral springs, 62-4. 

— — oscillations of, 64-5 , 68, 

Spreading, 127-8. 

Sprenge! pump, 204. 

Springs, spiral, 62-4. 

Standard deviation, 263. 

Steel, stress-strain graph for, 47, 

Stefan, diffusion of gases, 183-4. 

— radiation law, 272. 

Stemeck, von, 20. 

Sticking coefficient, 255. 

Stocker, 152-4. 

Stokes, hydrodynamical flow, 198, 200, 250, 
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Stokes viscometer^ 250, 252-3* 

Strain, 46. 

■ — axes of, 50. 

— breaking, 48. 

— components of, 49-"5o. 

— ellipsoid, 49-so. 

— shear, 48, . 

Strained body, energy in, 61-2. 

Strains, principal, 50. 

Streamline motion, 244, 247-S, 251-2. 
Stress, 46 et $eq. 

Stretching of a wire, 46-7. 

Struts, Euler’s theory of, 56-7. 

Sugden, 105. 

— onjager’s method, 13 1-3, 135, 154. 

— parachor, 158. 

— surface tension, 1 15-7. 

Superposition, principle of, 52. 

Surface, contamination of, 155, 

— energy of, 140, 

— energy of films, 156, 157. 

— films, 165-76. 

• — pressure, 165 et seq.^ 175-6. 

' — tension, 99-164. 

— and curvature, 99-101. 

and density, 158. 

— — and temperature, 155-6. 

and vapour density, 158. 

measurement of, 107-158. 

— . — of interfaces, 123, 144-5. 

-of liquids, 155-8. 

of solutions, 170 et seq, 

of water, 13s, 154. 

waves, 145. 

Suspension, centre of, 16. 

— mirror, 42. 

— of particles, 196. 

Sutherland, 179, 184, 195, 222. 

Systematic errors, 260 . 

Szyszkowski, 175. 

Tables, of Bashforth and Adams, 115, 132. 

— of Sugden, 1 16. 

— of Zoppritz and Turner, 96. 

Tadros. See Lea. 

Tate’s law, 123. 

Taylor, G. I., turbulent motion, 252. 
Temperature , and elasticity, ,74-6. 
and, gravitation, 43. 

— and osmotic pressure, 21$ et seq. 

— and surface tension,! 55-6. 

— and viscosity of fluids, 182, 258-9. 

— and viscosity of gases, 181-2, i94“S» 

— gradient in a gas, 182, 190, 192. 

Tensile strength of liquids, 162. 

Tension, rods under, 56-7. 

— surface. See Surface tension. 

Terminal velocity, 198, 252-3. 

Thennal conductivity of a gas, 182-3. 

— diffusion, 183. 

— effusion, 191. 

— transpiration, 19 1-2, 


Thermodynamic potential, 171. 

— properties of films, 156-7, 171-6. 

— relations in solutions, 216-20. 

Thrust, rods under, 56-7, 

Thwing. See Austin. 

Time effect in collision of molecules, 193-4. 
— - of relaxation, 244. 

Tinbergen, 201. 

Todd, 212. 

Tomaschek and Schaffernicht, 22-4. 
Topler pump, 204. 

Torsion balance of Boys, 33-5. 

of Eotvos, 24-7. 

of Hartmann and Braun, 130* 

of Heyl, 35-7, 

of Zahradnicek, 38-41. 

Torsion of cylindrical rods, 59-60. 
Transition layer, 164. 

Transport theorems, 178-92. 

Transverse seismic waves, 89-90. 

Triangle, Neumann’s, 14 1-2. 

Tube, pendent drop on, 119-22. 

— rise of liquid in, 113-7. 

— under pressure, 79-81. 

Turbulence, 247, 252. 

Turner. See Zdppritz. 

Tuttle and Satterley, 274. 

Uncertainty principle of Heisenberg, 260. 
Uniform beam, bending of horizontal 
53 - 6 . 

vertical, 57-9. 

Unimolecular films, 128. , 

Units, absolute, i. ' J 

— and dimensions, i-ii* 

— derived, 2. 

— E6tv5s,,29. 

— fundamental, 1-2, 

Vacuum gauges, 207-13, 

— pumps, 203-7, ; * ; . 

Valency factor, 232. 

Van der Waals, capillarity, 155, 162-4. 

— — gases, 193-4. 203, 232 . 

Vapour density and surfoce tension, 158. 

— expanded films, 168-9. 

— pressure and osmosis, 217-8. 

— pressure of solutions, 217-9. 

— pump, 205. 

Velocity and angle of contact, 143-4. 

— and mass, 44-5. 

— critical, 247, 

— gradient, 181, 186-7, 243-4. 

— mean, of gas molecules, x8o-i. 

— of drift, 186, i88. 

— of gravity waves, 145-8. 

— of slip of molecules, 187. 

— root mean square, 178, 181. 

— terminal, 198, 252-3. 

Veiling Meinesz, 19-20. 

Verschaffelt, 126. 
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¥ert:ical beaffij bending" of, S 7 “' 9 * 

— plate in liquid, 1 1 t-z, 

— tube, rise of liquid In, ii 3-7» 

Vibrations, hollow sphere, 250. . 

- — of molecules (Andrade), 258-9. 

— of pendulums, 1 2“3 1. 

. — - of stretched bodies,. 64-5, , 

— solid sphere, 250, 

Viscometers, 248‘-57, 

' — falling body, 252. 

— rotation, 250. 

Viscosity, 243-59. ^ 

— analogy with rigidity, 243-4. 

— and molecular size, 194-5. 

— and pressure: of gases, 181. ■ , ■ 

— and temperature of fluids, 258-9. 

— and temperature of gases, i8r e£ seg., 

■ 194-S, : , 

— coefficient of, 180 et wg., 243-59. 

— of gases, measurement, 253-7. 

— of gases on, kinetic theory, 180 ei seq. 

— of liquids, m,easurement, 248-53. 

— of mixtures and solutions, 259. 

— of molten metals, 249-50, 357. 

— Sutherland's formula for, 195. 

— variation with temperature, 183, 258-9. 
Viscous drag on a pendulum, 13. 

— flow, Newton's law of, 181, 243, 251, 

— forces at low pressures, 185. 

Vogel, 256, 257. See Ferguson, 

Volts, international and absolute, 269-70. 
Volume strain, 49, . 


Water, compressibility of, 78. 

— intrinsic pressure of, 162. 

— surface tension o,f, 135, 154. 

— tensile strength of, 163. 

— viscosity of, 257, 

Waves, capillary, 1.45-9. • ' 

— gravity, 145-6. 

— longitudinal, 86-9. ® 

— Love, 91-2. 

• — Rayleigh, 91. 

— seismic, 86-98. ,. 

— transverse, 89-91. 

Weak electrolytes, 222. 

Weighted mean, 264-5. 

. Weighting of observations, 264-5. 
■Westgren, 198. 

Whiddington, 66. 

Whittaker and Robinson, 274. 
Wiedemann.. and Franz, S5. 

Wilberforce, 247. 

Wilson, 269. 

X-ray method for 270. . 

Ya.rd, 2. 

Yeh. ^See Dmne. 

Yield point, 47. 

Young. See ffar kins. 

Young’s modulus, 48, 66-9, 70-1, 74, 76 

Zahradnicek, 38-41. 

Zero sum, 266. 

.Zonal .harmonics, 36. 

Zoppritz and Turner, 96. 


\^agner, 270, 





